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1 Motivating Examples

As motivating examples, we will consider several variants of optimal heating problems.
Further examples of applied problems can be found in Sections 1.2 and 1.3 of [Tr605].

1.1 Stationary Optimal Heating Problems
1.1.1 General Setting

The equilibrium distribution of the absolute temperature y : @ — R™ inside a body
Q) C R? (see Fig. 1) is determined by the stationary heat equation

—div(k Vy) = f, (1.1)

where & is the body’s thermal conductivity, and f : © — R{ represents possible
heat sources. In the simplest situation,  is a positive constant, but, in general, it can
depend on both y and on the space coordinate x € 2.

v
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Figure 1: Visualization of the space domain €2.

To complete the problem description for the determination of the equilibrium temper-
ature distribution in €2, one still needs to formulate boundary conditions on I' := 0f).
The appropriate choice of boundary condition depends on the physical situation to be
modeled as well as on what quantity can be physically measured and controlled in the
situation of interest. If the temperature on I' is known, then one will use a Dirichlet
boundary condition, i.e.

y=yp onl, (1.2)

where yp : I' — R7 is the known temperature on I". For example, if the interior
of some apparatus is heated in a room temperature environment, then, by choosing
Q) sufficiently large, one can ensure that yp is known to be room temperature. In a
different situation, the temperature distribution yp on I' might also be known if it is
controlled by means of a heating device.
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We are now in a position to formulate some first optimal control problems. The general
idea is to vary (i.e. control) an input quantity (called the control, typically denoted
by u) such that some output quantity (called the state, typically denoted by y) has a
desired property. This desired property is measured according to some function J, called
the objective function or the objective functional (if it is defined on a space of infinite
dimension, as is the case when controlling partial differential equations). Usually, the
objective functional is formulated such that the desired optimal case coincides with a
minimum of J. In general, J can depend on both the control u and on the state y.
However, if there exists a unique state for each control (i.e. if there is a map S : u
y = S(u)), then J can be considered as a function of the control alone. We will mostly
concentrate on this latter situation, considering partial differential equations that admit
a unique solution y for each control w.

When controlling partial differential equations (PDE), the state y is the quantity de-
termined as the solution of the PDE, whereas the control can be an input function
prescribed on the boundary I' (so-called boundary control) or an input function pre-
scribed on the volume domain Q2 (so-called distributed control).

In the context of optimal heating, where the state y is the absolute temperature de-
termined as a solution of the heat equation (1.1), we will now consider one example of
boundary control (Sec. 1.1.2) and one example of distributed control (Sec. 1.1.3).

1.1.2 Boundary Control

Consider the case that, for a desired application, the optimal temperature distribution
yo :  — RT is known and that heating elements can control the temperature u := yp
at each point of the boundary I'. The goal is to find u such that the actual temperature
y approximates yqo. This problem leads to the minimization of the objective functional

T =5 [ (o) = vale))*do + 5 [ (@) dsta), (1.3
Q r

where A > 0, and s is used to denote the surface measure on I'. The second integral
in (1.3) is a typical companion of the first in this type of problem. It can be seen as a
measure for the expenditure of the control. For instance, in the present example, it can
be interpreted as measuring the energy costs of the heating device. In mathematical
terms, the second integral in (1.3) has a regularizing effect; it is sometimes called a
Tychonoff reqularization. It counteracts the tendency of the control to become locally
unbounded and rugged as J approaches its infimum.

Due to physical and technical limitations of the heating device, one needs to impose
some restrictions on the control u. Physical limitations result from the fact that any
device will be destroyed if its temperature becomes to high or to low. However, the
technical limitations of the heating device will usually be much more restrictive, provid-
ing upper and lower bounds for the temperatures that the device can impose. Hence,
one is led to the control constraints

a<u<b onl, (1.4)
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where 0 < a < b. Control constraints of this form are called box constraints.

If, apart from the control, the system does not contain any heat sources, then f =0 in
(1.1) and the entire optimal control problem can be summarized as follows:

1
Minimize J(y,u) = 5/ (y(z) — yQ(x))zdx + %/u(x)z ds(z), (1.5a)
Q r
subject to the PDE constraints
—div(k Vy) =0 in Q, (1.5b)
y=u on I (1.5¢)
and control constraints
a<u<b onl. (1.5d)

In a slightly more realistic setting, one might only be able to control the temperature on
some part ['. of I' with I'. C I'. For example, the goal might be to homogeneously heat
a room to a temperature 0, where the heating element has already been installed
at a fixed location with boundary I'.. In this case, (1.5a) needs to be replaced by
a version where the second integral is only carried out over I'.. The result is (1.7a)
below, where yo = 0., was used as well. Since the control is now only given on I',
(1.5¢) and (1.5d) also need to be modified accordingly, leading to (1.7c) and (1.7e),
respectively. In consequence, one still needs to specify a boundary condition on I' \ T..
If the surrounding environment is at temperature y., then, according to the Stefan-
Boltzmann law of (emitted heat) radiation, the boundary condition reads

Vy'V:O‘(ygxt_y4) on I'\ T, (1.6)

where v denotes the outer unit normal on I', and « is a positive constant.
Summarizing this modified optimal control problem yields the following system (1.7):
e 1 2 A 9
Minimize J(y,u) = 5 (y(z) — bopt)” dz + 3 u(z)”ds(z), (1.7a)
Q

c

subject to the PDE constraints

—div(k Vy) =0 in €, (1.7b)
y=1u on I, (1.7¢)
Vy.y:a(y;lxt—g/l) OHF\FC, (17d)

and control constraints
a<u<b onl,. (1.7e)
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Figure 2: Visualization of the space domain €2 for the optimal heating problem (1.7).

1.1.3 Distributed Control

We now consider the case that we can control the heat sources f inside the domain
Q, setting f = w in (1.1). The control is no longer concentrated on the boundary
[, but distributed over 2. Such distributed heat sources occur, for example, during
electromagnetic or microwave heating.

As u now lives on 2, the corresponding integration in the objective functional (cf. (1.5a)
and (1.7a)) has to be performed over €. Similarly, the control constraints now have to
be imposed on 2 rather than on the boundary. Thus, keeping the Dirichlet condition
from (1.2), the complete optimal control problem reads as follows:

1 A
Minimize J(y,u) = 5/ (y(z) — yQ(x))Qd:U + 3 / u(z)? dr (1.8a)
Q Q
subject to the PDE constraints
—div(k Vy) =u in Q, (1.8b)
Y =1Yp on T, (1.8¢)
and control constraints
a<u<b onf. (1.8d)

In Sec. 1.1.2 on boundary control, we had considered a second more realistic example,
where the goal was to heat a room to a homogeneous temperature 6, but where the
control could only be imposed on some strict subset of the boundary. We now consider
the analogous situation for distributed control. Here, the control u can usually only be
imposed on a strict subset €. of €2, where (). represents the heating element (see Fig.
3). Then the domain for the second integral in (1.8a) as well as the domain for the
control constraints is merely 2.. Assuming that there are no uncontrolled heat sources
in 2, (1.8b) has to be replaced by the two equations (1.9b) and (1.9¢). If, as in (1.7),
one replaces the Dirichlet condition (1.8c) by a Stefan-Boltzmann emission condition,
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then one obtains the following modified version of the optimal control problem (1.8):

1
Minimize J(y,u) = 5/ (y(z) — Qopt)zdx + %/ u(z)? dx, (1.9a)
Q QC
subject to the PDE constraints
—div(k Vy) =u in Q, (1.9b)
—div(k Vy) =0 in Q\ Q, (1.9¢)
Vy-v=a(l, —y*) onT, (1.9d)
and control constraints
a<u<b on. (1.9¢)
1%
1%
— T
Q. CN
1%

Figure 3: Visualization of the space domain (2 for the distributed control problem (1.9).

1.2 Transient Optimal Heating Problems
1.2.1 General Setting

While (1.1) describes the equilibrium temperature distribution inside a body, if the
temperature is (still) changing with time ¢, then it is governed by the transient heat
equation

Oy —div(kVy) = f, (1.10)

that merely differs from (1.1) by the presence of the partial derivative with respect to
time. Of course, in general, the temperature y and the heat sources f can now depend
on time as well as on the space coordinate, i.e. they are defined on the so-called time-
space cylinder [0, 7] x Q, where T > 0 represents a final time. Here and in the following,
we use 0 as the initial time, which is a customary convention. In the transient situation,
one needs another condition for a complete problem formulation. One usually starts
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the evolution from a known temperature distribution at the initial time ¢ = 0, i.e. one
starts with an initial condition

y(0,-) =yo in Q, (1.11)
where 1y : © — R™ is the known initial temperature in €.

Each of the optimal control examples considered in Sec. 1.1 can also be considered
in a corresponding time-dependent setting. Instead of trying to generate a desired
equilibrium temperature yq, one might want to reach yq already for t = T. At the
same time, it might be possible to vary the control u with time. As in Sec. 1.1, we
consider the case, where u controls the temperature on (some part of) the boundary
(boundary control, see Sec. 1.2.2), and the case, where u controls the heat sources inside
(some part of) € (see Sec. 1.2.3).

1.2.2 Boundary Control

The objective functional J (cf. 1.5a) needs to be modified to be suitable for the time-
dependent situation. As the temperature y now depends on both time and space, and
as the desired temperature field yq should be approximated as good as possible at the
final time T, y(7),-) occurs in the first integral in J. The second integral, involving the
control u, now needs to be carried out over the time domain as well as over the space
domain (see (1.12a)). In the PDE and control constraints, the only modifications are
that the constraints are now considered in the respective time-space cylinders and that
the initial condition (1.11) is added. Thus, the transient version of (1.5) reads:

1
Minimize J(y,u)zé/ (y(T, z) — ya(z) “de + 2 / / (t,x)*ds(z) dt, (1.12a)
Q

subject to the PDE constraints

Oy —div(kVy)=0 1in[0,7] x Q, (1.12Db)
y=u on|0,T]xT, (1.12¢)
y(0,-) =y inQ, (1.12d)

and control constraints
a<u<b onl0,7T]xTI. (1.12e)

Similarly, one obtains the following transient version of (1.7):

1
Minimize J(y,u) = 2/( (T, ) — Oopt) dx—l— / / (t,x)*ds(x) dt, (1.13a)

subject to the PDE constraints

Ory—div(kVy) =0 in [0,7] x Q, (1.13b)
y=u on [0,7T] x I, (1.13c)

Vyv=a (s —u") on[0,7]x T\, (1.130)

y(0,-) =yo in €, (1.13e)
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and control constraints
a<u<b onl0,7T] xT.. (1.13f)

1.2.3 Distributed Control

The way one passes from the stationary to the corresponding transient control problems
is completely analogous to the boundary control problems. The first integral in the
objective functional J now involves the temperature at the final time 7" while the
second integral is over both space and time. Furthermore, space domains are replaced
by time-space cylinders and the initial condition (1.11) is added. Thus, one obtains the
transient version of (1.8):

1 AT
Minimize J(y,u) = 5/ (y(T,a:)—yQ(x))de +§/ /u(t,a:)2dx dt, (1.14a)
Q 0 Q

subject to the PDE constraints

Ory—div(kVy)=u in[0,T] x £, (1.14b)
y=yp on[0,T] xT, (1.14c)
y(0,-) =y inQ, (1.14d)

and control constraints
a<u<b onl0,T]xQ. (1.14e)

Analogously, one obtains the transient version of (1.9):

1 e
Minimize J(y,u) = 5/ (y(T,z) — Hopt)de + 5/ / u(t,r)*dr dt, (1.15a)
Q 0 JQ

subject to the PDE constraints

Oy —div(k Vy) =u in [0,7] x Q, (1.15b)
Oy —div(k Vy) =0 in [0,7] x 2\ Q, (1.15¢)
Vy-v=a(yl, —y)on[0,T] x T, (1.15d)
y(0,-) = %o in Q, (1.15€)

and control constraints
a<u<b onl0,T] x Q. (1.15f)

2 Convexity

It is already well-known from finite-dimensional optimization that a unique minimum
of the objective function can, in general, not be expected if the objective function is
not convex. On the other hand, as we will see in Th. 2.17, strict convexity of the
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objective function does guarantee uniqueness. Therefore, according to the properties of
the considered objective functional, optimal control problems are often classified into
convex and nonconvex problems.

We start by reviewing the basic definitions of convex sets and functions in Sec. 2.1,
where we will also study sufficient conditions for functions to be convex. These will
later be useful to determine the convexity properties of objective functionals.

In Sec. 2.2, we provide the relevant results regarding the relation between the uniqueness
of extreme values of functions and the functions’ convexity properties.

2.1 Basic Definitions and Criteria for Convex Functions

Definition 2.1. A subset C of a real vector space X is called conver if, and only if,
for each (z,y) € C? and each 0 < o < 1, one has az + (1 —a)y € C.

Lemma 2.2. Let X, Y be real vector spaces, let C; C X, Cy CY be convexr. Then
Ch1 x Cy 1s a conver subset of X xX Y.

Proof. Let (x1,x2) € C%, (y1,2) € C3, a € [0,1]. Then
a(zy,y) + (1 — ) (x2,y2) = (oz:cl +(1—a)zy, ayy + (1 —a) y2) eCy xCy (2.1)

as ax;+ (1 —a)zy € Cy and ay; + (1 — a) ys € Cy due to the convexity of Cy and Cy,
respectively. ]

Definition 2.3. Let C' be a convex subset of a real vector space X.

(a) A function J: C' — RU{+o0} is called conver if, and only if, for each (z,y) € C?
and each 0 < o < 1:

Jaz+(1—a)y) <ald(@)+(1-a)(y). (2.2a)

If the inequality in (2.2a) is strict whenever z # y and 0 < a < 1, then J is called
strictly conver.

(b) A function S : C' — Y, where Y is another real vector space, is said to preserve
convex combinations if, and only if, (z,y) € C? and each 0 < o < 1:

Slaz+(1-a)y) =aS@)+ (1 —a)S(y). (2.2b)

Note that, if S preserves convex combinations, then S(C') is also convex: If a,b €
S(C), then there are z,y € C such that S(z) =a and S(y) =b, and, if 0 < a <1
and S preserve convex combinations, then

aa+ (1 —a)b = aS(@) + (1 - )S(y) = S(az + (1 - a)y),

showing aa + (1 — a)b € S(C).
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Remark 2.4. Let X, Y be a real vector spaces, let C' C X be convex. Then S : C' —
Y preserves convex combinations if, and only if, S is the restriction of an affine map
A: X — Y (ie. if, and only if, there exists a linear map L : X — Y and a € X such
that A= L+ a and S = A[s: Suppose S is the restriction of an affine map A =L+ a
with L and a as above. Then, for each (z,y) € C? and each 0 < a < 1,

Slaz+(1-a)y)=alr+(l1-a)Lly+a=a(Llz+a)+ (1 —a)(Ly+a)
=aS(z)+ (1 —a)S(y), (2.3)

showing that S preserves convex combinations. Conversely, assume S preserves convex
combinations. Fix ¢ € C. Then there exists a linear map L : X — Y such that L(z) =
S(x+c)—S(c) for each z € X with x + ¢ € C (as S preserves convex combinations, it
canonically extends to the affine hull aff(C') of C, i.e. L(x) = S(x + ¢) — S(c) defines a
linear map on the linear subspace V := aff(C') — ¢ of X, which can then be extended
to all of X). Thus, letting a := —L(c) + S(c), we obtain, for each x € C: A(x) =
L(z)+a=L(z)— L(c)+ S(c) = L(z —c) + S(c) = S(x —c+c¢) — S(c) + S(c) = S(x).

If S preserves convex combinations and X = R, then S is convex, but not strictly
convex if C' consists of more than one point.

Lemma 2.5. Let X be a real vector space, let C C X be conver.

(a) If Y is a real vector space, f : C — Y preserves convex combinations and g :
f(C) — R is convez, then go f is convex. If, moreover, f is one-to-one and g is
strictly convex, then g o f is strictly convew.

(b) Suppose f: C — R, let I CR be convex such that f(C)C I and g: I — R. If
f and g are both convex and g is increasing, then g o f is convex. If, in addition,
at least one of the following conditions (i), (ii) holds, where
(i) f is strictly convex and g is strictly increasing,

(ii) f is one-to-one and g is strictly conver,
then g o f is strictly convex.

(c) IfNeRT and f: C — R is (strictly) convex, then \f is (strictly) convez.

Proof. Let (z,y) € C?, a € [0,1].
(a): The hypotheses on f and g yield

(go Naw+(1=a)y) =g(flaz+(1-a)y)) =g(af@)+(1-a) ()
<ag(f@) +1—a)g(f)
=a(go f)x)+(1—a)(ge f)y), (2.4)
showing that g o f is convex. If f is one-to-one and g is strictly convex, then the

inequality in (2.4) is strict for z # y and 0 < « < 1, showing that g o f is strictly
convex.
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(b): The convexity of f yields

flaz+(1-a)y) <aflx)+(1—-a)fy) (2.5)

As g is increasing, one obtains from (2.5)

(gof)laz+(1—a)y) = g(f(owc +(1—a) y)) <glaf@)+1-a)fy))
< ag(f(2) +1-a)g(f(y))
=a(gof)(x)+ (1 —a)ge f)y), (2.6)
showing the convexity of g o f. If, in addition, condition (i) is satisfied, then, for x # y
and 0 < o < 1, the inequality (2.5) is strict as well as the first inequality in (2.6),

proving the strict convexity of g o f. If condition (ii) is satisfied, then, for  # y and
0 < a < 1, the second inequality in (2.6) is strict, again proving the strict convexity of

golf.
(c): Here A > 0 and the convexity of f imply

Maz+(1—a)y) <aXf(z)+(1—a)Xf(y). (2.7)
If f is strictly convex, then the inequality in (2.7) is strict whenever x # y and 0 < o <
1. Thus, Af is (strictly) convex given that f is (strictly) convex. |

Example 2.6. (a) The function f: R — R, f(z) := |z[, is convex, but not strictly
convex. More generally, if C' is a convex subset of a normed vector space X (see
Def. 4.1), then N : C — R, N(x) := ||z|| is convex, however not strictly convex if
C contains a segment S of a one-dimensional subspace, i.e. S = {Azg: a <\ < b}
for suitable zy € X \ {0} and real numbers 0 < a < b.

(b) For each p €]1, 00], the function f, : R — R, f,(x) := |z|?, is strictly convex.

(c) If Cis a convex subset of a normed vector space X and p €]1, oo[, then N, : C —
R, N,(x) := ||z||, is convex, which follows from (a) and (b) and Lem. 2.5(b) since
fp from (b) is increasing on [0, co[. The question, whether N, is strictly convex, is
more subtle, cf. Ex. 2.9 below.

Definition 2.7. (a) Let C' be a convex subset of a real vector space X. Then p is
called an extreme point of C' if, and only if, p = az + (1 — ) y with z,y € C' and
0 < a < 1 implies p = x = y or, equivalently, if, and only if, p£+ 2 € C' withz € X
implies © = 0. The set of all extreme points of C' is denoted by ex(C').

(b) A normed vector space X is called strictly convez if, and only if, the set of extreme
points of its closed unit ball B;(0) is its entire unit sphere S;(0), i.e. ex (By(0)) =
51(0) (see Not. 4.6).

Example 2.8. (a) Every Hilbert space X (see Def. 4.12) is strictly convex, as, for each

p € Si(0) andw € X with p+z € Br(0): 1> |pal? = [pl +20p,2) + ],
Le. ||z]|? < F2(p, ), i.e. z = 0.
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(b) Clearly, for n > 1, (R", ]| - ||1) and (R™, || - || max) are not strictly convex. The space
L'[0,1] is an example, where even ex (B;(0)) = 0.

Example 2.9. Let p €]1, 0.
(a) If C'is a convex subset of a strictly convex normed vector space X, then N, : C' —
R, N,(x) := ||z||P, is strictly convex: Suppose z,y € C and 0 < o < 1. Then
Jaa+ 1 =)yl =alzl”+ 1 - o)yl (2.8)
implies ||z|| = |ly|| by Ex. 2.6(b). If ||z|]| = 0, then z = y = 0. Otherwise, let
7 :=z/|z| and g := y/||x| such that z,7 € S1(0). Then
~ ~ _ (2.8) - ~
Jaz+ 1 —a)g|" =l [az+ A -a)y[|" = alz|”+ (1 -a) gl =1, (2.9)

showing aZ + (1 — a) § € S1(0) and, thus, £ = 7 as well as x = y by the assumed
strict convexity of X.

(b) If X is a normed vector space that is not strictly convex, then there are x,y € S1(0),
z #y,and 0 < a < 1 such that z := az + (1 — @)y € S1(0). Then 1 = ||z||? =
allz||? + (1 — a)||y||?, showing that N, : X — R, N,(z) := ||z||?, is not strictly
convex.

Lemma 2.10. Let X, Y be real vector spaces, let C7 C X, Cy CY be convex, and
consider fi : C; — R, fo: Oy — R.

(a) If fi and fo are (strictly) convex, then
(fit f2): CixCo— R, (fi+ fo)(y,u):= fily) + f2(u), (2.10)

is (strictly) convex.

(b) If fi and fy are convez, and S : Cy —> C preserves convex combinations, then

is convex. If at least one of the following additional hypotheses (1) or (ii) is satisfied,
then f s strictly convex:

(1) fi1 s strictly convex and S is one-to-one.

(i) fo is strictly convez.

Proof. (a): According to Lem. 2.2, C} x Cy is a convex subset of X x Y. Let (y1,u1) €
Cl X CQ, (yQ,UQ) € Cl X CQ, and o € [0, 1] Then

(fi 4 £2) (@ ) + (1= @) (g2 w2))
=(fi+f2) (ay1 + (1= a)ys, auy + (1 - oc)U2>

= fi(ays + (1 — @)yz) + fa(aur + (1 — @)uy)
<afi(y) + (1 —a)fi(yz) + afe(ur) + (1 — a) fa(us)
= a(fi + fo)(y1,ur) + (1 — @) (f1 + f2)(y2, u2). (2.12)



2 CONVEXITY 15

If f1 and fy are strictly convex, then equality in (2.12) can only hold for o € {0,1} or
(y1,u1) = (Y2, uz), showing the strict convexity of f; + f.

(b): Let uy,us € U and « € [0,1]. Then

flous + (1 — a)ug) = fi(aS(u) + (1 — a)S(u2)) + fo(aus + (1 — a)uy)
<afi(Sw)) + (1 —a)fi(S(uz)) + afo(ur) + (1 — a) f2(us)
=af(ur) + (1 — ) f(uz), (2.13)

verifying the convexity of f. If at least one of the additional hypotheses (i) or (ii) is
satisfied, then equality in (2.13) can only occur for o € {0,1} or u; = us, showing that
f is strictly convex in that case. ]

Lemma 2.11. Let X, Y be normed vector spaces and let C' C'Y, U C X be convex.
Given A € R{ and yy € Y, consider the functional

1 A
J:CxU—R, Jyu):= §Hy — yol* + §HuH2 (2.14)

(a) J is convex.
(b) If X and Y are strictly convex and \ > 0, then J is strictly convex.
(c) If S: U — C preserves convex combinations, then
f:U—R, f(u):=J(Su,u) (2.15)

is convex. If at least one of the following additional hypotheses (1) or (ii) is satisfied,
then f is strictly convex:

(1) Y s strictly convex and S is one-to-one.

(i) X is strictly convex and A > 0.

Proof. (a) and (b): According to Lem. 2.2, C'x U is a convex subset of Y x X. Defining

i O R fiy) = 5lly — wl?, (2.162)
fo: U —R, folu) = %HUHQ, (2.16D)

and employing Lem. 2.10(a), it merely remains to show that f; is convex (strictly convex
if Y is strictly convex), and fy is convex (strictly convex if X is strictly convex and

A>0).

fi: The map y +— ||y — 3ol is convex (strictly convex if Y is strictly convex) according
to Lem. 2.5(a), as it constitutes a composition of the one-to-one affine map y — y — yo
(which preserves convex combinations due to Rem. 2.4) with the map || - ||P, which is
always convex according to Ex. 2.6(c) and strictly convex by Ex. 2.9(a), provided that
Y is strictly convex.
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fo is trivially convex for A = 0. For A > 0, its convexity is a combination of Ex. 2.6(c)
with Lem. 2.5(c). If A > 0 and X is strictly convex, then f, is strictly convex according
to Ex. 2.9(a) and Lem. 2.5(c).

(¢) now follows from the properties of f; and f, together with an application of Lem.
2.10(b). m

Lemma 2.12. Let X, Y be normed vector spaces, and let C CY, U C X be convex,
J:OxU-—R, S:U—C, f:U—R, f(u)=J(Suu). (2.17)
If S preserves convex combinations and J is (strictly) convez, then f is (strictly) convez.
Proof. Let (u,v) € U* and 0 < o < 1. Then
flau+ (1 —a)) = J(aSu + (1 —«a)Sv, au+ (1 — a)v)
= J(a(Su,u) +(1— a)(Sv,v))
< aJ(Su,u) + (1 — ) J(Sv,v) = af(u) + (1 —a)f(v), (2.18)

showing that f is convex. If J is strictly convex, then equality in (2.18) only holds for
a € {0,1} or (Su,u) = (Sv,v), i.e. only for a € {0,1} or u = v, showing that f is
strictly convex if J is strictly convex. |

Caveat 2.13. In Lem. 2.12, it is not sufficient to assume that J is convex in both
arguments. For example, consider J: R x R — R, J(y,u) = (y — 1)* (u + 1)%. Then
J(+,u) is convex for each u € R and J(y,-) is convex for each y € R (by restricting J
to C':=[—1,1] x [, 1], one can even get J to be strictly convex in both arguments).
However, J is not convex, and, letting S be the identity, one gets f(u) = (u—1)% (u+1)=.
Then f is also not convex and has two different global minima, namely at v = —1 and

u =1 (respectively at u = —1 and u = L if J is restricted to C).

Example 2.14. We investigate the convexity properties of the objective functional
from (1.5a), i.e. of

Hpw) = 5 [ (00 = ole))” e + 5 [ utasto) (219)
Q r
(the other objective functionals from Sec. 1 can be treated analogously). We assume
that the corresponding PDE has a solution operator S that preserves convex combina-
tions (for example, any linear S will work). In other words, for each control u, there is
a unique solution y = S(u) to the PDE, and the mapping u — S(u) preserves convex
combinations. Then, instead of J, one can consider the reduced objective functional

1

) = J(8@.) = 5 [ (@) = (@) do + 5 [uPas). (220

Let U C L3*(T") be a convex set of admissible control functions, and assume S(U) C
L*(Q). If S preserves convex combinations, then S(U) is convex and, since L?(I") and
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L?(Q2) are Hilbert spaces and, thus, strictly convex by Ex. 2.8(a), from Lem. 2.11(b),
we know

1 A
T SW)x PP0) B S = Sl — ol + Gl (221)
is strictly convex for A > 0. Then Lem. 2.11(c)(ii) (also Lem. 2.12) shows f is strictly
convex as well.

If the control-to-state operator S does not preserve convex combinations, then f is, in
general, not convex. While convexity properties of solution operators of nonlinear PDE
are not easy to investigate, we will see an example of nonconvexity and nonuniqueness
in a finite-dimensional setting in the next section in Ex. 3.6.

2.2 Relation Between Convexity and the Uniqueness of Ex-
trema

As already mentioned, the uniqueness question with regard to solutions of optimal
control problems is linked to convexity properties. This link is due to the following
simple, but general, results. We start with a preparatory definition.

Definition 2.15. Let (X, || - ||) be a normed vector space (see Def. 4.1), A C X, and
f: A—R

(a) Given x € A, f has a (strict) global min at x if, and only if, f(x) < f(y) (f(z) <
f(y)) for each y € A\ {z}.

(b) Given z € X, f has a (strict) local min at x if, and only if, there exists r > 0 such
that f(z) < f(y) (f(x) < f(y)) foreach y e {y € A |ly — || <r}\{z}.

Theorem 2.16. Let (X, || - ||) be a normed vector space (see Def. 4.1), C C X, and
f: C—R. Assume C is a convex set, and [ is a convex function.

(a) If f has a local min at xo € C, then f has a global min at x.

(b) The set of mins of f is convex.

Proof. (a): Suppose f has a local min at xy € C, and consider an arbitrary z € C,
x # xo. As xg is a local min, there is » > 0 such that f(zg) < f(y) for each y € C,. :=
{y € C: ||y — x|l < r}. Note that, for each a € R,

rot+a(xr—1x)=(1—-a)zg+ax. (2.22)

Thus, due to the convexity of C, xy + o (z — z) € C for each a € [0,1]. Moreover,
for sufficiently small o, namely for each & € R := |0, min{1,7/||zo — z|/}[, one has
xo+a(x—x9) € C,. As zq is a local min and f is convex, for each @ € R, one obtains:

Fzo) < F((1—a)zo +ax) < (1-a) flz) +o f(2) (2.23)
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After subtracting f(zo) and dividing by a > 0, (2.23) yields f(z¢) < f(z), showing
that x( is actually a global min as claimed.

(b): Let g € C be a min of f. From (a), we already know that x, must be a global
min. So, if x € C'is any min of f, then it follows that f(x) = f(zo). If a € [0, 1], then
the convexity of f implies that

f(l=a)zo+az) < (1—a)f(zo) + o f(z) = f(zo). (2.24)
As zg is a global min, (2.24) implies that (1 — «)zg + oz is also a global min for each
a € [0, 1], showing that the set of mins of f is convex as claimed. |

Theorem 2.17. Let (X, || - ||) be a normed vector space (see Def. 4.1), C C X, and
f:C—R. Assume C is a convex set, and f is a strictly convex function. If v € C
15 a local min of f, then this is the unique local min of f, and, moreover, it is strict.

Proof. According to Th. 2.16, every local min of f is also a global min of f. Seeking a
contradiction, assume there is y € C', y # x, such that y is also a min of f. As z and y
are both global mins, f(z) = f(y) is implied. Define z := %(:1: +19). Then z € C due to
the convexity of C'. Moreover, due to the strict convexity of f,

1
f(2) <5 (f@) + f(y) = f(2) (2.25)
in contradiction to z being a global min. Thus, x must be the unique min of f, also
implying that the min must be strict. ]

3 Review: Finite-Dimensional Optimization

3.1 A Finite-Dimensional Optimal Control Problem
Consider the minimization of a real-valued J,
min J(y, u),

where J is defined on a pair of finite-dimensional real vectors, i.e. J: R* x R™ — R,
(m,n) € N2 The function J to be optimized is called the objective function of the
optimization problem.

Simple examples (set m = n = 1) show that, in this generality, the problem can have
no solution (e.g. J = Ji(y,u) ==y +u, J = Jo(y,u) = V™, J = J3(y,u) := y — u,
or J = Jy(y,u) := yu), a unique solution (e.g. J = Js5(y,u) := |y| + |ul), finitely
many solutions (e.g. J = Js(y,u) := (y* — 1)* + (u* — 1)?), or infinitely many solutions
(eg. J = Ji(y,u) := c € R, J = Jg(y,u) = |siny| + |sinu|, or J = Jo(y,u) :=
(y+1)%(y — D*(w+1)%(u—1)%).
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Given linear maps A : R* — R", B : R™ — R" and a subset U,q of R™ of so-
called admissible vectors, one can consider the following modified finite-dimensional
optimization problem (see [Tr605, (1.1)]):

min J(y, u), (3.1a)
Ay = Bu, u € U,q. (3.1b)

In (3.1), the minimization of the objective function J is subject to the constraints
Ay = Bu and u € U,g.

In spite of the constraints, lettingn =m =1, A = B =1d, Usq = R (or Uyq =] —5, 00]),
all the previous simple examples for J still work, showing that, in this generality,
the problem can still have no solution, a unique solution, finitely many solutions, or
infinitely many solutions. Moreover, for U,y = [0, 00|, we now also have a unique
solution for J = Jy, J = Jo, J = Jy, J = Jg, or J = Jy. It is desirable to find conditions
for J, A, B, and U,q, such that one can prove the existence of a unique solution. We
will soon encounter such conditions in Sec. 3.2.

Example 3.1. As a recurring standard example, we will consider the quadratic objec-
tive function

1 A
TR x Vg — R, J(y,u) = 5ly = wol* + 5 ul’,

where U,qg CR™, yo € R", A € RT, and | - | denotes the Euclidian norm. Note that this
can be seen as a finite-dimensional version of the objective functionals J considered in
Sec. 1; also cf. Ex. 2.14.

A case of particular interest is the one where the map A in (3.1) is invertible. In that
case, one can define the maps

S Uy — R, S:=A'B, (3.2a)
[ U — R, fu):=J

reformulating (3.1) as

min f(u), (3.3a)
y=>5u, u€Ua. (3.3b)

Thus, in the setting of (3.3), y is completely determined by wu, such that u is the
only remaining unknown of this so-called reduced optimization problem. One calls u
the control, y = Su the state corresponding to the control u, and S the control-to-state
operator. In later sections, the constraint (3.1b) will be replaced by a partial differential
equation (PDE) (also cf. Sec. 1). The map S will then play the role of the solution
operator of this PDE.

Constraints provided in the form of an equality relation between the control u and the
state y (such as Ay = Bu in (3.1) and y = Su in (3.3)) are called equation constraints.
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In the present section, the equation constraints are given as a finite-dimensional linear
system. Later (as in Sec. 1), they will take the form of PDE. Constraints that involve
only the control (such as u € U,q in (3.1) and (3.3)) are called control constraints. For
the time being, we will restrict ourselves to the consideration of equation and control
constraints. However, it can also make sense to consider constraints only involving the
state (e.g. of the form y € Y,q). Not surprisingly, such constraints are then called state
constraints.

3.2 Existence and Uniqueness

Definition 3.2. Within the setting of (3.2) and (3.3), a control @ € U,q is called an
optimal control for the problem (3.3), if, and only if, f(u) < f(u) for each u € U,q.
Moreover, § = Su is called the corresponding optimal state and the pair (y,u) is a
solution to the (reduced) optimal control problem (3.3).

One can now easily proof a first existence theorem ([Tro05, Th. 1.1]):

Theorem 3.3. Consider the reduced optimal control problem (3.3), i.e. (3.1) with an
invertible map A. If J is continuous on R™ x U,q and U,q is nonvoid, closed, and
bounded, then (3.3) has at least one optimal control as defined in Def. 3.2.

Proof. The continuity of J together with the continuity of A=* and B implies the con-
tinuity of f, where f is defined in (3.2b). As U,q is assumed to be a closed and bounded
subset of the finite-dimensional space R™, it is compact. Thus, f is a continuous map
defined on a nonempty, compact set, which, in turn, implies that there is at least one
u € U,q, where f assumes its minimum (i.e. where it satisfies f(u) < f(u) for each
u € Uy,q), completing the proof of the theorem. |

Theorem 3.4. Consider the reduced optimal control problem (3.3), i.e. (3.1) with an
invertible map A. If U.q is nonvoid, convez, closed, and bounded; and J is continuous

and strictly convexr on R™ x U,q, then (3.3) has a unique optimal control as defined in
Def. 3.2.

Proof. Let S and f be the functions defined in (3.2a) and (3.2b), respectively. Using
Lem. 2.12 with C := R"™ and U := U,q, the strict convexity of J and the linearity of S
yield the strict convexity of f. Then the existence of an optimal control is provided by
Th. 3.3, while its uniqueness is obtained from Th. 2.17. |

Example 3.5. Let us apply Th. 3.4 to the objective function J introduced in Ex. 3.1,
i.e. to

1 A
J: R" x Uad — R: J(y7u) = §|y - ZJ0|2 + 5 ‘U|2,

yo € R" X € RT. If U,q C R™ is convex, then we can apply Lem. 2.11(b) with U := U,q,
X :=R™ Y :=R", showing that J is strictly convex (where we have also used that R™
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and R™ with the Euclidean norm constitute Hilbert spaces, which are strictly convex
according to Ex. 2.8(a)). As J is clearly continuous, if U,q € R™ is nonvoid, convex,
closed, and bounded (e.g. a compact interval or ball) and S and f are the functions
defined in (3.2a) and (3.2b), respectively, then Th. 3.4 yields the existence of a unique
optimal control for (3.3) as defined in Def. 3.2.

Example 3.6. The goal of the present example is to provide a counterexample to
uniqueness in the presence of nonlinearities. More precisely, we will see that a nonlinear
S combined with the strictly convex J of Ex. 3.1 can lead to a nonconvex f, which, in
turn, can lead to multiple (local and also global) minima. This can already be seen in
a one-dimensional setting. For the purposes of this example, we will now temporarily
leave the linear setting introduced in Sec. 3.1.

Let m:=n:=1, yo := 0, and U,q := [—2,2]. Then J from Ex. 3.1 becomes

1 A
J:Rx[-2,2] — R, J(yu):= §y2+ §u2, (3.4)

also recalling that A > 0. Moreover, define
f:1-2,2 — R, fu):=@w-1>*u+1)*+3\ (3.5)

Note that f(u) > 3\ for all u € [-2,2] and —Au? > —4\ for all u € [—2,2]. Thus,
2f(u) —Au?>6A—4A=2\>0 for all u € [-2,2], and one can define

S:[=2,2] — R, S(u):=+2f(u) = Au? (3.6)
One computes

J(Suu) = 5(2 f() = A?) + S0 = f(u), (37)
showing that J, S, and f satisfy (3.2b) with R™ replaced by [—2, 2].

Moreover, f is continuous, nonconvex, having exactly two (local and global) minima,
namely at v = —1 and u = 1.

3.3 First Order Necessary Optimality Conditions, Variational
Inequality

In one-dimensional calculus, when studying differentiable functions f : R — R, one
learns that a vanishing first derivative f'(a) = 0 is a necessary condition for f to have a
(local, in particular, global) extremum (max or min) at . One also learns that simple
examples (e.g. f(u) = u? at u = 0) show that f’(u) = 0 is not sufficient for f to have a
(local, in particular, global) extremum at .

Similar necessary optimality conditions that are first orderin the sense that they involve
only first derivatives can also be formulated in multiple finite dimensions (as will be
recalled in the present section) and even in infinite-dimensional cases such as the optimal
control of PDE as we will see subsequently.



3 REVIEW: FINITE-DIMENSIONAL OPTIMIZATION 22

Notation 3.7. If A is a matrix, then let AT denote the transpose of A.

Notation 3.8. Given a function f : R™ — R, (z1,...,2,) — f(z1,...,2y), the
following notation is used:

of of
8_%7-..7%.
Derivative: ' := (O1f,...,0nf) = (ﬁ ﬁ) )

dx’ 7 Oy,

Partial Derivatives: 0 f,...,0,,f, or

Gradient: V f:= (f)".

Notation 3.9. Given vectors (u,v) € R™ x R™, m € N, the scalar product of u and v
is denoted by

m

(U, V)gm == u @ v := Zuz ;. (3.8)

i=1
As in [Tro05], for the sake of readability, both forms of denoting the scalar product
introduced in (3.8) will be subsequently used, depending on the situation.

If the objective function possesses directional derivatives, then they can be used to
formulate necessary conditions for an optimal control u:

Theorem 3.10. Let U,q € R™, and assume that u € U,q minimizes the function
f: Usa — R (not necessarily given by (3.2b)), i.e.

f(@) < f(u) for each u € Uyg. (3.9)
Consider u € Uyq. If i+t (u—1u) € Unq for each sufficiently smallt > 0, and, moreover,
the directional derivative
_ _ 1 _ _ _
df(u,u —u) :zllm—<f(u+t(u—u))—f(u)> (3.10)

tlo t

exists, then u satisfies the variational inequality

Sf(t,u—1u) > 0. (3.11)

Proof. Since i+t (u— 1) € Uy for each sufficiently small ¢ > 0, there exists ¢ > 0 such
that
u+t(u—u)=(1—t)u+tu € Uy, foreach t€l0,¢]. (3.12)

By hypothesis, @ satisfies (3.9), implying, for each t €]0, ]

1 (3.9)

. (f(@+tlu—a) - fl@) = o. (3.13)

Thus, taking the limit for ¢ — 0, (3.13) implies (3.11). |
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In Th. 3.10, we avoided imposing any a priori conditions on the set U,q — in consequence,
if U,q is very irregular, there might be few (or no) u € U,q such that the directional
derivative ¢ f(u, u — u) exists. We would now like to formulate a corollary for the case
that f is differentiable on U,q. A difficulty arises from the fact that the standard
definition for differentiability requires U,q to be open. On the other hand, in many
interesting cases, the optimal point u lies in the boundary of U,q, so it is desirable
to allow sets U,q that contain boundary points. This is the reason for dealing with
differentiable extensions of f in the sense of the following Def. 3.11.

Definition 3.11. Let U,y € O C R™, where O is open. A function F' : O — R
is called a differentiable extension of a function f : U,q — R if, and only if, F is
differentiable and F'[y = f.

Corollary 3.12. Let U,qg € O C R™, where Uyq is convex and O is open. If F': O —>
R is a differentiable extension of f: Usq — R (not necessarily given by (3.2b)), then
each minimizer u € Uy of f satisfies

F'(a)(u—u) > 0 for each u € U,g. (3.14)

Proof. Let u € U,q be arbitrary. The differentiability of F' implies that the directional
derivative d F'(u, u —u) exists and that 6 F'(u,u—u) = F'(u)(u—u). On the other hand,
the convexity of U,q yields that @ + ¢ (u — u) € U,q for each t € [0, 1]. Therefore, using
that F'is an extension of f, yields that ¢ f(u,u — @) exists and equals §F'(u,u — u) =
F'(u)(u —u). The assertion (3.14) then follows from (3.11) in Th. 3.10. |

A further easy conclusion from Cor. 3.12 is that f'(a) = 0 if @ lies in the interior of
Uaa (Cor. 3.13). In particular, f'(u) = 0 if U,q = R™ (no control constraints) or, more
generally, if U,q is open. The latter is often assumed when treating extrema in advanced
calculus text books. In general, the variational inequality can be strict as will be seen
in Ex. 3.14.

Corollary 3.13. Let U,q € R™, and assume that u € Uuq lies in the interior of Uaq
and minimizes the function f : U,g —> R (not necessarily given by (3.2b)), assumed
differentiable in the interior of Usq. Then f'(u) = 0. Special cases include Uyq = R™
(no control constraints) and any other case, where Uaq is open.

Proof. 1f u lies in the interior of U,q, then there is a (convex) open ball B with center
@ such that B C U,g. Then Cor. 3.12 yields that f'(a) (u —u) > 0 for each u € B.
Let e; denote the i-th standard unit vector of R™. If € > 0 is sufficiently small, then
u+ee; € B foreach i € {1,...,m}, implying f'(u) (u £ ee; — u) = f'(u) (Lee;) > 0.
Thus, f'(u) = 0 as claimed. |

Example 3.14. Let m =1, U,q = [0,1], f: [0,1] — R, f(u) = u. Then f is minimal
at u =0, f'(u) = (1) =1d, and f'(a)(u —u) = u > 0 for each u €]0, 1], showing that
the variational inequality can be strict.
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Example 3.15. As already mentioned in the first paragraph of this section, the example
f: R — R, f(u) =u® u = 0, shows that, in general, the variational inequality is
not sufficient for @ to be a min of f (f’(0) = (0), but 0 is not a min of f). As another
example, consider g : [0,27r] — R, g(u) = sin(u). Then, ¢'(0) = (1) = Id, and
¢'(0)(u—0) =u > 0 for each u €]0, 27], but the unique global min of g is at u = 37/2.

Remark 3.16. Even though the variational inequality is not sufficient for u to be a
min of f, we will later see in the more general context of minimization and directional
derivatives in normed vector spaces (Th. 6.62), that the variational inequality is also
sufficient, if U,q is convex, f is convex, and 0 f(u,u — u) exists for each u € Uyq.

Theorem 3.17. In the setting of the reduced optimization problem (3.3), suppose that
Ua € O CR™, where Uy is convez, O is open, and J : R* x O — R, (m,n) € N?,
is of class C1, that means all its partial derivatives 01, ..., 00J, Ops1, ..., OpsmJ exist
and are continuous. If u € Uyq is an optimal control for (3.3) in the sense of Def. 3.2,
then it satisfies (3.14) with F’ replaced by [, and f being defined according to (3.2b),
except on O instead of Usq. Using the chain rule, one can compute f' explicitly in terms
of J, A, and B, namely, recalling S = A~* B from (3.2),

f'(w)=B" (A"t V, J(Su,u) + V, J(Su,u) for each u€R™, (3.15)

using the abbreviations V,J = (O1J,...,0,J)", VuJ = (Ony1, ..., Onsmd)". Thus,
letting y := Su, (3.11) can be rewritten in the lengthy form (cf. [Tr605, (1.6)])

(BT (AN)' Vv, J(y,a)+ V,J(g,a), u— U > 0 foreach ueUg. — (3.16)
Please recall that the vectors u and u in (3.16) are interpreted as column vectors.

Proof. According to the definition of S and f in (3.2), one has S = A™! B and f(u) =
J(Su,u) for each u € O. Introducing the auxiliary function

a: O—R"xR" a(u):=(Su,u), (3.17)
it is f = Joa. As a is linear, a = a/. Applying the chain rule yields, for each u € O,
f(u) = J (a(w) d'(u) = J'(a(uw)) a (3.18)
and, thus, for each (u,v) € O x O, abbreviating y := Su,
f'(w)(v) = J'(y,u) (Sv,v)
= < Vy J(y7 ’U,), Aile>Rn + < V’u J<y7 U), U>Rm
= <BT (AT)_l Vy J(y, u), U>Rm + < Vi J(y,u), U>Rm7 (3.19)

thereby proving (3.15). Combining (3.15) and (3.14) (with f” instead of F’) proves
(3.16). n
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Example 3.18. Let us compute the left-hand side of the variational inequality (3.16)
for the function J from Ex. 3.1, i.e. for

1 A
Ji R R™ — R, J(y,u) = ly — ol + 5 Juf”.
Recalling S = A™'B, since V, J(y,u) = (y — yo) and V, J(y,u) = Au, (3.15) implies
that
f'(u)=B" (A") " (A™'Bu — yo) + Au for each u € R™. (3.20)

Moreover, with j = Su = A~'Bu, (3.16) becomes

(BT (AT) 'V, J(,0) + Vo J(§,0) , u — @)y,
=(BT(AT) ' (5 — o) + A, u— )y,
= (BT (AT (A™'Bu —yo) + A, u— @)y, > 0 foreach u€ Uyq CR™ (3.21)

In Ex. 3.20, we will see that the messy-looking condition (3.21) becomes more readable
after introducing the so-called adjoint state. Moreover, we will also see that it can be
reduced to a linear system in the case of U,q = R™ (no control constraints).

3.4 Adjoint Equation, Adjoint State

If the dimension n is large, then, in general, the inverse matrix (AT)~! occurring in
(3.16) is not at hand (i.e. not easily computable), and it is useful to introduce the
quantity

p=p(F.u) = (A")"V,J(7 1) (3.22)
as an additional unknown of the considered problem. The quantity defined in (3.22)
is called the adjoint state corresponding to (y,u). Given (y,u), the adjoint state p is

determined by the equation
ATp = Vy J(zju H)a (323)

which is called the adjoint equation of the control problem (3.3).

Corollary 3.19. Asin Th. 3.17, consider the setting of the problem (3.3), and suppose
that U,y € O C R™, where U,q is convex, O is open, and J : R"xO — R, (m,n) € N?,
is of class C. If u € U, is an optimal control for (3.3) in the sense of Def. 3.2 with
corresponding state §j = Su and adjoint state p = (A")™' V, J(y,u), then (J,u,D)
satisfies the following system (cf. [Tr605, p. 12])

Ay = Bu, u € Uy, (3.24a)
(B"p+V, J(y,u), u— ﬂ>Rm > 0 for each wu € U,, (3.24¢)

called the system of optimality for the optimal control problem (3.3). |
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Example 3.20. As promised at the end of Ex. 3.18, we continue the investigation of the
function J from Ex. 3.1 by formulating the resulting system of optimality. According
to (3.24):

Ay = Bu, u € Uy, (3.25a)
AT p=y—yo, (3.25b)
<BT]§+ A, U — ﬂ>Rm > 0 foreach wu € Uyyg. (3.25¢)

In the case of no control constraints, i.e. Uyq = R™, one has f'(a) = 0 by Cor. 3.13.
Thus, according to (3.20), U,q = R™ implies that (3.25¢) can be replaced with

3.25a), (3.25b)

BT (AT (A Ba — o) + Aa PP BT s L aa=o. (3.26)

Using the assumption A > 0 stated in Ex. 3.1, (3.26) yields

BT p
= - b (3.27a)
By means of (3.25b), we also have an explicit equation for §, namely
g=A"p+1yo. (3.27b)
Plugging (3.27) into (3.25a) leads to the following linear system for p:
1
A(A"p+yo) = =1 BB p, (3.28)
or, rearranged,
1

Thus, in this case, one can solve the system of optimality by determining the adjoint
state p from the linear system (3.29). The optimal control u and the optimal state y
are then given by (3.27).

3.5 Lagrange Technique and Karush-Kuhn-Tucker Conditions
3.5.1 Lagrange Function

Introducing an auxiliary function depending on three variables (y,u,p), a so-called
Lagrange function, one can rewrite the conditions of the system of optimality (3.24)
(except for the control constraints u € U,g, at least for the time being) in terms of the
gradients of the Lagrange function with respect to the different variables (y, u,p). The
Lagrange function will be defined in the statement of the following Cor. 3.21 in (3.30).

Corollary 3.21. Asin Th. 3.17, consider the setting of the problem (3.3), and suppose
that U,y € O C R™, where U,q is convex, O is open, and J : R"xO — R, (m,n) € N?,
is of class C1. If i € U,q is an optimal control for (3.3) in the sense of Def. 3.2 with
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corresponding state § = Su and adjoint state p = (AT)™* V,, J(y,u), then, introducing
the Lagrange function

L: R2n+m — Ra L(y7u7p> = J(y7u) - <Ay - BU, p>R”7 (330)

(g, u,p) satisfies

Vp L(gﬂjaﬁ) = 07 u e Uada (331&)
Vy L(g,a,p) =0, (3.31b)
> 0 for each u € Uy. (3.31c)

Proof. From Cor. 3.19, we know that (y,u,p) satisfies the optimality system (3.24).
Moreover, (3.30) implies

V, L(y,u,p) = —Ay + Bu, (3.32a)
vy L(y7 U,p) = vy J(y> U) - ATP» (
Vu L(y7 U,p) = vu J(% U) + BTp7

(
showing that (3.31a) is the same as (3.24a), (3.31b) is the same as (3.24b), and (3.31c)
is the same as (3.24c). |

In the present context, the adjoint state p is also called Lagrange multiplier.

3.5.2 Box Constraints and Karush-Kuhn-Tucker Optimality Conditions

For a special class of control constraints, so-called box constraints defined below, we
will deduce another system of first-order necessary optimality conditions (3.37), called
Karush-Kuhn-Tucker system. The Karush-Kuhn-Tucker system in a certain sense com-
pletes the task started with the formulation of (3.31) in the previous section. Now the
control constraints are also formulated in terms of partial gradients of an extended La-
grange function defined in (3.35). The Karush-Kuhn-Tucker system is also structurally
simpler than (3.31): Even though, at first glance, the Karush-Kuhn-Tucker system
consists of more conditions than (3.31), that is actually deceiving. While the Karush-
Kuhn-Tucker system only consists of a finite number of equations and inequalities, the
variational inequality (3.31c) actually consists of one condition for each u € U,g, i.e.,
typically, uncountably many conditions.

Before proceeding to the definition of box constraints, we recall some notation:

Notation 3.22. For (u,v) € R™ x R™ m € N, the inequality u < v is meant compo-
nentwise, i.e. u < v if, and only if, u; < v; for each ¢ € {1,...,m}. Analogously, one
defines u > v, u < v, and u > v.

One speaks of box constraints for the control if the control constraints are prescribed
via upper and lower bounds. This type of control constraint occurs in numerous ap-
plications, for example, in each of the motivating examples of Sec. 1. In the present
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finite-dimensional setting, box constraints for the control mean that the admissible set
U,q has the form

Ud ={u e R™: u, <u<up}t, where (ugup) € R™ xXR™  u, < uy,. (3.33)

The bounds u, and wu; are considered as given and fixed.

Theorem 3.23. Asin Cor. 3.19, consider the setting of the problem (3.3), now with the
additional assumption of box constraints for the control, i.e. Uy is assumed to satisfy
(3.33). Still suppose that Up,qg € O C R™, where O is open and J : R" x O — R,
(m,n) € N2, is of class C*. If u € U,q is an optimal control for (3.3) in the sense of
Def. 3.2 with corresponding state § = Su and adjoint state p = (A")™' ¥V, J(y,u), then

-----

- {ub,i where (BTﬁ + V. J(y, ﬂ))Z <0, (3.34)

U; =
Uqi where (BTﬁ—i— Vu (7, ﬂ))Z > 0.
Moreover, introducing the extended Lagrange function

L R¥HSm LR
E(y,”,p; a, b) = L(y7 U,p) + <ua —u, a)Rm + <’LL — Up, b>]Rm
= J(y,u) — (Ay — Bu, p)rn + (ug — u, aygm + (u — up, b)gm, (3.35)

and letting
ftq == max {0, B'p+V,J(7, u)}, pp:=— min {0, B'p+ V., J(7, u)},  (3.36)

the 5-tuple (g, @, p, fa, py) Satisfies

Vp LY, U, P pa, 1) = 0, (3.37a)

Vy LG, U, P, fas 1) = 0, (3.37D)

Vo L(Y, @, P, pa, ts) = 0, (3.37c)

Vo L(Y, U, P, fla, 1) < 0, (3.37d)

Vi L(Y, U, P, fla, f15) < 0, (3.37¢)

fta >0, iy >0, (3.37f)

(Uai — W) prai = (U — up;) po; =0 for eachi € {1,...,m}. (3.37g)

The system (3.37) is known as the Karush-Kuhn-Tucker optimality system; conditions
(3.37d) — (3.37g) are called complementary slackness conditions.

Proof. Note that (3.33) implies that U,q is convex. Thus, all hypotheses of Corollaries
3.19 and 3.21 are satisfied, and we know that (3.24) and (3.31) hold. We first show
(3.34), followed by the verification of (3.37).

For the convenience of the reader, (3.24c) is restated:

(BT p+VuJ(a), u—1i)y, >0 foreach u€ Up. (3.38)
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Slightly rearranging (3.38) yields
<BT]5 + V. J(y,ua), ﬂ>Rm < <BT]§ + V. J(y,u), u>Rm for each w € Uy, (3.39)

showing that @ is a solution to the minimization problem

min <BT}3 + V. J(y,u), U>Rm = min (BTﬁ + V. J(y, ﬂ)) U (3.40)
u€Uyzq u€Uyzq —1 ¢
Due to the special form of U,q, the components u; can be varied completely indepen-
dently, such that the sum in (3.40) attains its min if, and only if, each summand is
minimal. Thus, for each i € {1,...,m},
(B"p+VuJ(@,1), 5= min (B p+V,J(y,1)),u. (3.41)

Uq, i Su; Sup g

Now, (3.34) is a direct consequence of (3.41).

As for (3.37), everything except (3.37g) is quite obvious: According to the defini-
tion of £ in (3.35), it is V, L(Y, @, P, fta, t) = Vy, L(y, 0, p) and Vy, L(Y, U, P, fa, b)) =
V, L(y,u,p) such that (3.37a) is the same as the equation in (3.31a) and (3.24a), and
(3.37b) is the same as (3.31b) and (3.24b). Next,

Vuﬁ@,ﬂ,ﬁ, ,uaalub) = vu J(gaa) + BTﬁ_ Ha + Ho,

that means (3.37c) holds because of the way p, and u, were defined in (3.36). As
(3.35) implies Vo L(7, @, P, fa, o) = g — @ and Vy L(Y, U, D, fa, ) = U — up, (3.37d)
and (3.37e) are merely a restatement of the hypothesis u € U,q. The validity of (3.37f)
is immediate from (3.36). Finally, (3.37g) follows from (3.34): Let i € {1,...,m}.
According to (3.36), fta; > 0. If pe; = 0, then (uq; — @) fta; = 0. If pq; > 0, then
(BTﬁ—l—VU J(y, ﬂ))l > 0 by (3.36), i.e. U4; = u,,; by (3.34), again implying (uq;—%;) fla; =
0. Analogously, according to (3.36), up; > 0. if pp; = 0, then (a; — up;) po; = 0. If
pin; > 0, then (BTp+V, J(y,u)), < 0 by (3.36), i.e. %; = uy,; by (3.34), again implying
(w; — up;) pw; = 0, thereby concluding the proof of (3.37g) as well as the proof of the
theorem. ]

Analogous to p, the vectors p, and py, occurring in (3.37) are also referred to as Lagrange
multipliers. Note that (3.34) does not yield any information on the components @; where

(B"p+V.J(y,u), =0.

3.6 A Preview of Optimal Control of PDE

In many respects, and that is the reason for the somewhat detailed review of finite-
dimensional optimal control problems in this section, the optimal control theory of PDE
can be developed analogously to the finite-dimensional situation. Instead of a finite-
dimensional equation, Ay = Bu will represent a PDE, typically with A corresponding
to some differential operator and B corresponding to some coefficient or embedding
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operator. Guaranteeing the invertibility of A will usually mean restricting its domain to
suitable function spaces, e.g. to sets of functions satisfying suitable boundary conditions.
Then S = A~!'B can be interpreted as the solution operator of the PDE, also called
control-to-state operator. The optimality conditions can then be formulated in a form
similar to the finite-dimensional case.

4 Review: Functional Analysis Tools

4.1 Normed Vector Spaces

Definition 4.1. Let X be a real vector space. A function || - | : X — R, z — ||z]|,
is called a norm on X if, and only if, the following conditions (i) — (iii) are satisfied:
(i) For each z € X, one has ||z|| = 0 if, and only if, z = 0.
(i) flz+yll < [zl + [[y]l for each (z,y) € X*.
(iii) [|[Az|| = |A] ||z|| for each z € X, X € R.
If || - || is a norm on X, then (X, || - ||) is called a normed vector space. Frequently, the
norm on X is understood and X itself is referred to as a normed vector space.

Remark 4.2. If || - || satisfies (ii) and (iii) in Def. 4.1, but not necessarily (i), then
| - || is called a seminorm on X and (X,|| - ||) is called a seminormed vector space.
Seminormed vector spaces where (i) is violated have the significant disadvantage that
the corresponding topology does not satisfy the Hausdorff separation axiom.

Definition 4.3. T'wo norms ||-||; and ||-||2 on a real vector space X are called equivalent
if, and only if, there exist positive constants (m, M) € R?, 0 < m < M, such that

m |zl < |lz||a < M||z||; for each 2z € X. (4.1)

Definition 4.4. Let (x,),en be a sequence in a normed vector space (X, || - ||).

(a) The sequence is called convergent (in X), if, and only if, there exists z € X such
that
lim ||z, —z| =0.
n—oo

If such an = € X exists, then it is called the limit of the sequence. This notion of
convergence is sometimes also called strong convergence and the limit the strong
limit of the sequence. This is typically done to avoid confusion with the notion of
weak convergence and weak limits that will be introduced in Def. 4.37 below.

(b) The sequence is called a Cauchy sequence if, and only if, for each € > 0, there exists
some ng € N such that, for each (m,n) € N?

|Tn — || < € whenever n > mnyand m > ng.
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Definition 4.5. A normed vector space (X, || -||) is called complete or a Banach space,
if, and only if, every Cauchy sequence in X is convergent in X (i.e. it has a limit z € X).

Notation 4.6. Let (X, || -||) be a normed vector space, zg € X. Then, for each rr € R,
B.(zo) == {z € X : ||z — x| < 1}, Bi(wo) := {z € X : |lo — x| < r}, and
Sr(zo) == {z € X : |lx — || = r} respectively denote the open ball, the closed ball,
and the sphere of radius r with center z.

Definition 4.7. A subset B of a normed vector space X is called bounded if, and only
if, there exists r € RT such that B C B,(0).

4.2 Bilinear Forms

This section summarizes some elementary properties of bilinear forms on (normed)
real vector spaces. Their importance for us is twofold. First, bilinear forms will be
encountered frequently as inner products in Hilbert spaces. Second, bilinear forms will
be used when studying elliptic linear PDE in Sec. 6.2.

Definition 4.8. Let X be a real vector space. A map b: X x X — R is called a
bilinear form if, and only if,

b(Aiw1 + Ao, y) = A b1, ) + Ao b2, y),
b(x, Miyr + Aoyz) = A bz, y1) + Ao b(w, ys) (4.2)
for each  (z,x1,22,y,51,52) € X°, (A1, Ag) € R%

Definition 4.9. Let b: X x X — R be a bilinear form on a normed vector space X
(actually, (ii), (iii), (iv), and (v) use only the linear structure on X).

(i) bis called bounded if, and only if, there exists ap > 0 such that

bz, )| < aollz]l |yl for each  (z,y) € X*. (4.3a)

(ii) b is called symmetric if, and only if,

b(x,y) = b(y,x) foreach (z,y)c€ X2 (4.3b)

(iii) b is called skew-symmetric or alternating if, and only if,

b(x,y) = —b(y,z) for each (z,y) € X2 (4.3c)

(iv) b is called positive semidefinite if, and only if,

b(x,x) >0 for each z € X. (4.3d)
(v) bis called positive definite if, and only if, b is positive semidefinite and

(b(m, r)=0&12= O> for each z € X. (4.3e)
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(vi) b is called coercive or elliptic if, and only if, there exists Sy > 0 such that
b(x,z) > Bol|z||* for each =€ X. (4.3f)

Remark: More generally, one defines a function f : X — R to be coercive if,
and only if, ||z]| — oo implies f(x)/||z| — oo. Clearly, b is coercive if, and only
if, fo : X — R, fo(z) := b(x, x), is coercive.

(vii) b is called an inner product or scalar product on X if, and only if, b is symmetric
and positive definite. In that case, it is customary to write (z, y) instead of b(z, y).

Remark and Definition 4.10. Let b : X x X — R be a bilinear form on a real
vector space X. Then there exists a unique decomposition

b=o0+a (4.4)

such that ¢ is a symmetric bilinear form and a is an alternating bilinear form. Moreover,
o and a can be written explicitly in terms of b as

o: X xX —R, o(x,y) = %(b(m,y) + b(y,m)), (4.5a)
0 X x X — R, a(z,y) = %(b(x,y) “by.x).  (45h)

The forms o and a are called the symmetric and the alternating part of b.

Remark 4.11. If X is a finite-dimensional normed vector space with basis (ey, ..., €,),
then, for a bilinear form b : X x X — R with symmetric part o, the following
statements are equivalent:

(i) b is positive definite.
(ii) o is positive definite.

)
)
(iii) b is coercive.
(iv) o is coercive.
)

(v) All the eigenvalues of the matrix S := (0y;), defined by 0;; := o(e;, €;), are positive.

4.3 Hilbert Spaces

Definition 4.12. Let X be a real vector space. If (-, ) is an inner product on X, then
(X (e >) is called an inner product space or a pre-Hilbert space. An inner product space
is called a Hilbert space if, and only if, (X, || - ||) is a Banach space, where the norm || - ||
is defined from the inner product via ||z|| := y/(z, x). Frequently, the inner product on
X is understood and X itself is referred to as an inner product space or Hilbert space.
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Lemma 4.13. The following Cauchy-Schwarz inequality (4.6) holds in every inner
product space (X, (-, )) :

()| < llzll Iyl for each (z,y) € X*. (4.6)

Proof. See, e.g., [Roy88, p. 245] or [Alt06, Lem. 0.2(2)]. |

Definition 4.14. Let (X (s >) be an inner product space and A some (countable or
uncountable) index set. A family (2,)aca in X is called an orthonormal system if,
and only if, (z,,25) = 0 whenever (a,3) € A%, o # 3, and (x,,z,) = 1 for each
a € A. Given an orthonormal system O = (x4)aca in X, for each z € X, the numbers
() == (z,z,) € R, v € A, are called the Fourier coefficients of x with respect to O.

Example 4.15. For each n € N, define

sin nt
xn: [0,27] — R, x,(t) = .
NZs

Then (z,,)nen constitutes an orthonormal system in the Hilbert space L?[0, 27r] endowed
with the inner product (z,y) = f027r xy (such spaces will be properly introduced in Sec.
6.1 below, cf. Rem. 6.5): One computes

(4.7)

1 [ 1 [t sinntcosnt]™
(T, ) = —/ sin?ntdt = = |2 — SRS gt each me N, (4.8a)
T Jo T |2 2n B
and
1 2w
(T, Tp) = —/ sin mt sin nt dt
T Jo

. . . . 2
1 lSln mtcosnt — cosmtsinnt  sinmtcosnt — cosmtsinnt]”"

T 2(m —n) B 2(m+n) 0

=0 foreach (m,n)eN, m#n. (4.8b)

Bessel Inequality 4.16. Let X be an inner product space and let (xq)aca be an or-
thonormal system in X according to Def. 4.14. Then, for each x € X, the Bessel
inequality
" li@)] < lle] (19)
acA

holds. In particular, for each x € X, only countably many of the Fourier coefficients
Z(a) can be nonzero, and, for each sequence (a;)ien in A,

lim #(a;) = 0. (4.10)

1—00

Proof. See, e.g., [Rud87, Th. 4.17] or [Alt06, 7.6]. |
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Theorem 4.17. Let (X, (-,-)) be an inner product space and let (za)aca be an or-
thonormal system in X according to Def. 4.14. Then the following statements (i) — (iii)
are equivalent:

(i) v =) cs2(a) zq for each x € X.

(ii) (z,y) =Y ,eaZ(@) §(a) for each (x,y) € X?. This relation is known as Parseval’s
identity.

(iil) [|lz]|* = D pea [2(@)|? for each z € X.

Proof. See, e.g., [Alt06, 7.7] for the case of countable A, and [Rud87, Th. 4.18] for the
general case. |

Definition 4.18. An orthonormal system O in an inner product space X satisfying
the equivalent conditions (i) — (iii) in Th. 4.17 is called a complete orthonormal system
or an orthonormal basis.

Theorem 4.19. An orthonormal basis O exists in every Hilbert space H # {0}. More-
over, the cardinality of O is uniquely determined.

Proof. See, e.g., [Alt06, Th. 7.8] for the case where H has a countable orthonormal
basis, and [Rud87, Th. 4.22] for the general case. [

4.4 Bounded Linear Operators

Definition 4.20. Let A : X — Y be a function between two normed vector spaces
(X - llx) and (Y- fly)-

(a) A is called continuous in x € X if, and only if, for each sequence (z,)nen in X,
lim,, o0 ©, = 2 implies lim,, o, A(x,) = A(z); A is called continuous if, and only if,
it is continuous in x for every z € X; A is called uniformly continuous if, and only
if, for each € > 0, there is § > 0 such that (z;,75) € X? and ||z; — 23||x < ¢ implies
| A1) — A(:UQ)HY < € A is called isometric if, and only if, ||A(ar:)HY = ||z||x for
each x € X.

(b) A is called bounded if, and only if, there exists a constant C' > 0 such that

|A(z)|ly < Cllz||x foreach z € X. (4.11)

Linear functions between normed vector spaces are usually referred to as linear opera-
tors. Real-valued maps are called functionals, in particular, real-valued linear operators
are called linear functionals.
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Proposition 4.21. For a linear operator A : X — Y between two normed vector
spaces, the following statements are equivalent:

(a) A is uniformly continuous.
(b) A is continuous.
(c) There is xy € X such that A is continuous at x.

(d) A is bounded.

Proof. The proof is straightforward; e.g., see [Roy88, Ch. 10, Prop. 2] or [Alt06, Lem.
3.1]. n

Definition and Remark 4.22. If A: X — Y is a bounded linear operator between
normed vector spaces (X, | - ||x) and (Y, - ||y), then there exists the minimum of
positive constants C' satisfying (4.11). This minimum is denoted by [|A|| and is called
the operator norm of A. Moreover, it holds that

HAH = sup { HA(x)“Y

] x
The vector space of all bounded linear operators between X and Y is denoted by
L(X,Y).

cx e X, x#O} =sup {|A(@)||: z € X, ||z|x =1}. (4.12)

Proposition 4.23. The operator norm constitutes, indeed, a norm on the vector space
L(X,Y) of bounded linear operators between two normed vector spaces X andY . More-
over, if Y is a Banach space, then L(X,Y) is also a Banach space.

Proof. See, e.g., [Roy88, Ch. 10, Prop. 3] or [Alt06, Th. 3.3]. |

Definition and Remark 4.24. If X is a normed vector space, then the space L(X,R)
of all bounded linear functionals on X is called the dual of X. The dual of X is denoted
by X*. According to (4.12), one has, for each f € X*,

||f|X*:sup{|f(x)|: re X, ||x||X:1}. (4.13)

Moreover, according to Prop. 4.23, the fact that R is a Banach space implies that X*
is always a Banach space.

Theorem 4.25. If X is a normed vector space and 0 # x € X, then there is f € X*
such that ||f||x- =1 and f(z) = ||z||x.

Proof. See, e.g., [Yos74, Cor. IV.6.2] or [Alt06, 4.17(1)]. |
Remark 4.26. Let (X, (- >X) be an inner product space. For each y € X, the map
fy: X — R, f(z) = (z,y)x (4.14)

defines a bounded linear functional on X. Moreover, (4.6) together with (y, y)x = ||y||%
implies

1]

x-=swp {[{z,y)x] 1 v € X, fJallx =1} = [ly]x. (4.15)
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Riesz Representation Theorem 4.27. Let (H, (-,-)y) be a Hilbert space. Then the
map
F:H— H", F(y):=f, (4.16)

where f, is the functional defined in (4.14), constitutes an isometric isomorphism be-
tween H and H*. In particular, for each functional f € H*, there is a unique y € H
such that |\y|lg = || f|lg+ and f(x) = (z,y)n for every x € H.

Proof. See, e.g., [Roy88, Ch. 10, Prop. 28] or [Alt06, Th. 4.1]. |

Given a Hilbert space H, it is often convenient to use Th. 4.27 to write H = H*,
identifying H with its dual H*.

Definition 4.28. Let X be a normed vector space. The dual of X* is called the bidual
of X. One writes X** := (X™)*.

Theorem 4.29. Let X be a normed vector space. For each x € X, define a functional
Y according to

po: XT— R, @u(f) = f(2). (4.17)

Then ¢ provides an isometric isomorphism between X and a subspace o(X) of X**.

Proof. See, e.g., [Yos74, Sec. IV.8] or [Alt06, Sec. 6.2]. |

Definition 4.30. Given a normed vector space X, the map ¢ : X — X** defined
in Th. 4.29 is called the canonical embedding of X into X**. The space X is called
reflexive if, and only if, the map ¢ is surjective, i.e. if, and only if, ¢ constitutes an
isometric isomorphism between X and its bidual.

Caveat 4.31. It can happen that a Banach space X is isometrically isomorphic to its
bidual, but not reflexive, i.e. the canonical embedding ¢ is not surjective, but there
exists a different isometric isomorphism ¢ : X = X** ¢ # ¢. An example of such a
Banach space was constructed by R.C. James in 1951 (see [Wer(02, Excercise 1.4.8] and
[Wer02, page 105] for the definition and further references).

Example 4.32. As a consequence of Th. 4.27, every Hilbert space is reflexive. More
examples of reflexive spaces are given by the spaces LP(F), 1 < p < oo, defined in Sec.
6.1 below (see Th. 6.6).

4.5 Adjoint Operators

Definition 4.33. Let X, Y be Banach spaces, and let A : X — Y be a bounded
linear operator. The map

ALY XY, AY(f) = fo A, (4.18)

is called the adjoint or dual operator of A.
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Theorem 4.34. Let X, Y be Banach spaces, and let A: X — Y be a bounded linear
operator. Then the adjoint operator A* of A according to Def. 4.33 is well-defined, i.e.
foA € X* foreach f € Y*. Moreover A* is a bounded linear operator and ||A*|| = ||A]|.

Proof. See, e.g., [RR96, Th. 7.55]. |

From the Riesz Representation Th. 4.27, we know that the structure of Hilbert spaces
is especially benign in the sense that they are isometrically isomorphic to their duals.
In Hilbert spaces, these isomorphisms can be used to pull back the adjoint operators
from the dual spaces to the original spaces:

Definition 4.35. Let H;, Hy be Hilbert spaces, and let A : H; — H, be a bounded
linear operator. Moreover, let Fy : Hy — Hi and F» : Hy — H3 be the isometric
isomorphisms given by the Riesz Representation Th. 4.27. Then the Hilbert adjoint
operator A*M of A is defined by

A Hy — H, A = Flo Ao F. (4.19)

In the literature, a certain sloppiness is customary, using the same symbol A* for both
the adjoint and the Hilbert adjoint. Outside the present section, we will also adhere to
this custom.

Proposition 4.36. Let H;, Hy be Hilbert spaces, and let A : Hy, — Hs and B :
Hy — Hy be bounded linear operators. Then B is the Hilbert adjoint of A if, and only

if,
<y7AI>H2 - <By7x>H1 fOT each (ZE,y) S Hl X HQ‘ (420)

Proof. Let F| and F; be as in Def. 4.35.
Suppose B = A" = 1o A* o F5. Fix y € H, and set zy := By. Then, for each
S H17
Fi(zo)(z) = (@, o) m, (4.21a)
by (4.16) and (4.14). On the other hand
Fi(z9) = Fi(By) = (A" 0 B)(y) = A"(Fa(y)) = (Fa(y)) 0 4,
and, thus, for each z € Hy,
Fi(wo)(z) = Foly) (Ax) = (Az,y)u, (4.210)
again by (4.16) and (4.14). Combining (4.21a) and (4.21b) yields
(y, Az}, = (Az,y)m, = Fi(wo)(2) = (z, w0y, = (w0, ), = (By, )y, (4.22)
showing the validity of (4.20).

Now assume that B : Hy — H; is some operator satisfying (4.20). Fix y € H,.
According to the the first part,

(y, Ax) g, = (A""y 2)y, for each = € Hj. (4.23)
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Hence,
(By,x)g, = (y, Ax) g, = (A™7y, 2)y, for each x € Hy, (4.24)

implying Fy(By) = Fi(A*"y), which, in turn, implies By = A*fy. Since y € H, was
arbitrary, B = A* concluding the proof of the proposition. |

4.6 Weak Convergence

Definition 4.37. A sequence (z,),en in a normed vector space X is called weakly
convergent to x € X (denoted z,, — z) if, and only if,

lim f(x,)= f(x) foreach fe& X" (4.25)

n—o0

Lemma 4.38. Weak limits in normed vector spaces are unique, i.e., given a SEquUence
(Tp)nen i a normed vector space X, x, — x, r, — vy, (v,y) € X?, implies v = y.

Proof. According to Def. 4.37, for each f € X*,

fle—y) = fz) = f(y) = lim f(z,) = lim f(a,) =0. (4.26)
Thus, Th. 4.25 implies that x —y =0, i.e. z = y. |

Remark 4.39. Indeed, in every normed vector space X, strong convergence implies
weak convergence, but, in general, weak convergence does not imply strong convergence:
If (z,)nen is a sequence in X, converging strongly to x € X, then, for each f € X*,
| f(zn) = F(@)|| < [If]| [|n —=| — O, showing z,, — x. For weakly convergent sequences
that do not converge strongly, see the following Ex. 4.40.

Example 4.40. Let (H, (-, >) be a Hilbert space and O = (z,)neny an orthonormal
system in H. If f € H*, then, according to the Riesz Representation Th. 4.27, there is
y € X such that f(x) = (x,y) for each x € X. Thus,

Flan) = (2, p) " 500) YA 0 = £(0), (4.27)

showing =, — 0. On the other hand (z,),en does not strongly converge to 0 — actually,
as

= [|2m]|* = 2(@m, 7,) + ||znl|* =2 for each m # n, (4.28)

it is not even a Cauchy sequence. According to Th. 4.19, every Hilbert space has
an orthonormal basis, and, thus, we see that, in every infinite-dimensional Hilbert
space, there are weakly convergent sequences that do not converge strongly. A concrete
example is given by the orthonormal sine functions x,, from Ex. 4.15.

Definition 4.41. Consider a subset C' of a normed vector space X.
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(a) C is called weakly sequentially closed if, and only if, for each sequence (z,)nen in
C, z, =z, r € X, implies that = € C.

(b) The subset of X consisting of all points such that there exists a sequence (z,)nen
in C satisfying x,, — x is called the weak sequential closure of C'. It is denoted by

cly (O).

(c) C is called relatively weakly sequentially compact if, and only if, each sequence
(Zn)nen in C| has a subsequence that converges weakly to some x € X

(d) C is called weakly sequentially compact if, and only if, each sequence (z,)nen in C
has a subsequence that converges weakly to some x € C'.

Lemma 4.42. Let C' be a subset of a normed vector space X. Assume C' is relatively
weakly sequentially compact. Then C s weakly sequentially compact if, and only if, C
18 weakly sequentially closed.

Proof. 1f (x,,)nen is a sequence in C', then there is a subsequence that converges weakly
to x € X. If C is weakly sequentially closed, then x € C, showing that C' is weakly
sequentially compact. Conversely, if C' is weakly sequentially compact and x,, — x € X,
then every subsequence of (z,)nen also converges weakly to x, showing x € C, i.e. C'is
weakly sequentially closed. |

Remark 4.43. Let C be a subset of a normed vector space X. If C' is weakly sequen-
tially closed, then it is strongly closed, but, in general, if C' is strongly closed that does
not imply that C' is weakly sequentially closed. Indeed, if (z,),en is a sequence in C'
that converges strongly to x € X, then, by Rem. 4.39, (z,),en converges weakly to
x. If C'is weakly sequentially closed, then z € C, showing that C' is strongly closed.
For sets that are strongly closed without being weakly sequentially closed, see Ex. 4.45
below.

Caveat 4.44. One has to be especially careful when working with weak sequential
closures, as they can have pathological properties: The example of Exercise 9 in [Rud73,
Sec. 3] shows that, in general, the weak sequential closure of a set is not(!) weakly
sequentially closed. However, for conver sets C, cl,,(C) is weakly sequentially closed

(see Th. 4.47(c)).

Example 4.45. We come back to the situation considered in Ex. 4.40, i.e. an orthonor-
mal system O = (z,)nen in a Hilbert space H. It was shown in Ex. 4.40, that every
sequence of orthonormal elements converges weakly to 0. However, it follows from
(4.28), that a sequence of orthonormal elements can only converge strongly provided
that it is finally constant. Thus, as 0 can never be an element of an orthonormal system,
each infinite orthonormal system in a Hilbert space is strongly closed, but not weakly
sequentially closed. As in Ex. 4.40, a concrete example is given by the orthonormal
system of sine functions z,, from Ex. 4.15.

Lemma 4.46. Let X be a normed vector space, and let A be a subset of a relatively
weakly sequentially compact set C' C X. Then:
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(a) A is always relatively weakly sequentially compact.

(b) A is weakly sequentially compact if, and only if, it is weakly sequentially closed.

Proof. (a): Since each sequence in A is a sequence in C, it must have a subsequence
that converges weakly to some x € X, showing that A is relatively weakly sequentially
compact.

(b): As A is relatively weakly sequentially compact by (a), A is weakly sequentially
compact if, and only if, it is weakly sequentially closed according to Lem. 4.42. |

Theorem 4.47. Let C' be a convex subset of a normed vector space X.

(a) If C is closed, then C' is weakly sequentially closed.
(b) The weak sequential closure of C' is the same as its strong closure, i.e. cly(C) = C.

(c) clw(C) is weakly sequentially closed.

(d) Ewvery strongly closed ball B.(0), r € RT, is weakly sequentially closed. In particu-
lar, if B C X is bounded, then the weak sequential closure of B is also bounded.

Proof. (a): See, e.g., [Roy88, Ch. 10, Cor. 23] or [Alt06, Th. 6.13].

(b): cly(C) D C always holds as strong convergence x, — x € C, z,, € C for n € N,
implies weak convergence z,, — x. Conversely, let = € cl,(C). Then there is a sequence
(Zn)nen such that z,, — 2. Since (2, )ney is also a sequence in C, and C is convex and
closed, (a) implies z € C.

(¢): According to (b), cly(C) = C. In particular, cl,(C) is closed and then (a) implies
that cly, (C) is weakly sequentially closed.

(d): Since each B,(0), r € RT, is closed and convex, it is weakly sequentially closed by
(a). |

Definition 4.48. Consider a function F': X — Y between two normed vector spaces
X and Y.

(a) F is called weakly sequentially continuous if, and only if, for each sequence (z,,)nen
in X, z, =z, x € X, implies F(z,) = F(x).

(b) In the special case Y = R, we call F' weakly sequentially semicontinuous from
below if, and only if, for each sequence (x,)neny in X, z, — z, € X, implies
liminf F(z,) > F(z).

n—oo

Lemma 4.49. Every bounded linear operator A : X — Y between two normed vector
spaces X and 'Y is weakly sequentially continuous.
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Proof. Let (z,)nen be a sequence in X, z € X, such that z, — x. One needs to
show that A(xz,) — A(x). To that end, let f € Y*. Then fo A € X* and the
weak convergence x,, — x implies that lim, ,..(f o A)(x,) = (f o A)(x), establishing
A(z,) — A(x) as needed. |

Theorem 4.50. Let C' be a closed and convexr subset of a normed vector space X. If
f: C — R is conver and continuous then f is weakly sequentially semicontinuous
from below, i.e. for each sequence (T,)nen in C, x € C, it holds that

Ty, =2 = liggiorgf f(zn) > f(x). (4.29)
Proof. The assertion is a consequence of Th. 4.47(a): For each ¢ € R, the set A, :=
7Y =00, = {x € C: f(x) < c} is closed and convex: It is closed in the relative
topology of C' as the continuous inverse image of the closed set | — 0o, ¢]. Then, since
C is closed in X, A, is also closed in X. To verify its convexity, let (z,y) € A% and
a € [0,1]. Then, as f is convex,

flaz+(1-a)y) <af(x)+(1—-a)fly) €]-o0 (4.30)

since f(z) < ¢, f(y) < ¢, and |—00, ¢] is convex. Thus, ax+(1—a)y € A., showing that
A, is convex. Seeking a contradiction, suppose z, — x in C' and liminf f(x,) < f(x).
n—oo

Then there is ¢ € R, ¢ < f(z), and a subsequence (x,, )ken Of (2,)neny such that
f(xn,) < c (ie z,, € A.) for each k € N. Since (z,, )ren is a subsequence of (z,)nen,
one has z,,, — x such that Th. 4.47(a) implies € A, i.e. f(x) < ¢ in contradiction to
¢ < f(z). Thus, the assumption lig %)I.}f f(z,) < f(x) was false, thereby concluding the

proof of the theorem. |

Remark 4.51. The proof of Th. 4.50 shows that its assertion remains true if “convex,
continuous functional” is replaced by the weaker hypothesis “convex functional that is
semi-continuous from below”.

Example 4.52. Let X be a normed vector space and a € X. The distance functional
N, : X — R, x — ||z — al| is continuous, convex, and weakly sequentially semicon-
tinuous from below (in particular, letting a := 0, the norm itself is continuous, convex,
and weakly sequentially semicontinuous from below): Let (x,),en be a sequence in X
such that lim, o #, = # € X. Then |||z, —al| — |z — a|| < [|(zn — a) — (z — a)|| =
|z, — || — 0, proving lim, , ||z, — a|| = ||z — a|| and, thus, the continuity of N,.
Convexity follows since, for each (x,y) € X? and « € [0,1], the triangle inequality
yields [|a(z —a) + (1 —a) (y — a)|| < a|lz — a]| + (1 — @) ||y — a||. Finally, continuity
and convexity imply the weak sequential semicontinuity from below via Th. 4.50.

Theorem 4.53. Every closed ball B.(0), r € RY, in a reflexive Banach space X is
weakly sequentially compact.

Proof. See, e.g., [Yos74, Sec. 4 of App. to Ch. V| in particular, proof of “only if” part
on p. 143] or [Alt06, Th. 6.10]. |
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Corollary 4.54. FEvery bounded subset B of a reflexive Banach space X is relatively
weakly sequentially compact.

Proof. As B is bounded, there is r € Rt such that B C B,(0). According to Th. 4.53,
B,.(0) is weakly sequentially compact. Then Lem. 4.46(a) implies that B is relatively
weakly sequentially compact. |

Corollary 4.55. FEvery closed, bounded, and convexr subset B of a reflexive Banach
space X s weakly sequentially compact.

Proof. B is relatively weakly sequentially compact by Cor. 4.54. As it is also weakly
sequentially closed by Th. 4.47(a), it is weakly sequentially compact by Lem. 4.42. W

5 Optimal Control in Reflexive Banach Spaces

5.1 Existence and Uniqueness

The following Th. 5.3 provides an abstract existence and uniqueness result for solutions
to optimal control problems in reflexive Banach spaces. Its subsequent application will
furnish existence and uniqueness results for the optimal control of PDE. It also has
numerous other applications that are of independent interest. A functional analysis
application with relevance to the theory of PDE is supplied in Sec. 5.2.1 below, namely
the existence of an orthogonal projection. This, in turn, is employed in the usual way
to prove the Lax-Milgram theorem in Sec. 5.2.2.

The basic idea of Th. 5.3 is to find conditions on f and U, such that f: U, — R
attains its infimum. If U,q is closed, bounded, and convex, then it is weakly sequentially
compact by Cor. 4.55, and it suffices for f to be bounded from below and weakly
sequentially semicontinuous from below. However, the condition on U,q to be bounded
is often too restrictive, e.g., one might not want to have any control conditions at all for
certain applications (i.e. U,q is equal to the entire space). The boundedness condition
is also too restrictive for the mentioned functional analysis application in Sec. 5.2.1. On
the other hand, one might know that f approaches its infimum inside some bounded
set, which turns out to suffice for the purpose of Th. 5.3. Even though this property of
f is quite self-explanatory, it seems sufficiently important for us, to be highlighted in a
formal definition.

Definition 5.1. Let U,q be a subset of a normed vector space U, f: Uy,qg — R. If f
is bounded from below (i.e. if there exists m € R such that f > m), then it is said to
approach its infimum in a bounded set, if, and only if, there is r € R* and a sequence
(tUn)nen in Uag N B(0), where B, (0) :=={u € U : ||u|| < r}, such that

inf{f(u,): n € N} =inf{f(u) : v € Uy} € R. (5.1)

Lemma 5.2. Let U,q be a subset of a normed vector space U, let f : Uyqg —> R be
bounded from below. Then either one of the following two criteria is sufficient for f to
approach its infimum in a bounded set:
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(a) Usaq is bounded.

(b) Letting j := inf{f(u) : u € Uuyq}, there is a bounded set B C U and ¢ € R* such
that
u€Ug\B = f(u)>j+e (5.2)

Proof. (a) is trivial. Let j and € be as in (b). As B is bounded, there is r > 0 such that
B C B,(0). According to the definition of j, there is a sequence (u, )nen in Usq such that
lim,, o f(u,) = j. Then (5.2) implies that there is ng € N such that u, € B C B,(0)
for each n > ng, showing that f approaches its infimum in a bounded set. |

Theorem 5.3. Let U be a reflexive Banach space (e.g. a Hilbert space), let Uyq be a
nonempty, closed, and convexr subset of U, and let [ : U,q —> R. If f is bounded
from below, f approaches its infimum in a bounded set, and f is weakly sequentially
semicontinuous from below, then the optimal control problem

i 5.3

Iin f(u) (5.3)

has at least one solution w € U,q. In particular, (5.3) has at least one solution if f is

bounded from below, continuous, convex, and approaches its infimum in a bounded set.
If, in addition, f is strictly convez, then (5.3) has a unique solution.

Proof. Since f is assumed to be bounded from below, the infimum of its range is a real
number, i.e.

jo=inf {f(u): u € Up} > —o0. (5.4)

Thus, we can choose a so-called minimizing sequence for f, that means a sequence
(tn)nen In Uyq such that lim, o f(u,) = j. Moreover, as f is assumed to approach its
infimum inside a bounded set, we can choose a bounded minimizing sequence (uy,)nen,
i.e. we can choose the sequence such that the w, remain in some ball B,(0) for a fixed
r > 0.

As a closed, bounded, and convex subset of a reflexive Banach space, U,g N B,.(0) is
weakly sequentially compact by Cor. 4.55. Hence, (u,)nen has a subsequence (ty, )ken
that converges weakly to some u € Uyq N B,(0). Finally, since f is weakly sequentially
semicontinuous from below by hypothesis,

| = klim flun,) = lilgginf flun,) > f(a). (5.5)

On the other hand, j < f(u) by the definition of j, yielding j = f(u), showing that @
is a solution to (5.3).

If f is continuous and convex, then it is weakly sequentially semicontinuous from below
by Th. 4.50, such that the first part applies if f is also bounded from below and
approaches its infimum in a bounded set. If the convexity of f is strict, then the
uniqueness of the solution @ to (5.3) is provided by Th. 2.17. |
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5.2 Applications
5.2.1 Existence of an Orthogonal Projection

We will now apply Th. 5.3 to a class of minimal distance problems, thereby obtaining
the existence of orthogonal projections on closed convex sets in reflexive Banach spaces.
Only the Hilbert space case will be used subsequently. However, Th. 5.3 yields the more
general result without extra difficulty.

Notation 5.4. Let X be a normed vector space, ) # A C X, € X. Define
dist(z, A) == inf {||lz —y|| : y € A}. (5.6)

Theorem 5.5. Let C be a nonempty, closed, and convex subset of a reflexive Banach
space X (e.g. a Hilbert space). Then, for each x € X, the set

proja(z) = {p € C : ||l — p|| = dist(z, O)} (5.7)

is nonempty and convex; moreover, if X is a Hilbert space, then proj.(z) contains
precisely one element, the so-called orthogonal projection of x onto C' (cf. Th. 5.7
below).

Proof. Fix x € X. Define
f:C—R, [fly):=lz—yl (5.8)

Then j := inf{f(y) : y € C} = dist(z,C) > 0, and, in particular, f is bounded from
below. Choose any € > 0. Let B := Bj,(z) be the ball with center x and radius j + €.
If y € C'\ B, then f(y) = ||y — x| > j + €. Since B is bounded, f satisfies criterion (b)
of Lem. 5.2, i.e. f approaches its infimum in a bounded set. According to Ex. 4.52, f
is also weakly sequentially semicontinuous from below. Thus, Th. 5.3 applies, showing
that the optimal control problem

min f(y) = min |z —y| (5.9)
has at least one solution § € proj.(z), showing proj.(z) # (. Since the triangle
inequality shows that f is convex, proj.(z) is convex according to Th. 2.16(b). If X is
a Hilbert space, then the parallelogram law holds:

la+b||* + la — b]|* = 2(||al|* + ||b]|*) for each a,b € X. (5.10)

As above, set j := dist(z, ('), assume p,p € proj-(z), and apply (5.10) with a := z —p,
b := x — p to obtain

lp = 211> = 2(llz = pI* + [lo = BII* = 2l|lz — 5(0 — H)II*)

_ . (5.11)
< 2([lz = pl* + ll= — Bl - 25%) = 0,

showing p = p (the estimate in (5.11) uses the definition of j and the fact that 1 (p—p) €
C as C'is convex). |
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Remark 5.6. To see that set proj-(x) of (5.7) can consist of more than one point if
the norm is not generated by the scalar product of a Hilbert space, one just needs to
recall that, for R™ with the max-norm, balls are actually (hyper)cubes. For example,

for C':=[0,1)%, z := (2,0), we obtain proj.(z) = {(1,¢) : t € [0,1]}.

In Hilbert spaces, the orthogonal projection of Th. 5.5 can be represented via a varia-
tional inequality:

Theorem 5.7. Let C' be a nonempty, closed, and convex subset of a Hilbert space X.
Then there exists a unique map p: X — C' such that, for each v € X,

| — p(z)|| = dist(z, C), (5.12)
where p(x) € C satisfies (5.12) if, and only if, the variational inequality

(x —p(), y —p(x))x <0 (5.13)

holds for each y € C'. Moreover, if C' is a linear subspace of X, then p(x) € C' satisfies
(5.12) if, and only if, the variational equality

(x —px), yyx =0 (5.14)

holds for each y € C. The map p is called the orthogonal projection from X onto C.

Proof. The existence and uniqueness of the map p is immediate from the Hilbert space
case of Th. 5.5. Suppose p(z) satisfies (5.12). Fix y € C. Due to the convexity of C,
for each € € [0,1], it is (1 — €) p(x) + ey € C. One computes
. 2 2
lz = p(2)[|* = (dist(2,C))" < [Jo = (1 = e)p(2) + ey) |
2
sz—p( )—ey p(2))]|
= (z —pl(x) — e(y — p(x)), = — p(x) — e(y — p(2)))
= |z —p(z )H2 —2e(z —p(x), y = p(2))x + €y —p@)*,  (5.15)

implying, for each 0 < e <1,

2 (z = pla), y — pl@))x < elly —pl)]*. (5.16)
Letting € — 0 yields (5.13), thereby establishing the case.

Conversely, if p(z) satisfies (5.13) for y € C, then

p(z) —yl*

1>+ 2 (z — p(z), pz) — y)x + llp(x) -yl

|z = ylI* = [lz — p(x) +
= [l — p(x)
> [l — p()[|?, (5.17)

)
showing that p(z) satisfies (5.12) provided that it satisfies (5.13) for each y € C.
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Finally, let C' be a linear subspace of X. Then, for each x € X, y € C, a € R, it is
a:=(1—a)p(x) +ay € C. Furthermore,

(z —p(z), a — p(a))x = (2 — p(z), (1 — a)p(z) + oy — p(z))x
= a{z—p(z), y — p(x))x. (5.18)

Hence, if p(z) satisfies (5.13), using (5.13) with y replaced by a, yields
0> (z—p(x), a —p(x)x = alr—plx), y —p(r))x- (5.19)
In particular, (5.19) holds for each « # 0, implying
(x —p(z), y—plx)x =0 foreach yeC. (5.20)
Since C'is a linear subspace, also —y € C. Replacing y by —y in (5.20), we obtain
(x —p(x), —y —p(z))x =0 foreach y e C. (5.21)

Subtraction (5.21) from (5.20) proves (5.14).

Conversely, if p(x) satisfies (5.14) for each y € C, then, as y — p(z) € C if C is a
linear subspace, y can be replaced by y — p(z), immediately implying (5.13) (even with
equality). |

5.2.2 Lax-Milgram Theorem

A strikingly useful tool for establishing the existence of solutions to linear elliptic PDE
is provided by the Lax-Milgram Th. 5.8. The basic ingredients to its proof are the Riesz
Representation Th. 4.27 and Th. 5.7.

Lax-Milgram Theorem 5.8. Let X be a Hilbert space, and leta: X x X — R be a
bilinear form. If a is bounded and coercive (i.e. there are oy > 0 and Sy > 0 such that a
satisfies (4.3a) and (4.3f) with b = a), then there exists a unique function A: X — X
such that

a(y,x) = (y, Ax) for each (x,y) € X°. (5.22)

Moreover, this unique function A is linear, bounded, and invertible, where

Al <, A7 < o (5.23)

Bo
Proof. Given x € X, the map f, : X — R, f.(y) := a(y, x) is linear by the bilinearity
of a and bounded according to (4.3a). Thus, by the Riesz Representation Theorem
4.27, there is a unique xy € X such that (y,z¢) = f.(y) = a(y,z) for each y € X.
This shows that A : X — X satisfies (5.22) if, and only if, Az := z for each z € X,

proving both existence and uniqueness of A. It remains to verify the claimed properties
of A.
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A is linear: For each (y,z1,22) € X3, (a1, az) € R?, one computes

(y, Al + agxs)) = aly, arxy + aers) = aq ay, x1) + o a(y, x2)
= ay (y, Ary) + ay (y, Azs) = (y, o Az + ap Azy). (5.24)

As (5.24) holds for each y € X, we obtain A(ayx1+aozs) = ag Az1+as Axg, establishing
the linearity of A.
| Al < ap: For x € X, (5.22) and (4.3a) imply

[Az|* = (Az, Az) = a(Az, ) < ao [|Az] |12, (5.25)

hence establishing the case.

For subsequent use, it is noted that (4.3f), (5.22), and (4.6) imply
Bollz||* < a(z,2) = (z, Az) < ||z||||[Az|| for each x € X,

that means
Bo ||z]] < ||Az| for each =z € X. (5.26)

The range of A, denoted by R(A), is a closed subspace of X: Suppose (z,)nen is a
sequence in X, y € X, such that y = lim,,_,o, Ax,,. Then, for each (m,n) € N?, (5.26)
implies By ||z — x| < [|Azy, — Azy||, 6. (T,)nen 18 a Cauchy sequence. Since X is
a Hilbert space, there is x € X such that x = lim,_,, x,. Then the continuity of A
yields Az = lim,, o Az, =y, i.e. y € R(A), thereby establishing that R(A) is closed.

A is surjective, i.e. R(A) = X: As R(A) is closed and convex, Th. 5.7 implies that
there is an orthogonal projection from X onto R(A), i.e., according to (5.14) (since
R(A) is a linear subspace of X), there is a map p: X — R(A) such that

(x —p(x),y) =0 foreach xz€ X, yeR(A). (5.27)

Fix z € X and define 2 := = — p(x). Then Axy € R(A) and

(5.27)

a(xg, o) = (xo, Azg) =0, (5.28)

which, together with (4.3f), implies 2y = 0. Thus = = p(z) € R(A), showing that A is
surjective.

A is one-to-one, i.e. the kernel of A is {0}: If Az =0, then (5.26) yields z = 0.

We have shown that A is surjective and one-to-one, i.e. A is invertible. Finally, from
(5.26), for each z € X, one has Sy [|[A™ x| < ||=||, proving ||A7|| < (1/f0). |

Corollary 5.9. Let X be a Hilbert space, and let a : X x X — R be a bilinear form.
Suppose there ezist positive real constants ag > 0 and By > 0 such that a satisfies (4.3a)
and (4.3f) with b = a as in Th. 5.8. Then, for each F' € X*, there exists a unique y € X
that satisfies

a(x,y) = F(x) for each z € X. (5.29)
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Moreover, the unique y that satisfies (5.29) also satisfies
1
lyll < = [1F1]. (5.30)
Bo

If the bilinear form is an inner product (i.e. symmetric), then the unique y that satisfies
(5.29) is the unique absolute min of the functional

f: X—R, f(x):= %a(x,x) — F(x). (5.31)

Proof. The Riesz Representation Theorem 4.27 provides a unique xp € X such that
|zr|| = || F|| and F(z) = (x,zp) for each x € X. Then a(z,y) = F(x) can be rewritten
as a(x,y) = (r,zp), such that Th. 5.8 shows that the unique y € X is given by
y = A7laxp, where A is the unique function determined by (5.22). Moreover, (5.23)
implies ||ly|| = [|[A™ zp| < (1/5) | F|l, i.e. (5.30). Finally, if a is symmetric, then, for
each r € X,

F(@) = £) = 5 (e ) — aly,v) ~ F(z— )
= 2 (0l ) — aly,v)) — alz — v, y) = 3 (alx, ) ~ 2a(y, ) +aly,))
= Sale—y, v —y) > folle—yl (5.32)
showing that f(z) — f(y) > 0 with equality if, and only if, z = y. n

Remark 5.10. If the bilinear form a occurring in the Lax-Milgram Th. 5.8 is also
symmetric, then the surjectivity of the map A follows directly from the Riesz Represen-
tation Th. 4.27 (i.e. one can avoid using the existence of an orthogonal projection (Th.
5.7)). Indeed, if, in the setting of the Lax-Milgram Th. 5.8, a is also symmetric, then
a constitutes a new inner product on X with corresponding norm ||z||, := \/a(z,z). It
follows from a satisfying (4.3a) and (4.3f) that there are ap > 0 and Sy > 0 such that

Bo llz])* < ale,z) < ag |, (5.33)

showing that || - ||, constitutes an equivalent norm on the Hilbert space X. If v € X,
then, by Th. 4.27, there is f, € X* such that f,(z) = (z,v) for each x € X. Using Th.
4.27 again, this time with respect to the new inner product given by a, there is y € X
such that f,(z) = a(z,y) for each z € X. Combined,

a(x,y) = fo(x) = (x,v) foreach =z € X. (5.34)
On the other hand, using the definition of A,
a(x,y) = (x, Ay) for each =z € X, (5.35)

showing v = Ay, i.e. A is surjective.



6 OPTIMAL CONTROL OF LINEAR ELLIPTIC PDE 49

6 Optimal Control of Linear Elliptic PDE

6.1 Sobolev Spaces
6.1.1 LP-Spaces

Notation 6.1. For each m € N, let \,, denote m-dimensional Lebesgue measure.

Definition 6.2. Let E be a measurable subset of R™, m € N. For each p € [1, o0], let
LP(E) denote the set of all measurable functions f : E — R such that

/E|f(x)|pdx < 00. (6.1)

For each f € LP(F) define

I i= ([ 1P ) (62)

Furthermore, define £>(FE) to be the set consisting of all measurable functions f :
E — R such that

1 flloo := inf{sup{\f(x)\ : x € E\N} : N measurable and \,,(N) = 0} < 00. (6.3)

The number defined in (6.3) is also known as the essential supremum of f. In the usual
way, we define equivalence relations on the spaces LP(E), p € [1,00], by considering
functions as equivalent if they only differ on sets of measure zero. The respective sets of
equivalence classes are denoted by LP(E). A certain sloppiness is quite common in that
one often does not properly distinguish between elements of £LP(E) and LP(E). This
sloppiness does not lead to confusion in most cases and it will occasionally be present
below.

Riesz-Fischer Theorem 6.3. For each measurable E C R™ and each p € [1,00],
the space (LP(E), || - ||,) is a Banach space (whereas the LP(E) are merely seminormed
spaces, which is the main reason for working with LP(E)).

Proof. See, e.g., [Roy88, Ch. 11, Th. 25, Ch. 6, Th. 6] or [Els96, Ch. VI, Th. 2.5]. N

Holder Inequality 6.4. Let E C R™ be measurable, (p,q) € [1,00]? such that 1/p +
1/qg=1. If f € LP(E), g € LY(E), then fg € L*(E) and

/E Fal < 1l gl (6.4)

Proof. See, e.g., [Roy88, Ch. 11, Th. 25, Ch. 6, Th. 4] or [Els96, Ch. VI, Th. 1.5]. N
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Remark 6.5. Observing that, for each measurable £ C R™, the map (f, g) — fE fo,
defines an inner product on L*(E) (note that fg € LY(FE) for f,g € L*(E) by the
Hélder Ineq. 6.4), Th. 6.3 implies that L?(E) is a Hilbert space.

Riesz Representation Theorem 6.6. For each measurable E C R™ and each p €
[1,00[, one has (LP(E))* = LY(E) (1/p+ 1/q = 1) in the sense that, for each bounded
linear functional F on LP(E), there ezists a unique g € L1(E) satisfying

F(f)= / fg foreach fe€LP(E), (6.5)
E
and, moreover, ||F|| = | g|l4. In particular, for 1 < p < oo, LP(E) is reflexive.

Proof. See, e.g., [Roy88, Ch. 11, Th. 29, Ch. 6, Th. 13] or [Els96, Ch. VII, Th. 3.2]. N

Remark 6.7. As a caveat, it is remarked that, in general, even though (L!'(E))* =
L>(FE), one has (L*(F))* # L'(F), implying that L'(E) is not reflexive. See [Yos74,
Ex. IV.9.5] for a representation of (L>(E))*.

Definition 6.8. Given £ C R™ measurable and a measurable f : £ — R, f is called
integrable if, and only if, f € L'(E). Moreover, f is called locally integrable if, and only
if, for each compact K C E, the restriction of f to K is in L'(K), i.e. f is integrable
over every compact subset of E. The set of all locally integrable functions on E is
denoted by L (FE).

loc

6.1.2 Weak Derivatives

Definition 6.9. The support of a function f : 2 — R defined on a set 2 C R™,
denoted supp(f), is the closure of the set of points, where f does not vanish, i.e.

supp(f) :=={z € Q: f(z) #0} C Q. (6.6)

Notation 6.10. Let 2 C R™ be open, and let k£ € N.

(a) Let C*(2) denote the set of all functions f : © — R such that f has continuous
partial derivatives up to order k (i.e. including those of order k). One also says that

functions in C*(£2) are of class C*. Set C(2) := C°(Q) and C*(2) 1= (;en, C*(Q).

(b) Let C*(Q) denote the set of all functions from C*(£2) such that all their partial
derivatives up to order k extend continuously to Q. Set C(Q) = C°N) and
C(Q) := Nien, C*(Q).

(c) Let C¥(Q) denote the set of all functions f from C*(Q) that have a compact support
contained in , i.e. supp(f) € Q. Set Cy(€2) := CF(Q) and C5°(Q) = Nyen, Co ().



6 OPTIMAL CONTROL OF LINEAR ELLIPTIC PDE 51

Remark 6.11. The elements ¢ € C§°(€2) have numerous particularly benign and use-
ful properties that are subsequently exploited when defining weak derivatives. These
properties include the fact that ¢f is integrable for each f € Ll (Q), ¢ satisfies the
simplified integration by parts formula (6.11), and ¢ can be differentiated as often as
needed. Fortunately, elements of ¢ € C§°(€2) are also very abundant as can be seen

from the next theorem.

Theorem 6.12. If Q CR™ is open and p € [1,00], then C§°(Q2) is dense in LP(S), i.e.
LP(QY) is the closure of C§°(S2) with respect to || - ||,

Proof. See [Alt06, Th. 2.14(3)]. [
Fundamental Lemma of Variational Calculus 6.13. If 2 C R™ is open and f €
L (Q), then

/ fo=0 foreach ¢eC () (6.7)

Q

implies that f = 0 almost everywhere.
Proof. See [Ze190, Prop. 18.36]. |
Notation 6.14. A multi-indezr « is a finite sequence of nonnegative integers, i.e. a =
(a1,..., ) € Ngt, m € N, where |a| := a; + -+ + a,, is called the order of a. If
a = (a1,...,0p) is a multi-index,  C R™ is open, and f € C*(Q), where k = |a],

then D®f denotes a partial derivative of f of order k, namely

Dof = (H 6;“) f =0, (6.8)
=1

where 0P f := f. Thus, for example, if « = (1,0,2), then D*f = 09,9305 f.

Remark 6.15. Note that the definition in (6.8) is biased with respect to the order
of partial derivatives (partial derivatives with respect to the mth variable are always
carried out first). Of course, for functions of class C*, partial derivatives commute and
this bias is of no consequence.

Remark 6.16. For Q C R™ open and bounded, k € Ny, and f € C*(Q), let
I fllony :=max > |[D*f(x)|. (6.9)
€
aeNJ: |a|<k

The numbers || f[|cr g are well-defined as each of the continuous functions |D®f| as-
sumes its maximum on the compact set 2. Moreover, || - || o (@ defines a norm on C* Q)

that makes C*(2) into a Banach space.

Remark 6.17. Let Q C R™ be open. If f,g € C'(Q) and f or g is in C3(2), then the
following integration by parts formula holds:

/gaif:—/faig for each i€ {1,...,m}. (6.10)
Q Q
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To verify (6.10), one first uses the Fubini theorem to show

peCy(Q) = 0;¢0 =0 foreach i€ {l,...,m}. (6.11)

RrRm
Then this implies (6.10) for = R™, which, in turn, extends to general open € via

noticing that fg has compact support inside €2, i.e. extending fg by 0 yields an element
of C}(R™).

One now uses (6.10) to define derivatives (so-called weak derivatives) for a larger class
of locally integrable functions.

Definition 6.18. Let 2 C R™ be open. If f € L] () and o € NJ' is a multi-index,

loc
then a function g € L () is called a weak derivative with respect to « if, and only if,

/ fo%p = (—1)ll / g¢ foreach ¢ e C*(Q). (6.12)
Q Q

If (6.12) holds, then we will also write D*f instead of g. The following Rem. 6.19
provides a justification for this notation.

Remark 6.19. Weak derivatives are unique: If g; and g, are weak derivatives of f
with respect to «, then (6.12) implies [,(g1 — g2) ¢ = 0 for each ¢ € C§°(), yielding
g1 = g2 by Th. 6.13. The uniqueness of weak derivatives together with the integration
by parts formula in Rem. 6.17 shows that the weak derivative D*f coincides with the
corresponding classical partial derivative of f provided that f € C*(Q), where k := |a.
As a caveat, it is noted that, if f does not have continuous partials up to order &, then
the weak derivatives can not be guaranteed to agree with the classical derivatives (see
[Rud73, Ex. 6.14] for examples). Here, in such cases, D*f will always mean the weak
derivative of f.

Definition 6.20. Let 2 C R™ be open, (k,p) € Ny x [1,00]. By W*?(Q) we denote
the subset of L{ () consisting of all functions f such that the weak derivatives D*f

loc

exist and lie in LP(Q) for each multi-index o with || < k. The spaces WH5P(Q) are
referred to as Sobolev spaces. The case p = 2 is of particular interest, and one sets

HY(Q) := Wk2(Q). Furthermore, for each f € W*?(Q), p < oo, define

ey = | 3 / pesp | = S0 upese] . (613

aeNG: |a|<k aeNg: |a|<k
and, for each f € W*>(Q),

[Fi— maX{HDO‘fHOO L a €N, lal < k} (6.13b)
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Theorem 6.21. Let Q@ C R™ be open. For each (k,p) € Ny x [1,00], the Sobolev space
WHrP(Q) is a Banach space. In particular, each H*(Q) = W*2(Q) is a Hilbert space
with respect to the inner product

Fma = > /Q D fDg= > (D*f,D%)rzq). (6.14)

aeNg: |a|<k aeNG: Ja|<k

Proof. See, e.g., [Alt06, p. 64] or [RR96, Th. 6.65]. The case p < oo is also treated in
[Yos74, Prop. 1.9.5]. |

Definition 6.22. Let 2 C R™ be open. For each (k,p) € Ny x [1,00], let WP ()
denote the closure of the set C5°(£2) in W*P(Q), i.e. the closure of C§°(£2) with respect
to the || - |lyynas)-norm; let Hf(Q) := WEQ).

Remark 6.23. As closed subspaces of Banach spaces, the W(f P(Q) are themselves
Banach spaces for each open @ C R™ and each (k,p) € Ny x [1,00]; the HE(Q) are
Hilbert spaces.

Poincaré-Friedrich Inequality 6.24. Let 2 C R™ be open and bounded. Then there
exists an )-dependent constant cq > 0 such that

1220 = / P < e / VP = / SO0 for cach [ e HYQ). (6.15)
=1
Proof. See, e.g., [Alt06, 4.7] or [RR96, Th. 6.101]. |

6.1.3 Boundary Issues

Our main goal is the solution and control of PDE. We will see in Sec. 6.2 that solutions
of PDE are typically found as elements of Sobolev spaces. On the other hand, as was
already seen in the motivating examples of Sec. 1, suitable boundary conditions are
an essential part of PDE. Thus, if one is to consider PDE on some open set 2 C R™,
then one needs a workable notion of restriction (or trace) of elements of Sobolev spaces
(i.e. of weakly differentiable functions) with respect to 9€2. A problem arises from the
fact that W"P(2) consists of equivalence classes of functions that only differ on sets
of measure zero (with respect to \,,) and A, (92) = 0. Thus, if f € W*P(Q), then
different functions representing f will, in general, have different restrictions on 0§2, and
using representatives to define a restriction (or trace) of f is not feasible. On the other
hand, continuous functions f € C(€) do have a well-defined restriction on 02, and
it turns out that this can be used to define a useful notion of restriction (or trace) of
weakly differentiable functions (see Th. 6.35).

In a related issue, one has to address the regularity of 0X). For general open sets €,
the boundary can be extremely pathological. On the other hand, requiring 902 to
be smooth (e.g. of class C!) seems too restrictive, as surfaces with corners occur in
numerous applications. As it turns out, the notion of a Lipschitz boundary (Def. 6.27,
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cf. [Alt06, Sec. A6.2], [Tro05, Sec. 2.2.2], [Wlo82, Def. 2.4]) constitutes an effective
compromise. Moreover, we will restrict ourselves to the case, where €2 is bounded.

Roughly, a bounded open set 2 C R™ has a Lipschitz boundary if, and only if, the
boundary is locally representable as the graph of Lipschitz functions, where €2 lies on
only one side of that graph. The technical definition is somewhat tedious and needs
some preparation.

Remark 6.25. The case that 2 is an open bounded subset of R is particularly sim-
ple. However, the fact that 02 is O-dimensional requires some special treatment and
definitions. As in [Tr605], we will avoid this issue by stating subsequent definitions and
results only for 2 C R™ with m > 2. With the appropriate modifications, the case
m = 1 is usually much simpler to treat. For example, a bounded open set {2 C R has
a Lipschitz boundary if, and only if, it consists of finitely many open intervals having
positive distance from each other.

Definition 6.26. Let Q@ C R™, m € N. A map f : Q@ — R is called Lipschitz
continuous if, and only if, there exists L € R], such that, for each (z,y) € Q, |f(z) —
f(y)| < L |z —yl|, recalling that we use |- | to denote the Euclidian norm. The set of all
Lipschitz continuous maps on € is denoted by C%1(Q).

We will now state the definition of a set with Lipschitz boundary, followed by some
further explanation directly after the definition.

Definition 6.27. Let 2 C R™, m > 2, be open and bounded. Then (2 is said to have a
Lipschitz boundary if, and only if, there are finitely many open subsets of R™, denoted by
Ui,...,Uu, M € N, rotations p; : R™ — R™, reference points ¢/ = (y{, e ,y%,l) €
R™~ 1, and Lipschitz continuous functions h; : R™™t — R, j € {1,..., M}, as well
as positive real numbers a > 0, b > 0, such that the following conditions (i) — (iii) are
satisfied:

(i) o C UL, U;.
(i) For each j € {1,..., M}:
Ui = ps (@1, o) o [y = (@1, mm)| < @, o = By(y')] < b))
(iii) For each j € {1,...,M}:
U; Mot = pj({(y, hi(w) : Iy —yl < a}), (6.16a)
UjnQ = pj({(y,xm) Yy =yl < a, hyly) < @ < hy(y) +b)
(

), (6.16D)
Ui\ Q= p;({(yszm) : |y =yl <a, hly) =b<apm < hj(?J)})- (6.16¢)



6 OPTIMAL CONTROL OF LINEAR ELLIPTIC PDE 55

The rotations p; in Def. 6.27 are needed as, in general, some parts of 0f) are perpen-
dicular to the (m — 1)-dimensional hyperplane H := R™! x {0} C R™. However, after
rotating H by applying p;, no part of the small patch U; N 9§2 is perpendicular to the
resulting hyperplane, i.e. to p;(H). Moreover, shifting U; N 99 for a small distance in
the direction perpendicular to p;(H) either results in moving U; N OS2 entirely inside of
Q2 (cf. (6.16b)) or entirely outside of 2 (cf. (6.16¢)), i.e., locally, 2 lies only on one side
of U;NIN. Moreover, a neighborhood N; of 4/ € H can be deformed into U; N9 using
h; in the sense that, after applying the rotation to the deformed piece, the resulting set
is identical to U; N 082 (cf. (6.16a)).

Theorem 6.28. Let the bounded and open set 2 C R™ be a set with Lipschitz boundary.
Then the identity map provides an isomorphism between C*(Q) and WH>(Q):

Id: C%(Q) =2 Whe(Q). (6.17)

More precisely, each f € C%1(Q) represents an equivalence class that is an element of

Wl’oo(Ql and each element of WH>(Q) contains precisely one representative that lies
in C%1(Q).

Proof. See [Alt06, Th. 8.5(2)]. The case where Of) is of class C! is also treated in
[Eva98, Sec. 5.8, Th. 4-6]. |

Theorem 6.29. Let the bounded and open set 2 C R™ be a set with Lipschitz boundary.
Then, for each 1 < p < 0o and each k € Ny, C®(Q) is dense in W*P(Q).

Proof. See, e.g., [Alt06, Lem. A6.7] or (for the case p = 2) [Zei90, Cor. 21.15(a)]. W

Before formulating a boundary trace theorem for functions in W1?(Q), we need to define
the space L%(092) or, more generally, LP-spaces of functions living on 0Q. In particular,
we need to define a suitable measure on 0f2, the so-called surface measure. The strategy
for that is, given some z € 0f2, to first work in a local neighborhood of x (such as the
sets U; N OS2 given by Def. 6.27), and then to patch everything together using a so-
called partition of unity. Finally, one needs to show that the resulting definitions do
not depend on the choice of local coordinates and the choice of partition of unity. The
following Def. 6.31 of a partition of unity is tailored for our purposes. In the literature,
one typically finds more general and sometimes slightly modified notions of partitions
of unity (see, e.g., [Alt06, 2.19], [W1o82, Sec. 1.2]).

Definition 6.30. Let A C R™ m € N. A finite family (O;,...,0x), N € N, of open
sets O; C R™ is called a finite open cover of A if, and only if, A C Ufil O;.

Definition 6.31. Let A C R™, m € N. Given a finite open cover O = (Oy,...,0Oy),
N € N, of A, a family of functions (11,...,1mn), 7 € C°(R™), is called a partition of
unity subordinate to O if, and only if, 0 < n; < 1, supp(n;) C O; foreachi € {1,..., N},
and

N
an(aj) =1 foreach ze€ A (6.18)
i=1
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Partition of Unity Theorem 6.32. Let A C R™, m € N. Given a finite open cover
O = (04,...,0n), N €N, of A, there exists a partition of unity subordinate to O.

Proof. See [Alt06, 2.19(3)]. |

Definition and Remark 6.33. Let the bounded and open set 2 C R™ be a set
with Lipschitz boundary, m > 2. Let Ui,..., Uy, M € N, p; : R™ — R™, ¢/ =
(yl,....yl ) € R™ L by R R je{l,...,M},and a > 0, b > 0 be as in
Def. 6.27. Let U := €. Then, according to Def. 6.27(i), (Uy,...,Uy) forms a finite
open cover of 9 and O := (U, ..., Uy) forms a finite open cover of Q. Thus, by Th.
6.32, we can choose a partition of unity (7o, ..., 7y ) subordinate to O.

(a) A function f: 0Q — R is called \,,_i-measurable (respectively \,,_i-integrable)
if, and only if, for each j € {1,...,m}, the function

31) (03 (9:h3(0) )~ for y € Baly?),

0 for y € R™1\ B,(y’)
(6.19)

is measurable (respectively integrable) in the usual sense. If f : 0Q — R is

integrable or nonnegative and measurable, then define

fj : Rmil — R, f](y) = {

M
= . . 2
[ J =3 [ 51+ 19wk, (6.20)

where it is noted that, as h; : R™! — R is presumed to be Lipschitz continuous,
Wil o€ W (Ba(y’)) according to (6.17).

Now, given A C 09, call A \,,_1-measurable if, and only if, the characteristic
function 14 : 92 — {0,1} is A,,—;-measurable. If A is A,,_j-measurable, then
define

)\mfl(A> = / lA d)\m,1 . (621)
o0

Then A,,_1 defines, indeed, a measure on 0f2, called the surface measure. Moreover,
the integral defined in (6.20) coincides with the integral with respect to the surface
measure, thereby justifying the notation | a0 f dAm_1.

» .
) ) m—1
(b) For each p € [1,00], let £P(0f2) denote the set of all \,,_;-measurable functions
f: 09 — R such that

1P <o (6.22)

For each f € LP(0f2) define

1= ([ )" (6.23)
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Furthermore, define £°(052) to be the set consisting of all A,,_;-measurable func-
tions f : 02 — R such that

Il = int { sup {150) € (09)\ N}
(6.24)
N \j—1-measurable and A,,_1(N) = 0} < 00.

Analogous to the A,,-case, we define equivalence relations on the spaces L£P(0€2),
p € [1, 0], by considering functions as equivalent if they only differ on sets of A, _1-
measure zero. The respective sets of equivalence classes are denoted by LP(0%2).
Also analogous to the \,,-case, it is quite common to permit a certain sloppiness,
not always properly distinguishing between elements of £7(0€)) and L?(0f2).

(c) We define a function
v 90— R™, (6.25)

called the outer unit normal to €2, as well as functions
7,2 00 — R™ foreach ke {l,...,m—1}, (6.26)

called unit tangent vectors to 2, as follows: Given x € 9%, there is j € {1,..., M}
such that x € U; N0 If z € U; N 09, then, according to (6.16b), there is
Yz € Ba(y?) such that

z = pj (Yar hj(Yz)). (6.27)
Again recalling that h;[p, € WH®(Ba(y’)), we define

v(@) = (1+ |V i () 2) 2 o5 (V s (), —1), (6.28)

and

N

() = <1 + (3khj(yx))2> p;i(7°(z)) foreach ke{l,...,m—1}, (6.29)

where
1 for v =k,
Tha(2) == { Ochy(ys) fori=m, (6.30)
0 forie {1,...,m}\ {k,m}.

Theorem 6.34. Let the bounded and open set 2 C R™ be a set with Lipschitz boundary,
m > 2. Then the surface measure \,,_1 on 0S), the measurability, the integrability, and
the integrals with respect to A\,,_1, as well as the spaces LP(O)) and LP(0R), p € [1, 0],
the mnormal vector v and the tangent space span{7i,...,Tm_1} to Q spanned by the
tangent vectors, all defined in Def. and Rem. 6.33, are independent of the chosen sets
Up,...;Us, M €N, pj : R™ — R™ ¢/ = (y),...,y) ) e R™ 1 h;j: R™! — R,
jeA{l,..., M}, as well as independent of the chosen partition of unity (no,...,Nn)-
Note that the individual tangent vectors T, ..., Tm_1 do depend on the choice of local
coordinates h; and p;.
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Moreover, LP(0S)) is a Banach space for each p € [1,00]. The outer unit normal
v: 0Q — R™ and the unit tangent vectors 7, : 0Q — R™, k€ {1,...,m — 1}, have
the following properties: All components are bounded \,,_1-measurable functions, i.e.
v € L>®(0R) and 1p; € L>(0Q) for each i € {1,...,m}. Moreover, the vectors are,
indeed, unit vectors, i.e. |[v| =1 and |1x| = 1. For \,,_1-almost every x € 9 (more
precisely, using the notation from Def. and Rem. 6.33(c), for every x = p; (yx, h; (yx)) €
OO such that h; is differentiable in y, € Ba(y’)), v(z) is perpendicular to each 7i(z),
i.e.

(v(x), T(2))pm =0 for each ke{l,....m—1} (6.31)

and v(x) is pointing outwards, i.e. there is €g > 0 such that x + ev(x) & Q for each
0<e<e.

Proof. See [Alt06, A.6.5(1)—(3)]. |

Theorem 6.35. Let the bounded and open set 2 C R™ be a set with Lipschitz boundary.
Then, for each 1 < p < oo, there is a unique bounded linear map 7 : W'P(Q) —
LP(0RY), called the trace operator, such that, for each f € C°(Q) N W'P(Q), one has
Tf = floq, where floq denotes the restriction of f to 02. The function 7f is called
the trace of f on 0S). Moreover, the trace operator is positive, i.e. if f > 0 \,,-almost
everywhere on 2, then 7f > 0 \,,_1-almost everywhere on 0S2.

Proof. See, e.g., [Alt06, Lem. A6.6] or (for the case p = 2) [Zei90, Th. 21.A(e)]. The
positivity of the trace operator follows by noting that, when proving Th. 6.29, for
f € WP(Q) and f > 0, one can choose the approximating functions f, € C*(Q) to
be nonnegative as well (cf. [KS80, Prop. 5.2(ii)]). As 7f, > 0, the continuity of 7 then
yields 7f > 0. |

Theorem 6.36. Let the bounded and open set 2 C R™ be a set with Lipschitz boundary.
Then, for each 1 < p < o0,

WP (Q) = {f e W"(Q): 7f =0}. (6.32)

Proof. The case p < ¢ is treated in [Alt06, Lem. A6.10]. The case p = oo follows from
Th. 6.28. [ |

6.2 Linear Elliptic PDE

6.2.1 Setting and Basic Definitions, Strong and Weak Formulation

-----

) — R defined on a measurable set 2 C R™ is called uniformly elliptic if, and only
if, there exists ap € RT such that

Z aij(2) & & > ap |€* for each € € R™ and each z € Q. (6.33)

ij=1
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It is called almost uniformly elliptic if, and only if, there exists ag € R™ such that (6.33)
holds for almost every z € €.

Definition 6.38. Let @ C R™ be bounded and open, m > 2. Given h; € C*(), a

-----

C°(2), b > 0, we call the following equations (6.34) for the unknown y € C?(Q)NC°(Q),

- Z 0; (Z a0y + hi) +by=g on{, (6.34a)

i=1 j=1

y=0 on 09, (6.34b)

the corresponding elliptic boundary value problem (BVP) on § in strong form with
a homogeneous Dirichlet condition on the boundary. A function y € C?*(Q2) N C°(Q)
satisfying (6.34) is called a strong or classical solution to the problem.

Example 6.39. Let 2 C R™ be bounded and open as before. In the motivating
examples of Sec. 1, we considered the heat equation

—div(k Vy) =g on . (6.35)

The left-hand side can be written as

m

—div(k Vy) == 9i(rdy), (6.36)

=1

such that (6.35) corresponds to (6.34a) with b =0, h; = 0, a;; = K, a;; = 0 for i # j,
(¢,7) € {1,...,m}* For this choice of the a;;, if £ € R™, then

Z CLZ‘j & é-j = K ‘€|2 (637)

ij=1

-----

R is measurable and bounded away from 0 by ag > 0. It is almost uniformly elliptic if,
and only if, k is measurable and x(x) > «p for almost every x € Q.

Remark 6.40. If (6.34b) in Def. 6.38 is replaced with “y = yo on 92" with some
0 # yo € CY(09), then one speaks of a nonhomogeneous Dirichlet condition. Here, for
simplicity, we will restrict ourselves to homogeneous Dirichlet conditions. Optimal con-

trol of PDE with nonhomogeneous Dirichlet conditions involve some special difficulties
(see, e.g., [Lio71, Sec. 11.4.2]).

Lemma 6.41. In the setting of Def. 6.38, y € C*(Q) satisfies (6.34a) if, and only if,

/ (i(aﬂ)) (i aij05y + hi> + v (by — g)) d\,, =0  for each v e C5°(Q).

i=1 j=1
(6.38)
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Proof. Suppose y € C?(Q) satisfies (6.34a). Multiplying (6.34a) by v € C§°(Q2) and
integrating the result over (2 yields

0= —/Q’U (i 8, (i aij@jy + hz> + by — g) d/\m (639)

i=1 j=1

As v € C5°(Q) implies v € C§(2) and the hypotheses on the a;;, h;, and y imply that
(37t a0y + hi) € C'(Q), the integration by parts formula (6.10) applies, and one
obtains (6.38).

Conversely, if y € C?(Q) satisfies (6.38) for each v € C§°(Q), then the integration
by parts formula (6.10) yields that y satisfies (6.39) for each v € C§°(£2). Applying
the Fundamental Lemma of Variational Calculus 6.13, one obtains that the equation
in (6.34a) holds for almost every = € €. As the hypotheses imply that both sides of
(6.34a) are a continuous function on §2, it follows that the equation in (6.34a) actually
holds everywhere in 2. ]

Using (6.38), we now proceed to formulate the weak form of (6.34) in Def. 6.42 below.
The key observation is that (6.38) makes sense if the differentiability and continuity
conditions occurring in Def. 6.38 for the functions h;, a;;, g, and b are replaced by
suitable integrability and boundedness conditions (see Def. 6.42), and, in that case, it
is no longer necessary to require y € C2(Q2) N C°(Q), but it suffices to demand that y
be weakly differentiable, i.e. y € H'(Q). If Q is a set with Lipschitz boundary (see Def.
6.27), then the homogeneous Dirichlet condition (6.34b) can be incorporated into the
weak formulation by requiring y € H}(Q). For our subsequent considerations, the weak
formulation will turn out to provide the appropriate setting.

Definition 6.42. Let the bounded and open set 2 C R™ be a set with Lipschitz
boundary, m > 2. Given h; € L*(Q2), an almost uniformly elliptic (m X m)-matrix of

,,,,,

everywhere, we call the following equation (6.40) for the unknown y € Hj (),

/ (Z(@v) (Z a;;0;y + hi> + v (by — g)) d\,, =0 foreach v e Hy(f),
2\ i=1 j=1
(6.40)

the corresponding elliptic boundary value problem (BVP) on Q) in weak form with a
homogeneous Dirichlet condition on the boundary. A function y € H}(Q) satisfying
(6.40) is called a weak solution to the problem.

6.2.2 Existence and Uniqueness of Weak Solutions

Theorem 6.43. Let the bounded and open set 2 C R™ be a set with Lipschitz boundary,
m > 2. Given h; € L*(Q), a;; € L=(Q), (i,5) € {1,...,m}?, g € L*(Q), b € L=(Q),
b > 0 almost everywhere, the corresponding elliptic BVP on 0 in weak form with a



6 OPTIMAL CONTROL OF LINEAR ELLIPTIC PDE 61

homogeneous Dirichlet condition on the boundary has a unique weak solutiony € H(Q).

77777

ag > 0, then there is a unique y € H () satisfying (6.40), and, moreover,

Iyllzn o) < € max ({llgllzzior } U {Ihillzzoy < i € {1, m}}), (6.41)

where C' € RY is the constant defined in (6.52) below.
Keeping the h;, a;;, and b fived with h; = 0 for eachi € {1,...,m}, the solution operator
S L*(Q) — Hy(Q), g+ v, (6.42)

1s a bounded linear operator that is one-to-one. Furthermore, S is also a bounded linear
operator when interpreted as a map S : L*(Q2) — L*(Q).

Proof. With the intention of applying Cor. 5.9, we define a bilinear form a and inves-
tigate its properties.

Claim 1. Under the hypotheses of Th. 6.43, the map

a: Hy(Q) x Hy(Q) — R, alu,v) = Z /(&u) a;j0;vdN, + / ubvd\,, (6.43)
Q Q

ij=1

defines a bounded and coercive bilinear form.

Proof. Note that a is well-defined: If u,v € H*(Q), then u, v, d;u, and d;v all are in
L*(Q). Since a;; € L®(Q) and b € L>(2), one has a;;0;v € L*(Q2) and bv € L*().
Then (dju) a;;0;v € L'(Q2) and wbv € LY(Q) such that all the integrals in (6.43) exist
as real numbers.

The bilinearity of a is implied by the linearity of the weak derivatives and by the
linearity of the integral.

To verify that a is bounded, we estimate for u,v € H'(Q):

|a(u,v)| < Z laijl o=@y 10iull 2@ 1050 L20) + (bl Lo @) [[ul 20 10]l22(0)

ij=1

<Y Nasglle@ Nl Iolla @ + 18]z Tl moy 1ollm e
ij=1

= <||b||Lo<>(Q) +) ||az‘j||L°°(Q)> [ull @) ([0l (0, (6.44)
ij=1
showing that a is, indeed, bounded.

It remains to check that a is coercive. Since, by hypothesis, the a;; satisfy the ellipticity
condition (6.33) and b > 0, we obtain, for each u € H' (),

a(u,u) = Z /Qaij (O7u) (Oju) dAp, —l—/Qbu2 AN\, > ozo/Q|Vu|2d)\m. (6.45)

1,j=1



6 OPTIMAL CONTROL OF LINEAR ELLIPTIC PDE 62

Finally, using the Poincaré-Friedrich Inequality 6.24, we estimate, for each u € HJ (),

HUH?*-P(Q) = ||U||%2(Q) + Z ||8iu||%2(9) = ||U||%2(Q) + /Q |V ul*dA,
i=1
(6.15) ) (6.45) ¢y + 1
< (eg+1) / | Vuld\, < a(u,u), (6.46)
Q Qo
where cq > 0 is the constant from (6.15), showing that a is coercive. A

Still with the intention of applying Cor. 5.9, we define an element of HJ(2)*.
Claim 2. Under the hypotheses of Th. 6.43, the map

(Z h; Bv — gv) A, (6.47)
=1

F:H(Q) — R, F(v) = —/

defines a bounded linear functional.

Proof. Once again, linearity is clear from the linearity of the derivatives and the integral.
To see that F' is bounded, let

Chg = max <{||g||L2(Q)} U {||hz||L2(Q) Tt E {1, R ,m}}) € RS_ (648)

and compute, for each v € H} (),

IF@)] <Y hill 2y 10 2y + 9]z 10llz2 @)
=1

< Chg <||U||L2(Q) +> ||aiv||L2(ﬂ)) < Cug VTHm | 0]y + D 1000122
i=1 i=1

= Chg V1+m|v]m), (6.49)

thereby establishing the case. A

We are now in a position to apply Cor. 5.9 with V' = H}(2). Since a and F satisfy the
hypotheses of Cor. 5.9, there is a unique y € Hg () that satisfies (5.29), i.e.

a(v,y) = Z /Q(aiv) a;;0;y Ay, —i—/ﬂvbyd)\m

ij=1

=F(v) = —/Q (Z hi O;v — gv) d\,, foreach ve Hj(Q), (6.50)
i=1
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which is the same as

Z/ (0v) a;;05y A\, +/Ubyd)\ +/ (Zhi@-v—gv> dA, =0
Q

7,7=1 =1
for each v € Hy(Q). (6.51)

As (6.51) is precisely the defining relation (6.40) for a weak solution of the homogeneous
elliptic boundary value problem on €2, the proof of the existence and uniqueness part
of the theorem is complete. Also from Cor. 5.9, we know that the norm of y can be
estimated according to (5.30) by the norm of F' and the constant occurring in the
coercivity condition for a. Using (6.46) and (6.49), one obtains the estimate

(CQ+1)\/1+m

[yl @) < CChg, C:= - : (6.52)

thereby verifying (6.41).

Claim 3. The solution operator S is linear.

Proof. Let g1, g2 € L*(), «, B € R. By the definition of S, 3, := S(g;) and y := S(g2)
are the weak solutions corresponding to ¢g; and gs, respectively. According to (6.40),
using h; = 0, one obtains

/ (Z(@,v) Zaijﬁjyl + v (by; — gl)> d\, =0 foreach ve€ Hj(Q), (6.53a)
Q

[(Ees

Adding
v e Hy(

m

(Ov) Zaij(()jyg + v (bys — gg)> d\, =0 foreach ve€ Hj(Q). (6.53b)

1 j=1

W'Mg

—~

6.53a) and (6.53b) after multiplying by o and f3, respectively, yields, for each

),
/ <Z (O) Za” ay1+5yz)+v(b(ay1+ﬁyz)—a91—5gg)> dAm =0,

=1
(6.54)
showing ay; + Bys = S(ag; + Sg2), which is the unique weak solution corresponding to
agr + Bgs. A

Claim 4. The solution operator S is one-to-one.

{O

Proof. Since S is linear, it suffices to show that Sg = 0 implies g = 0. If Sg = 0, that
means (6.40) holds with y = 0 and h; = 0:

/ vgd\, =0 foreach ve€& Hy(RQ). (6.55)
Q

According to Def. 6.22, we know C5°(Q2) C H{}, such that (6.55) together with the
Fundamental Lemma of Variational Calculus 6.13 implies g = 0. A
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That S : L*(Q) — H}(Q) is bounded follows directly from (6.41). That S : L*(2) —
L?*(€2) is bounded follows from (6.41) together with |[S ()|l z2() < [1S(9) || m1 (@) |

Example 6.44. Letting (2 C R™ be bounded, open, and with Lipschitz boundary as
before, we come back to the heat equation

—div(k Vy) =g on Q, (6.56)

previously considered in Ex. 6.39 and Sec. 1. In Ex. 6.39, we noted that its coefficient
matrix is almost uniformly elliptic if, and only if, x is measurable and x(x) > ag > 0
for almost every x € 2. Applying Th. 6.43, it follows that, for (6.56), the corresponding
BVP in weak form with a homogeneous Dirichlet condition on the boundary, i.e. the
following equation (6.57) for the unknown y € H{(£2),

/ <zm: K (Ov) (Oy) — vg) d\, =0 foreach ve€ Hj(Q), (6.57)
Q

=1

has a unique weak solution y € H}(Q2), provided that k € L>®(Q), kK > ay > 0 almost
everywhere, and g € L*(Q2). Moreover, ||[y||g1 ) < C ||g|lr2() and the solution operator
S is linear, bounded, and one-to-one.

6.3 Optimal Control Existence and Uniqueness

We will now define a class of (reduced) optimal control problems for linear elliptic
PDE as were studied in the previous Sec. 6.2. Combining Th. 6.43 on the existence
and uniqueness of weak solutions to linear elliptic PDE with Th. 5.3 on the existence
and uniqueness of optimal control in reflexive Banach spaces will provide existence and
uniqueness results for the optimal control of linear elliptic PDE.

Definition 6.45. This definition defines what we will call an elliptic optimal control
problem, an EOCP for short. We start with the general setting. An EOCP always
includes the following general assumptions (A-1) — (A-6):

(A-1) The set 2 C R™ is bounded and open with Lipschitz boundary, m > 2.

.....

is almost uniformly elliptic (cf. Def. 6.37).
(A-3) b e L>*(Q2) with b > 0 almost everywhere.
(A-4) U, C L*(Q).

(A-5) S : L*(Q) — L?*(Q) is the solution operator according to Th. 6.43 (cf. (6.42))
for the corresponding elliptic BVP (with h; = 0 for each i € {1,...,m}) on Q in
weak form with a homogeneous Dirichlet condition on the boundary.

(A-6) J : L2() X Upg — R.
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Given Assumptions (A-1) — (A-6), the EOCP is completed by the reduced optimal
control problem

min J(y, u), (6.58a)
u € Ung, (6.58b)
y = Su, (6.58¢)

where wu is the control, y is the state, (6.58b) are the control constraints, (6.58c) are
the equation constraints (here, more precisely, elliptic PDE constraints), and S is the
control-to-state operator.

A function u € L*(Q) is called an optimal control for the EOCP if, and only if, u = @
satisfies (6.58).

Theorem 6.46. There exists an optimal control u € L*(QY) for the elliptic optimal
control problem (EOCP) of Def. 6.45, provided that U,q is nonempty, closed, and convez,
J 1s continuous, convex and such that

fiUua—R, f(u):=J(Su,u), (6.59)

is bounded from below and approaches its infimum in a bounded set (cf. Def. 5.1). If,
i addition, J is strictly convex, then the optimal control u is unique.

Proof. As L?() is a Hilbert space and as U,q is assumed nonempty, closed, and convex,
U.q satisfies the hypotheses of Th. 5.3. Since f is assumed to be bounded from below
and to approach its infimum in a bounded set, for f to satisfy the hypotheses of Th. 5.3,
it remains to show that f is continuous and convex. According to Th. 6.43, the solution
operator S is a continuous linear operator from L?(Q) into L*(2). This, together with
the assumed continuity of J, implies the continuity of f. Observing that we can apply
Lem. 2.12 to the present situation (with X :=Y := C := L*(Q) and U := U,g), the
linearity of S together with the assumed (strict) convexity of J implies the (strict)
convexity of f. Thus, Th. 5.3 applies, providing an optimal control u € U,q that is
unique if J is strictly convex. |

Example 6.47. In the setting of Def. 6.45, consider the objective functional

1 A
T D) % U — B, (0 =5 = ol + 5 0l (6:60)
with given yo € L?(Q), A € R}. Note that this is precisely the objective functional
that was considered for several of the motivational examples of Sec. 1, e.g. in (1.8a).

It follows from Ex. 4.52 that J is continuous. If U,q is convex, then J is convex (and
even strictly convex for A > 0) as a consequence of Lem. 2.11(a),(b) (with X :=Y :=
C = L*(Q) and U := U,y, also recalling that the Hilbert space L*(Q) is strictly convex).
To apply Th. 6.46, we need to consider f according to (6.59), i.e.

1 A
fila—R ()= 50— yalm + 5 Nl (6.:61)
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Then f is always bounded from below by 0. Moreover, if A > 0, then f approaches its
infimum in a bounded set: Let j := inf{f(u) : u € U,q} € Ry and choose an arbitrary
€ > 0. For the bounded set

B := {u € L*(Q) : |ullp2@ < W} , (6.62)

one obtains

1 A A .
u€Ua\B = f(u)= B ||Su—?/§2||%2(9) +§ ||U||%2(Q) = 9 ||U||%2(Q) > j+e, (6.63)

such that criterion (b) of Lem. 5.2 implies that f approaches its infimum in a bounded
set. Hence, if A > 0, then Th. 6.46 yields existence and uniqueness of an optimal control
u whenever U,q is nonempty, closed, and convex.

For A\ = 0, Th. 6.46 still yields existence under the additional assumption that U,q is
bounded. And even though strict convexity of J will generally fail for A = 0, we still
obtain strict convexity of f via Lem. 2.11(c)(i), since S is one-to-one according to Th.
6.43. Thus, we still have uniqueness of u even for A = 0.

Notation 6.48. Let E be a measurable subset of R™ m € N. Given p € [1,00],
(a,b) € LP(F) x LP(F) with a < b almost everywhere, define

Ly (E) = {ferL?(E): a(z) < f(z) < b(z) for almost every z € E}. (6.64)

Lemma 6.49. Let E be a measurable subset of R™, m € N, let p € [1,00], (a,b) €
LP(E) x LP(E) with a < b almost everywhere. Then L, ,(E) is a convex, closed, and
bounded subset of LP(E) (i.e. closed with respect to || - ||Lr(r)) for each p € [1, 00].

Proof. Let f,g € L}, ,(E), a € [0,1]. Then, for almost every = € E,

f(x) < ab(x), (6.65a)

aa(r) < o f(x)
(1—a)g(x) <(1—a)b(z). (6.65Db)

(1—a)a(z)
Adding (6.65a) and (6.65b) yields, for almost every z € E,

VANVAN

a(x) < (of + (1 - a)g)(x) < b(x), (6.66)

showing the convexity of L} ,(E).

If a,b € LP(FE), then the pointwise defined function F' := |a| V |b] := max{|al,|b|} is
also in LP(E). Moreover, for each f € L ,(E), one has |f| < F, and, thus, || f||zrz) <
| F||»(5), showing that f is bounded in LP(E).

To verify that L7 ,(E) is closed in LP(E), consider f, € L}, ,(E), n € N, and f € LP(E)
such that
T || fo = fllzre) = 0. (6.67)
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Seeking a contradiction, assume f ¢ L} (E). Then there is € > 0 and a measurable set
A CE, N\y(A) > 0, such that f(z) > b(z) +e€or f(x) < a(x) — € for each v € A. If
p < 00, then one computes, for each n € N,

o= ey = 1= 2 [ U= g7 2 [ @ =anye >0, (669
in contradiction to (6.67). If p = oo, then, for each n € N,
1 fo = fllzeey = |1 fa = fllzeay = € >0, (6.69)

again in contradiction to (6.67). |

Example 6.50. In the setting of Def. 6.45, we consider special forms of the set of
admissible controls U,g.

(@) If Uug = L2 () with a,b € L*(Q), a < b, then one speaks of box constraints on
the control. Please note that this constitutes the infinite-dimensional version of
the finite-dimensional box constraints considered in Sec. 3.5.2 (in particular, cf.
(3.33)). According to Lem. 6.49, U,q is a bounded, closed, and convex subset of
L?(Q2). Thus, if J is defined according to (6.60), then we know from Ex. 6.47 that
the EOCP of Def. 6.45 has a unique solution u € U,q for each X\ > 0.

(b) Consider the case of no control constraints, i.e. Uy = L*(Q2). Again, considering
J defined according to (6.60), we know from Ex. 6.47 that the EOCP of Def. 6.45
has a unique solution @ € U,q for each A > 0. The case A = 0 is now excluded due
to the unboundedness of U,q (cf. Ex. 6.47).

6.4 First Order Necessary Optimality Conditions, Variational
Inequality

6.4.1 Differentiability in Normed Vector Spaces

In the following Def. 6.51, we start by generalizing the notion of directional derivative
defined in Th. 3.10 to functions having their domain and range in general normed vector
spaces. In the same setting, we then proceed to definitions of increasingly strong notions
of derivatives.

Definition 6.51. Let U and V' be normed vector spaces, U,g C U, f: Uyqg — V, and
consider some u© € U,q.

(a) Let h € U. If u+th € Uy for each sufficiently small ¢ > 0, and, moreover, the
limit

5F(u,h) = 12{51% (F(utth) — f(u)) (6.70)

exists in V', then 0 f (u, h) is called the directional derivative of f at u in the direction
h. This definition actually still makes sense even if U is merely a real vector space;
it does not make use of any norm or topology on U.
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(b) Let u be in the interior of U,q. If the directional derivative § f(u, h) exists for each
h € U, then the map

Sfu,-): U —V, R 6f(u,h), (6.71)

is called the first variation of f at u (note that, if u is in the interior of U,q, then,
for each h € U, u+ th € U,q for each sufficiently small ¢ > 0).

If, in addition, the first variation constitutes a bounded linear operator, then it is
called the Gateaur derivative of f at u. In that case, f is called Gateauz differen-
tiable at u. If the first variation is a Gateaux derivative, then one highlights this
by writing f/(u) instead of o f(u, -).

(c) Asin (b), assume u to be in the interior of U,q. Then f is called Fréchet differen-
tiable at u if, and only if, there exists a bounded linear operator A : U — V such
that

Hf(u—i— h) — f(u) — AhHV
1R lo

In that case, one writes f.(u) instead of A and calls ff.(u) the Fréchet derivative
of f at u.

h#0, |hllg—0 — 0. (6.72)

The function f is called Gateaux (resp. Fréchet) differentiable if, and only if, it is
Gateaux (resp. Fréchet) differentiable at each u € U,q, U,q open.

Lemma 6.52. Let U and V' be normed vector spaces, U,q C U open, f: Uyq — V. If
[ is Fréchet differentiable at u € U,q, then the Fréchet derivative fi(u) is unique and
equal to the Gateauz derivative, i.e. fl.(u) = fi(u). Moreover, f is continuous at u.

Proof. 1f f is Fréchet differentiable, then there is a bounded linear operator A : U — V
satisfying (6.72). For fixed 0 # h € U, letting ¢ | 0, yields ||t h||y — 0 such that (6.72)
implies

ot th) = f) = AR, |1
0—1&51 |t h||v —1&(1;1 E(f(u—i—th)—f(u))—Ah . (6.73)

thereby identifying Ah as df(u,h) = f((u)(h). In particular, as the value 0 f(u, h) is
unique for each (u,h) € U,g X U according to its definition, the Fréchet derivative is
unique. To see that f is continuous at u, consider a sequence (uy)nen i Uaq \ {u} such
that u, — wu. Letting h, := u, — u, one obtains ||h,||y — 0. Applying (6.72) once
again, yields

0— Tim | f(u+ hy) = fu) — Ahn||v_
n—y00 [

Thus, there exists ny € N such that, for each n > ny, ||f(u—|—hn)—f(u)—AhnHV < |lhnllo-
In consequence, for each n > ny,

= |[f(w+ha) = F(@)[y, + [| AR ],

< |[nllo + 1A | Anllo — 0, (6.75)

(6.74)
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thereby showing f(u,) — f(u), proving the continuity of f. |

Remark 6.53. If U is a normed vector space, U,q C U open, u € U,q, and [ : Uyqg —>
R is Gateaux differentiable at u, then, according to Def. 6.51(b), fi(u) € U*.

Remark 6.54. Let U and V be normed vector spaces, Uyq C U, f : Uyq — V,
u € Uyg, h € U. If 6 f(u, h) exists, then it is immediate from (6.70) that the function

fIp,, Dn:=UaN{u+th:tcR} (6.76)

is continuous in w. In particular, if f has a first variation ¢ f(u, -) for each u € U, then
f is continuous in every straight direction. However, the following Ex. 6.55 shows that
this does not imply that f has to be continuous.

Example 6.55. In (a), we first construct a function f : R* — R that is Gateaux
differentiable in (0,0), but not continuous in (0,0). Then, in (b), we show that by
working a little harder, we can even get f to be everywhere Gateaux differentiable, but
still not continuous in (0,0).

(a) Define
1 ifz>0andy =22

) (6.77)
0 otherwise.

f:RZHR, f(x,y):{

Since lim,, ;o (n™1,n72) = (0,0) and lim, o f(n™',n72) =1 # 0 = f(0,0), f is
not continuous in (0,0). On the other hand, we show that

5f((0,0),h) =0 for each h = (hy, hs) € R?, (6.78)

that means, in particular, f is Gateaux differentiable at (0,0) with f{(0,0) = 0.
If hy <0 or hy <0, then, for each ¢t > 0, we have f((0,0) + th) = f(th1,ths) = 0,
showing 5f((07 0), h) = 0. It remains the case, where h;y > 0 and hy > 0. In that
case, we obtain t2h?3 < thy for each 0 < t < Z—% Thus, for such ¢, f(thy,thy) = 0,

once again proving 6 f((0,0), %) = 0.
(b) For each a € R? and each € > 0, let ¢, € C5°(R?) satisfying ¢,.(a) = 1 and

supp(@a.) C Bc(a), where we consider R? endowed with the max-norm. Let C :=
{(x,y) € R?: y = 2%}. For each n € N\ {1}, define

an = (n"t,n"%), (6.79a)
6, = dist (a,, C). (6.79D)
As a, ¢ C and C is closed, we know §,, > 0 for each n € N\ {1}. Next, for each
n € N, define
dist(a,, a,.,) 1
€, := min {w = 5n} >0, (6.79¢)
B:= |J B.,l(ay) (6.79d)

neN\{1}
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Note that the B,, are all disjoint since dist(a,, a,+1) < dist(a,, a,_1). Thus, we can
define

Panen (T y) i (2,y) € Be, (an),

0 if (z,y) € R*\ B. (6.79)

[ R —R, f(z,y) ;—{

Due to the definition of €,, we have (0,0) ¢ B. Thus, as f(a,) = ¢a, ., (an) =1
for each n € N, f not being continuous in (0, 0) follows precisely as in (a).

To show f € C*(R?\ {(0,0)}), we first compute the closure B of B:
Claim 1. B = {(0,0)} U Unem 1y B, (an).

Proof. For the inclusion “D”, merely observe that, for each point p in the right-
hand side, we can clearly find a sequence in B converging to p. For “C”, we show
that the right-hand side must contain all cluster points of sequences in B: Let
(bk)ren be a sequence in B that does not have a cluster point in any Fen(an).
Thus, for each n € N, the set {k € N : b, € B, (a,)} must be finite. In other
words, for each € > 0, B.(0,0) must contain all but finitely many of the b, showing
limy_e0 = (0,0). A

Claim 2. f € C*(R*\ {(0,0)}).

Proof. Let (z,y) € R?\ {(0,0)}. We consider several cases:

(z,y) € B (ie. (z,y) € B, (a,) for some n € N\ {1}: f is C* in (x,y), since f
coincides with the C'*° function ¢,, ., on the open neighborhood B, (a,) of (x,y).
(x,y) € OB, (ay) for some n € N\ {1}: Let

{min { dist (Be, (an), Be, .1 (an41)), dist (Een(an),gewl(an,l))} for n > 2,

dist (Be, (an), By (an41)) for n = 2.
(6.80)
Due to the choice of the ¢,, one has ny > 0 and, in consequence,

We now obtain that f is C* in (z,y), since f = 0 on the open neighborhood
B771 (l’, y) of (ZL’, y)

(z,y) € R?\ B: Since R?\ B is open, there is ¢ > 0 such that B.(z,y) C R*\ B.
Thus, f is C* in (x,y), since f = 0 on the open neighborhood B.(z,y) of (z,y).

>

Due to Cl. 1, we have covered every possible case.

As in (a), we show the validity of (6.78), that means, in particular, f is Gateaux
differentiable at (0,0) with f{(0,0) = 0: Due to the choice of the €,, we have

BC{(z,y) €eR*: 1>2>0and 2° >y > 0}. (6.82)
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Thus, as f(x,y) = 0 for each (z,y) ¢ B, we can argue as in (a): If hy < 0or hy <0,
then, for each ¢t > 0, we have f((0,0) + th) = f(thy,the) = 0 as (thy,thy) ¢ B,
showing & f((0,0), k) = 0. It remains the case, where h; > 0 and hy > 0, and, in
that case, we obtain t2h? < thy for each 0 < t < Z—%

have (thy,thy) ¢ B and f(thy,ths) = 0, proving (5f((0, 0), h) = 0 also in this case.

Thus, for such ¢, we again

Remark 6.56. In [IT79, p. 24|, one can find an example of a function f where the first
variation ¢ f(0, -) is nonlinear, such that f is not Géateaux differentiable at 0.

Example 6.57. (a) Each constant map f : U — V between normed vector spaces

(b)

(c)

U and V is Fréchet differentiable with fi.(u) = 0 for every u € U: Just notice
that, for constant f and A = 0, the numerator in the conclusion of (6.72) vanishes
identically.

A linear map f : U — V between normed vector spaces U and V always has a
first variation at each u € U and ¢ f(u, h) = f(h) for each h € U. Moreover, if f is
linear, then the following statements are equivalent:

(i) f is continuous.
(ii) f is Gateaux differentiable. In that case, f{,(u) = f for each u € U.
(iii) f is Fréchet differentiable. In that case, ff.(u) = f for each u € U.

First, note that, for linear f, the quantity in the limit of (6.70) equals f(h) for every
(u,h) € U? and each t > 0, showing ¢ f(u,h) = f(h). Next, if fand A: U — V
are linear, then, for each v € U and each 0 # h € U,

IS Cut ) = fu) = ABll, _ [lf() — AR]],
e Inlle

Thus, if f is continuous, then one can choose A := f, causing the expression in
(6.83) to vanish identically, showing that (6.72) is satisfied. In particular, f is
Fréchet differentiable with ff.(u) = f. This shows that (i) implies (iii). According
to Lem. 6.52, (iii) implies (ii). If f is Gateaux differentiable, then § f(u,-) = f is a
continuous linear operator, establishing that (ii) implies (i).

(6.83)

We consider the one-dimensional case, i.e. f : Uy,q — R, where U,q C R. Consider
u € Upq and h > 0. If there is € > 0 such that [u,u+ €] C U,q, then §f(u, h) exists
if, and only if, f is differentiable from the right at u in the classical sense. In that
case 0 f(u,h) = h fi.(u), where f’ (u) denotes the derivative from the right of f at
u. Analogously, if there is € > 0 such that [u— €, u] C U,q, then 6 f(u, —h) exists if,
and only if, f is differentiable from the left at w. In that case d f(u, —h) = —h f’ (u),
where f’ (u) denotes the derivative from the left of f at wu.

Claim 1. The following statements are equivalent:

(i) wis in the interior of Uyq and f% (u) = f’ (u), i.e. the classical derivative f'(u)
of f at u exists.
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(d)

(e)

(ii) f is Gateaux differentiable at u. In that case, fi(u)(h) = h f'(u).
(iii) f is Fréchet differentiable at u. In that case, fi.(u)(h) = h f'(u).

Proof. (iii) implies (ii) according to Lem. 6.52. If f is Gateaux differentiable at u,
then ¢ f(u, h) exists for all h € R, i.e. u must be an interior point of U,q. Moreover,
for h > 0, the linearity of d f(u, -) yields

fi(u) = MZ’ i _5f_<Z’h) = <7“_L’h_h) = f"(u), (6.84)

showing that (ii) implies (i). Finally, assuming (i), one concludes, for h — 0, h # 0,

i.e. (i) implies (iii), thereby establishing the case. A

Let (a,b) € R, a < b. We let U := Cla,b] endowed with the || - [|s-norm, and
consider point functionals f,, i.e., for x € [a, b],

fo: Cla,b] — R, fo(u) == u(z). (6.86)

Since, for each u € Cla,b], |f:(u)| < ||u]lo, fz is a bounded linear functional.
According to (b), f, is Fréchet differentiable, and, for each u € U,

(fo)e(u)(h) = fo(h) = h(z). (6.87)
Let H be a Hilbert space with inner product (-,-) and norm || - ||. Consider
f:H—R, flu):=|ul> (6.88)

Claim 1. The map f is Fréchet differentiable, and, for each (u, h) € H?,
fe(u)(h) = (2u, h). (6.89)
Proof. Fixing u € H and letting
A: H— R, Ah:=2u,h), (6.90)

the Cauchy-Schwarz inequality shows that A is a bounded linear operator. To
verify the Fréchet differentiability of f, we compute, for each h € U,

F(h) = flu+h)— f(u) — Ah = {(u+ h,u+ h) — ||ul|* — (2u, h) = ||h]]*. (6.91)

If h — 0, h # 0, then F(h)/|h]| = ||h|| — 0, establishing the Fréchet differentia-
bility of f as well as A = f.(u). A
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(f)

(2)

We apply (e) to H = L*(F) for some measurable set E C R™. Then
f:LHE)—R, f(u):=|ul? :/qu)\m. (6.92)
E
From (e), we know that f is Fréchet differentiable with

fou) s LAE) — R, fo(u)(h) = (2u,h) = 2 [E whdh, . (6.93)

Fix (a,b) € R? such that a < b, and ¢ €]0,1[. Given a measurable function
u: [a,b] — R such that u(x) > € for almost every = € [0, 1], let

A={zea,b]: uzx) <1}, B:={z€la,b]: u(z)>1}. (6.94)

Thus, as In(x) < z for each x € RT,

/ |In (u(z))|dz < |In(e)| A (A) + /Bu(x) dx . (6.95)
Letting, for p € [1, o0],
L?:={u € LP[a,b] : u> € ae. on [a,b]}, (6.96)

(6.95) shows that

b
fp: LE— R, fp(u) = / In (u(z)) dz, (6.97)

is well-defined for each p € [1,00]. Consider uy = 1. Then uy € L? since € < 1.

Claim 1. For each 1 < p < o0, f, does not have a first variation at uy = 1.

Proof. For each 1 < p < oo, we have LP[a,b] € L*]a,b], i.e. there is h, € LP|a,b]
such that h, is unbounded from below. Then, for each ¢t > 0, th,, is still unbounded
from below such that uy+th, & L? for every t > 0, showing, in particular, that f,
does not have a first variation at wuy. A

Claim 2. For each p € [1,00] and each h € L*[a,b], f, has a directional derivative
at ug = 1 in direction h. Moreover, f., is Fréchet differentiable at ug with

b
(foo)w(uo) : L=[a,b] — R, (foo )i (uo) (h) =/ h(z)dz . (6.98)

Proof. For h = 0, there is nothing to show. Thus, let 0 # h € L*][a, b]. First, note
that, for each 0 < ¢t < (1 — €)/||h||w, one has, for almost every z € [a, b],

(1 =€) [h(z)]

th(z)] <
il

<1-—¢ (6.99)



6 OPTIMAL CONTROL OF LINEAR ELLIPTIC PDE 74

such that ug + th € LP. Moreover, noting f,(ug) = 0, for each such ¢,

5(t) = %(fp(uo—i—th) ~ fy(uo)) = %/ n (14 ¢ h(x)) de. (6.100)

As (6.99) implies |[th(x)] < 1 — € < 1, the Taylor expansion formula yields, for
almost every x € [a, b], the existence of —t |h(x)| < &(t,x) < t|h(z)| such that

2 (h(z))?

In(1+th(z)) =th(z)— T+ et.a) (6.101)
Thus,
” _ [ t@) Lb—a) Bl
‘5@)-/@ h(z) da _/a T e
showing that
S fp(ug, h) = ltifgl it) = / h(z)dz. (6.103)

Since 6 f,(ug, h) is linear in h € L*>[a,b], and since fo(uo,-) is bounded due to
10 fp(uo, h)| < [|h||oo (b — a), foo is Gateaux differentiable at wuy.

It remains to show that f., also has a Fréchet derivative at ug =1, i.e.
)ff In (14 h(z))dz — f; h(z)dz ‘
[172]] oo

Again, we apply the Taylor expansion formula. For ||h||s < 1, one finds that, for
almost every x € [a, b], there is —|h(z)| < £(z) < |h(z)| such that

Y WO B A (UC0) M (0] 1 4
/al (14 h(z))d /ah( )d ‘—/ 2(1+§(x))2d §2(1—||h|loo)2’
(6.105)

thereby proving the validity of (6.104) and the Fréchet differentiability of fo. A

h#0, |[hlle—0 —0.  (6.104)

Lemma 6.58. Let U, V' be normed vector spaces.

(a) Let Usqg C U be open, u € Upyg. If @ € R and f : Uyqg — V has a directional
derivative in direction h € U (resp. a first variation, a Gateauzr derivative, or a
Fréchet derivative) at u, then of has a directional derivative in direction h (resp.
a first variation, a Gateaux derivative, or a Fréchet derivative) at w, and it holds
that

daf)(u,h) =adf(u,h), (6.106a)
(af)a(u) = a fo(u), (6.106b)
(af)p(u) = a fr(u), (6.106¢)

respectively.
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(b) Let Uyg C U be open, w € Uyg. If f: Uq — V and g : Uyg —> V both
have a directional derivative in direction h € U (resp. a first variation, a Gdteauz
derivative, or a Fréchet derivative) at u, then f + g has a directional derivative in
direction h (resp. a first variation, a Gateaur derivative, or a Fréchetl derivative)
at u, and it holds that

S5(f + g)(u,h) = 8 f(u, h) + 8g(u, h), (6.1072)
(f + 9)c(u) = f6(u) + g6 (w), (6.107b)
(f + 9)r(u) = fe(u) + g (u), (6.107c)

respectively.

(c) The chain rule holds for Fréchet differentiable maps: Let U, V', Z be normed vector
spaces, let Upyg C U and Vog CV be open, [: Uyg — V, g: Vag — Z, f(Uaa) C
Vaa- If [ is Fréchet differentiable at w € U,q, and g is Fréchet differentiable at
f(u), then g o f is Fréchet differentiable at u and

(90 fli(u) = gi(f(w)) o fi(u). (6.108)

Proof. (a): If the directional derivative 0 f(u, h) exists, then
1
8(auf)(u, h) =1lim & (af(u+th) —af(u))

:altigl%(f(u—kth) — f(u) = adf(u,h), (6.109)

proving (6.106a) and (6.106b). Moreover, if f is Fréchet differentiable, then, for h # 0,
[hllo — 0,
lof(uth) = aftw) —afit)®lly _ | 110t h) = F) = felw) Dl
12| 1h]lu

— 0,

(6.110)
showing that the Fréchet differentiability of f implies that of af as well as (6.106¢).

(b): If the directional derivatives d f(u, h) and dg(u, h) exist, then

S/ +9)w ) = lim T (7 +9)(u+1h) = (7 +9)(w)
=l (F(uth) = () +lim 7 (ou-+1h) — g(w)
=06(f+g)(u,h), (6.111)

proving (6.107a) and (6.107b). Moreover, if f is Fréchet differentiable, then, for h # 0,
[h]lv — 0,

[(f +9)(u+h) = (f +9)(u) = (fi(w) + gp (W) (W)]],

i
_ St h) = () = fe(@ ()], N lg(u+h) = g(u) — g (w)(W)]],,
N 1Pllw 1Pllw

—0, (6.112)
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showing that the Fréchet differentiability of f and ¢ implies that of f + g as well as
(6.107c).

(c): Define

ry(h) = (U+h) flu) = fr(u)(h), (6.113a)
o(h) = g(f(u) +h) = g(f(w) = g (f(w))(R), (6.113)
e (sb(F) o fr) ), (61130

where 7¢(h) and 74s(h) are defined for each h such that w4+ h € U,q, and ry4(h) is
defined for each h such that f(u)+ h € V,q. Then the Fréchet differentiability of f at
uw and of g at f(u) imply

h#0, |hllo =0 = |r(W)lv/l[kllo =0, (6.114a)
h#0, by =0 = lrg(h)llz/l[Allv =0, (6.114b)

whereas, one needs to show

h# 0, |hllo =0 = lrg (W)lv/I[hlv = 0. (6.114c)

Since fi(u) is bounded and h — 0 implies r;(h) — 0, for each sufficiently small h € U,
one has f(u) + fr(u)(h) + rf(h) € Vaq. In the following, we only consider sufficiently
small h € U such that f(u) + fi.(u)(h) +rf(h) € Voq and, simultaneously, v+ h € Usq.
Then

(90 f)(u+h) = g F(w) + Frlu) () +rs(h))

= g(f () + g5 (F) (Fr () () + 15(R)) + 14 (Fe(w)(B) +74(R) )
(6.115)

implying
oo (h) = g (£()) (r (1)) + 7 (Fi(u)(B) + 74(1)). (6.116)
Next, one notes that, for h # 0, ||h||y — 0,

s (r®)| (e e, s,
Tl < Tl =0 e Tpp s 20 (6417)

Thus, it merely remains to show that, for h # 0, ||h||y — 0,

Ty (fbl“( )+ rs(h )H
12|
To that end, for 0 # n € V such that f(u) +n € V, define

s(n) = rg(n)/lInllv-. (6.119)

(6.118)
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This allows to rewrite the left-hand side (6.118) as

ro () +rs W) | @B+ )]y s () B) +750) |
[l B [l

Z . (6.120)

Now, if b # 0, ||h|ly — 0, then y := (ff(u)(h) + rf(h)) — 0 such that (6.119) and
(6.114b) imply ||s(y)||z — 0. Finally, note that

[ fe()(h) + () /NPl < ([ fe()|| + [[r (W], /IRl (6.121)
which remains bounded for ||h|ly — 0, showing that both sides of (6.120) converge to
0 for ||h||y — 0, thereby proving (6.118) and part (c) of the lemma. |

Example 6.59. The following examples shows that, for the chain rule of Lem. 6.58(c)
to hold, it does not suffice for f to be Fréchet differentiable at u and g merely Gateaux
differentiable at f(u).

(a) Let
f:R—R? f(x):=(z,2%). (6.122a)

Then f is clearly Fréchet differentiable (even C*°) on R. If g is taken to be the
function f from Ex. 6.55(a), then g is Gateaux differentiable at (0,0) = f(0),
however,

0 foraz <0,

(6.122b)
1 for x>0,

gof:R—R, (QOf)(w)zg(:c,xQ):{

is not Gateaux differentiable at 0.

(b) By modifying ¢ in (a), we can get g o f to be an arbitrary function h : R — R:
Define
h(z) ify=a?

6.123
h(0) otherwise. ( )

g: R —R, glz,y):= {
With the obvious minor modifications, the argument from Ex. 6.55(a) still shows
that g is Gateaux differentiable at (0,0) with g (0,0) = 0. Of course, h might or
might not be Gateaux differentiable at 0 (it can be as irregular as one wants it to
be, e.g. nonmeasurable).

(c) By modifying f to
f:R—R* f(x):=(z,2°), (6.124)

and setting g to f from Ex. 6.55(b), we can even get g to be everywhere Gateaux
differentiable, while g o f is still not Gateaux differentiable at 0 (still not even
continuous at 0).
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Example 6.60. (a) Let (a,b) € R? a < b. We consider U := Cla, b] endowed with

(b)

the || - ||oo-norm, and investigate point functionals composed with a differentiable
map g. More precisely, let = € [a,b], let ¢ : R — R be differentiable (in the
classical sense), and consider

gz : Cla,b] — R, gy(u) := g(u(x)). (6.125)

We know, according to Ex. 6.57(c), that g is Fréchet differentiable with g (u)(h) =
hg'(u). We also know, according to Ex. 6.57(d), that f, : Cla,b] — R, fu(u) :=
u(z), is Fréchet differentiable with (f;)p(u)(h) = h(zx). Since g, = g o f,, we can
apply the chain rule of Lem. 6.58(c) to conclude that g, is Fréchet differentiable
and, for each u € Cla,b],

(92)5(w) + Cla,b] — R, (g2)p(w)(h) = ¢'(u(2)) h(z). (6.126)

We would now like to apply the chain rule to differentiate our favorite objective
functional. We reformulate it in a general Hilbert space setting: Let U and H be
Hilbert spaces, let S : U — H be a bounded linear operator, yo € H, A\ € R,
and consider

1 A
f:U—R, flu):= 3 1S — yol|3 + 5 (|7 (6.127)
Note that f = f1 + f2, where
1
fi: U—R, fi(u):= 5 |Su — yol|%, (6.128a)
A
fo: U—R, folu):= 3 | w||Z. (6.128b)

We decompose f; even further according to f; = fi2 o f11, where

fll U — H, fll(u) = Su — Yo, (6129&)
fior H—R,  fua(y) = llylli/2. (6.129D)

First, observe that, according to Ex. 6.57(a),(b) and Lem. 6.58(b), fi; is Fréchet
differentiable and, for each u € U,

(fi)e(w) : U — H,  (fu)p(u)(h) = Sh. (6.130a)

Second, according to Ex. 6.57(e) and Lem. 6.58(a), fi2 is Fréchet differentiable and,
for each y € H,

(fi)p(y) : H—TR, (fi2)r(y)(h) = (y, ). (6.130b)

Third, applying the chain rule of Lem. 6.58(c) yields that f; is Fréchet differentiable
and, for each u € U,

(fp(w) : U—R, (fi)p(u)(h) = (Su—yo, Sh)y = (S*(Su — wo), hu
= (Su, Sh)u — (Yo, Sh)m, (6.130c)
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where S* is the (Hilbert) adjoint operator of S (see Sec. 4.5). Fourth, according to
Ex. 6.57(e) and Lem. 6.58(a), fo is Fréchet differentiable and, for each u € U,

(f2)p(u) : U—R,  (f2)p(u)(h) = A{u, h)y. (6.130d)

Fifth and last, according to Lem. 6.58(b), f is Fréchet differentiable and, for each
ue U,

fr(uw): U—TR, fi(u)(h)={(Su—1yo, Sh)g + X {(u,h)y
= (S"(Su— o) + Au, h)y
= (Su, Sh) g — (Yo, Sh) + A {u, ). (6.130e)

6.4.2 Variational Inequality, Adjoint State

The key observation is that the proof of Th. 3.10 still works, basically without change,
in the infinite-dimensional case. Thus, as in the finite-dimensional case, we get a vari-
ational inequality involving the derivative of f at u as a necessary condition for f to
be minimal at #. Moreover, if f is convex, then the variational inequality also turns
out to be sufficient. All this is precisely stated and proved in Th. 6.62 below. For the
sufficiency part, we will use the following Lem. 6.61.

Lemma 6.61. Let U be a normed vector space, U,q C U, f: Uyqg — R. Consider
(a,u) € U2, such that

[, u] := conv{a,u} = {at+ (1 —-a)u: a€0,1]} C V. (6.131)

If f is convex on [u,u] and the directional derivative of f at @ in the direction u — u,
i.e. 0f(u,u —u), exists, then

df(a,u—u) < f(u) — f(a). (6.132)

In particular, if Uy is convexr and f is conver on U,q, then (6.132) holds whenever
df(a,u —u) exists.

Proof. Let t €]0,1]. Then the convexity of f on [4,u] yields

fa+tu—a) - fa) = f(tu+ (1 —t)a) — f(a)
< tf(u)+ (1 —0)f(@)— f@) =t (f(u) - f(@). (6.133)
Dividing by ¢ in (6.133) and taking the limit ¢ | 0 yields the claimed relation (6.132). W

Theorem 6.62. Let U be a normed vector space, U,q C U, and assume that t € Uy
minimizes the function f: U,q — R, i.e.

f(a) < f(u) for each u € Uyg. (6.134)



6 OPTIMAL CONTROL OF LINEAR ELLIPTIC PDE 80

Consider u € Uyq. If i+t (u—1u) € Uyq for each sufficiently smallt > 0, and, moreover,
the directional derivative

Of(a,u— ) :hm1 (f(a+t(u—@)) —f(a)) (6.135)

tlo t

exists in R, then u satisfies the variational inequality

df(a,u—1a) > 0. (6.136)

If, in addition, U,q is convex, [ is convex, and df(u,u — u) exists for each u € U,q,
then the validity of (6.136) for each u € U,q is both necessary and sufficient for u to
minimize f.

Proof. Since u+t (u—u) € Uyq for each sufficiently small ¢ > 0, there exists € > 0 such
that
u+tu—u)=(1—t)u+tu € Uy, foreach t€0,¢]. (6.137)

By hypothesis, @ satisfies (6.134), implying, for each ¢ €]0, ]:

1 (6.134)

- <f(ﬂ+t(u —u)) — f(a)> > 0. (6.138)

Thus, taking the limit for ¢ | 0, (6.138) implies (6.136).

If § f(u,uw — u) exists for each u € U,q, then the above considerations show that (6.134)
implies (6.136) for each u € U,q. Conversely, if § f (u,u — u) exists for each u € U,q, Uaq
and f are convex, and (6.136) holds for each u € U,q, then

(6.136) (6.132)
0 < Sf(mu—u) < flu)— f(a), (6.139)

thereby establishing the validity of (6.134). |

As in the finite-dimensional case (cf. Cor. 3.13), at interior points @, we can strengthen
the variational inequality to a variational equality:

Corollary 6.63. Let U be a normed vector space and assume that u € Uyq lies in the
interior of Uyqa C U. If f: Usq — R is Gateaux differentiable at u and f is minimal
at u, then f((u) = 0. Special cases include Uyq = U (no control constraints) and any
other case, where U,q 1s open.

Proof. The proof is essentially the same as that of Cor. 3.13: If @ lies in the interior
of Uag, then there is a (convex) ball B with center @ such that B C U,q. Then (6.136)
implies

fe(@)(u—u)=0f(u,u—1u) > 0 for each u € B. (6.140)
Let v € U be arbitrary. If € > 0 is sufficiently small, then u &+ ev € B, implying
fo(u) (u £ ev—1u) = fi(u) (£ev) > 0. Thus, using the linearity of fi(a), f&(u) =0 as
claimed. |
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Example 6.64. (a) We reconsider the situation from Ex. 6.60(b), i.e. Hilbert spaces

(b)

Uand H, S: U — H linear and bounded, y, € H, A € R{, and
1 2 | A 2

In Ex. 6.47, we remarked that f is convex, and in Ex. 6.60(b), we determined that
[ is Fréchet differentiable with Fréchet derivative according to (6.130e). Thus, if
Usa is a convex subset of U, then we obtain from Th. 6.62 together with (6.130e)
that u € U,q minimizes f in U,q if, and only if, f satisfies the corresponding
variational inequality. More precisely, the following statements (6.142a) — (6.142c)
are equivalent:

f(u) < f(u) for each u € Uy, (6.142a)
(St —yo, S(u—1u))g + A{w,u—u)y >0 for each u € Uyq, (6.142D)
(S*(Su—yo) + A\a, u—1u)y >0 for each u € Uyg. (6.142c¢)

Let us now specialize (a) to the EOCP of Def. 6.45. In particular, H = U = L?*(2),
and S : L*(Q) — L*(N) is the solution operator of the corresponding elliptic
BVP on Q with homogeneous Dirichlet condition on the boundary. We consider
the EOCP with the additional assumption that U,q C L*(Q) is convex and that f :
Uasa — R, f(u) = J(Su,u), coincides with f as given by (6.141), where, as before,
we choose to write yq instead of yy in the context of the EOCP. Then u € U,q is an
optimal control for the EOCP if, and only if, there exists (y,p) € Hy(Q) x Hg ()
such that the triple (4,7, p) € Uaa X H3(Q) x HJ () satisfies the following system
of optimality (6.143):

@ € U, (6.143a)

y = Su, (6.143b)

p=5"(Yy—yn), (6.143c)

/(p +Au) (u—u) >0 foreach u € Uy, (6.143d)
Q

where (6.143c) and (6.143d) can be combined into the following equivalent, albeit
S*-free, form:

/(gj —ya)(Su—17)+ A / u(u—1u)>0 foreach u € Uy. (6.144)
Q Q
The function p determined by (6.143c) is called the adjoint state corresponding to
u and gy. To make proper use of (6.143c) in this context, we need to determine S*
more explicitly, which is related to the topic of the following section.

6.4.3 Adjoint Equation

As it turns out, the adjoint S* of the solution operator S : L*(Q2) — L*(Q) of Th.
6.43 can itself be interpreted as the solution operator of a linear elliptic BVP with
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homogeneous Dirichlet boundary conditions. Moreover, to obtain the BVP for S*, one
only needs to transpose the matrix (a;;). In particular, S is self-adjoint, i.e. S = S*,
if (a;;) is symmetric. This is the contents of the following Prop. 6.65. The situation
of Th. 6.43 (i.e. the class of PDE under consideration) is still particularly simple. In
general, the relation between S and S* can be much more complicated, and, even for
symmetric (a;;), one can not expect the solution operator of a PDE to be self-adjoint.

Proposition 6.65. Let S : L*(Q) — L*(Q) be the solution operator of Th. 6.43.
The precise setting is as in Def. 6.42 (with h; = 0): Let the bounded and open set
be almost uniformly elliptic, and b € L>®(Q2), b > 0 almost ever&&;hare. The adjoint
operator S* : L*(Q)) — L2(Q) to S is the solution operator for the elliptic BVP

.....

..........

symmetric, then S is self-adjoint, i.e. S = S*.

Proof. Let B : L*(2) — L?*(Q2) denote the solution operator for the elliptic BVP with
replaced by its transpose. We need to show B = S*, i.e. that B is tﬁé’adjoint of S.
Here, when we speak of the adjoint operator of S, more precisely, we mean the Hilbert
adjoint in the sense of Sec. 4.5. Thus, following Prop. 4.36 and letting (-,-) denote the
inner product in L?(2), we need to show that

{y, Su) = (By,u) for each (u,y) € L*(Q) x L*(Q). (6.145)

According to the definition of S in Th. 6.43, given (u,y) € L*(Q) x L*(Q), Su and By
are the unique respective solutions to the following elliptic BVP in weak form with a
homogeneous Dirichlet condition on the boundary, namely (6.146) and (6.147). Here,
as is customary, for the sake of better readability, we write both BVP in strong form,
which, here, is nothing more than notational candy symbolizing the weak form:

m m

3" " 0:(ay0;(Suw)) +bSu=u onQ, (6.146a)
pa

J Su=0 on dL, (6.146b)

- i i 0i(a;:0;(By)) +bBy =y onQ, (6.147a)
P

j By=0 on . (6.147D)

If Su € H(Q) is the weak solution to (6.146), then (6.40) (with h; = 0 y replaced by
Su, and g replaced by u) holds for each v € H} (). Choosing v = By yields

/ (i(@z(By)) i a;;0;(Su) + By (bSu — u)) dA\, =0. (6.148a)

=1 j=1
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Analogously, if By € Hj () is the weak solution to (6.147), then (6.40) (with h; = 0,
y replaced by By, and g replaced by y) holds for each v € H}(f2). Choosing v = Su
yields

/ (Z(@i(Su)) > " a;i0;(By) + Su (b By — y)> d\,, = 0. (6.148b)
€ \i=1 j=1
Subtracting (6.148b) from (6.148a), one obtains
/ySu d\, = / u By d\,,, (6.149)
Q 0
which is exactly (6.145), i.e. B = S* is verified. |

Example 6.66. As in Ex. 6.64(b), we consider the EOCP of Def. 6.45 with U,q convex
and f : U, — R given by (6.141). We can now use Prop. 6.65 to reformulate
the system of optimality (6.143), explicitly stating the PDE which determine 3 and
p: Under the stated hypotheses, u € U,q is an optimal control for the EOCP if, and
only if, there exists (7,p) € HJ () x H} () such that (4,7, p) € Uaa x HL () x H ()
satisfies

U € Uy, (6.150&)
=3 > 0i(ai0;y) +by=1u onQ, (6.150b)
i=1 j=1
y=0 on 09, (6.150c)
i=1 j=1
p=0 on 09, (6.150¢)
/(]3+ Au) (u—u) >0 for each u € Uy, (6.150f)
0

where, again, (6.150b) — (6.150e) are supposed to mean that § and p are weak solutions
of the respective BVP. The BVP for the adjoint state p, consisting of (6.150d) and
(6.150e) is called the adjoint equation for the problem under consideration.

6.4.4 Pointwise Formulations of the Variational Inequality
For a while, we will now focus on the EOCP of Def. 6.45 with the objective functional
2 1 2 A 2
T IAQ) X U — B, Sy =3 Iy = vl + 5 [l (6151
ie.

1 A
fiUu—R fu) = J(Suu) = 5 [Su=yallia@ + 5 lullize) (6.152)
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where yo € L*(Q), A € R{. Moreover, for simplicity, we will only consider the situation
where Uyg = L2, (Q) with a,b € L*(2), a < b (see Not. 6.48, box constraints on the
control), and, alternatively, U,q = L*(€2) (no control constraints). The main goal of the
present section is to formulate equivalent pointwise versions of the variational inequality
(6.143d) (also see (6.150f)). The validity of the equivalences actually has nothing to
do with the EOCP and the functions J and f above. Therefore, in Th. 6.68, the
equivalences are stated and proved independently of the specific context of the EOCP.
The EOCP is then considered as an application in Ex. 6.69.

Notation 6.67. Given (a,b) € R? a < b, the projection from R onto the interval [a, ]
is denoted by Py, i.e.

a for a<a,
Pay: R—[a,b], Pagy(a):=min{b, max{a,a}} =< a forac[a,b], (6.153)
b for b < a.

Theorem 6.68. Let QO C R™ be measurable and bounded, and let Uyq C L*(SY). Fur-
thermore, let g € L*(Q)), u € U,q, and consider the following variational inequality:

/ g(u—u) >0 foreach u € Uyg. (6.154)
Q

(@) If Uwa = L7 ,(Q) with a,b € L*(Q), a < b, then (6.154) is equivalent to each of the
following pointwise conditions (6.155a) — (6.155d) holding for almost every x € ):

a(x) for g(x) > 0,
u(x) =< € a(z),b(x)] for g(x) =0, (6.155a)

b(x) for g(x) <0,
g(z) (£ —u(x)) >0 for each & € [a(x),b(x)], (6.155b)
g(x)u(x) < g(z)& for each & € [a(z), b(z)], (6.155¢)
L g(n)€ = g() u(o). (6.1554)

Here, (6.155b) and (6.155¢) constitute pointwise wvariational inequalities in R,

whereas the form (6.155d) is known as the weak minimum principle. Moreover,

for each X > 0, if one defines p:=g— \u (i.e. g =p—+ Au), then all the previous

conditions are also equivalent to the minimum principle
. _ A2 PN

min (P + 25 ) = poyato) +

cefalz)b(z 2

)\ﬂ(x)Q‘

5 (6.155¢)

If X > 0, then all the previous conditions are also equivalent to the projection
formula
(z)

U(z) = Plaw) b()] <— T) ; (6.155f)

where Pla) p(2) 15 according to Not. 6.67.

]l
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(b) If Uyg = L*(2), then (6.154) is equivalent to

g(x) =0 for almost every x € €. (6.156)

Proof. (a): We start by showing the following implications: “(6.154) = (6.155a) =
(6.155b) = (6.154)", “(6.155b) < (6.155¢)”, and “(6.155¢) < (6.155d)”. Then (6.155¢)
and (6.155f) are considered subsequently.

“(6.154) = (6.155a)”: Proceeding by contraposition, assume there is a measurable set
E C Q such that A\, (E) > 0,9 >0on E, and © > a on E. Then there is also € > 0
and a measurable set E. C E, \,,(E.) > 0, such that g(z) > € and a(x) > a(z) + € for
every x € E.. In that case, one can define

E.,
wi=14" " (6.157)
u onQ\ E,.

Since a and u are in L2 ,(f2), so is u. Furthermore,

/Qg(u—u):/eg(a—u) —E\(E,) < 0, (6.158)

showing that (6.154) fails. Similarly, if there is a measurable set £ C € such that
An(E) >0, g <0on E, and u < b on FE, then there is ¢ > 0 and a measurable set
E. C E, \u(E.) > 0, such that g(x) < —e and u(z) < b(x) — € for every x € E.. In
that case, one can define

E
= {Zi on Fe (6.159)
u onQ\ E,
yielding
/g(u—a):/ g(b— ) < —EMu(E.) <0, (6.160)
Q E.

again proving failure of (6.154).

“(6.155a) = (6.155b)”: Let x € € such that (6.155a) holds and fix £ € [a(x),b(z)]. 1
g(z) > 0, then g(z) (£ — a(z)) = g(z) ( —a(z)) >0 as f > a(x). If g(z) =0, then
g(z) (§—u(z)) = 0. If g(z) <0, then g(z) (£ —u(z)) = g(z) (E—b(z)) > 0as & < b(x).

Thus, (6.155b) holds in each case.

“(6.155b) = (6.154)": If u € L2,(Q), then u(z) € [a(z),b(x)] for almost every x €
Q. If (6.155b) holds for almost every 2 € Q and u € L2 ,(Q), then, in consequence,
g9(z) (u(z) — u(z)) > 0 for almost every = € 2, which, in turn, implies (6.154).
(6.155b) and (6.155¢) are trivially equivalent as they are merely simple algebraic rear-
rangements of each other.

The equivalence of (6.155¢) and (6.155d) is also immediate due to the definition of the
minimum.

We now let A > 0 and consider p := g — A, i.e. ¢ = p+ Au. We need to show that the
previous conditions are equivalent to the minimum principle (6.155e). If A\ = 0, then
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(6.155¢) and (6.155d) are identical and there is nothing to show. Thus, let A > 0. Then,
for each x € 2 such that a(z) < b(z), one can apply Th. 6.62 to the minimization of
the convex function v : [a(x),b(z)] — R, v(£) := p(x) € + AE?/2. According to Th.
6.62, v is minimal at £ € [a(z), b(x)] if, and only if,

(=8 () =(€—&) (plx) +A&) >0 for each £ € [a(x), b(z)]. (6.161)
Thus, if (6.155¢) holds, then (6.161) is valid with £ = u(x), i.e.
u(x)(p(z) + Aa(z)) <& (p(z) + Aa(z)) for each £ € [a(x), b(z)], (6.162)

which is the same as (6.155¢). Conversely, if (6.155¢) holds, then (6.161) is valid with
¢ = u(z), implying (6.155¢) and establishing the case.
For (a), it only remains to verify that, in the case g = p + A, A > 0, all the previous

conditions are also equivalent to (6.155f). We choose to carry out this verification by
showing “(6.155a) < (6.155f)”: To that end, note that g = p+ Au, A > 0, implies

g(x) >0 = — @ < u(x), (6.163a)
g(x) =0 = ]5( ) = u(x), (6.163b)
g(x) <0 = ]5( ) > u(x). (6.163c)

Also, using (6.153), (6.155f) can be reformulated as

a(x)  for — _(m) < a(x),

u(r) = ¢ — 22 for — 2 ¢ [a(x), b(z)], (6.164)
b(z)  for b(x ) —1@

According to (6.163), (6.164) is clearly the same as (6.155a), finishing the proof of (a).

(b): Asin (a) for “(6.154) = (6.155a)”, proceeding by contraposition, assume there is
a measurable set £/ C ) such that A\,,(F) > 0 and g # 0 on E. Then there is also ¢ > 0
such that at least one of the following two cases holds: (i) there is a measurable set
E. C E, \u(E.) > 0, such that g(z) > € for every z € E,, or (ii) there is a measurable
set B, C E, \(Ec) > 0, such that g(z) < —e for every x € E,. In case (i), define

u—1 on E,,
ui=9q (6.165)
u on Q\ E..

Since ) is bounded, it is u € L?(Q2). Furthermore,
/g(u _a)= —/ < —eAn(E) <0, (6.166)
Q €
showing that (6.154) fails. Likewise, in case (ii), define

{64—1 on F,
u =

6.167
u on Q\ E.. ( )

A computation analogous to (6.166) verifies failure of (6.154) also in this case. |
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Example 6.69. As in Ex. 6.66 and Ex. 6.64(b), we consider the EOCP of Def. 6.45
with U,q convex and f : U,q — R given by (6.141). For the convenience of the reader,
we restate f and the system of optimality (6.143): If f is given by

1

Fila— R J@i=3 [(Su-w?+g [ (6.168)

then @ € U,q is an optimal control for the EOCP if, and only if, (4,y,p) € Usq %
H}(Q) x H}(Q) satisfies the system of optimality (6.169):

u € Uad, (6169&)

y = Su, (6.169b)

p =5y —ya), (6.169¢)

/(]5—1— Au) (u—u) >0 for each u € Uy. (6.169d)
Q

Depending on the forms of U,q and A, we can apply Th. 6.68 to replace (6.169d) with
equivalent pointwise statements, which can help to gain more insight into the problem
at hand.

(a) Consider A = 0 and Uyq = L7 ,(Q) with a,b € L*(Q), a < b. Then Th. 6.68(a)
applies with ¢ = p, i.e. one obtains that (6.169d) is equivalent to each of the
following pointwise conditions (6.170a) — (6.170d) holding for almost every x €

a(x) for p(xz) > 0,
u(x) =< € la(z),b(x)] for p(z) =0, (6.170a)
b(x) for p(x) <0,
plz) (£ —u(z)) >0 for each & € [a(x), b(x)], (6.170Db)
p(z)u(r) < p(x)é for each ¢ € [a(z), b(x)], (6.170c)
(o min p(x) § = p(z) u(x). (6.170d)

In cases, where p # 0 almost everywhere on 2, (6.170a) shows that, almost every-
where, the optimal control @ coincides either with the upper bound b or with the
lower bound a. In this case, one says that the optimal control is bang-bang.

(b) Consider A = 0 and U,q = L*(Q2). Then Th. 6.68(b) yields p = 0 a.e. on 2, which,
in turn, implies Su = § = yq a.e. In particular, in this case, the EOCP has an
optimal control u if, and only if, yq is in the range of S. In particular, the EOCP
has no solution if yo € L*(Q2) \ H{ ().

(c) Consider A > 0 and U,g = L () with a,b € L*(Q), a < b. Then Th. 6.68(a)
applies with g = p+A 4, i.e. (6.169d) is equivalent to each of the following pointwise
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conditions (6.171a) — (6.171f) holding for almost every = € {2

a(r) for p(z) + Au(z) > 0,
u(xz) = < € [a(z),b(x)] for p(z) + Au(z) =0, (6.171a)

b(x) for p(x) + Au(z) <0,
(p(z) + Au(z)) (€ —u(z)) >0 for each ¢ € [a(z),b(x)], (6.171b)

(p(z) + Au(z)) u(z) < (p(z) + Au(x)) & for each £ € [a(z), b(z)],

(6.171c)
ge[;&iﬁ(x)] (p(z) + Au(z)) & = (p(x) + Aa(z)) u(z), (6.171d)
nin (o 25 ) = pajate) + 25 (6.1716)
i) = P (- 52 (61711

where Pg() b)) 18 according to Not. 6.67.
(d) Consider A > 0 and U,q = L*(2). Then Th. 6.68(b) yields p + A@ = 0 a.e. on ,

le. 5
u=—=. 6.172
i=-1 (6.172)
Thus, in this case, the system of (6.169) can be reformulated as
5= —S(5/N), (6.173)
p="5"(U—ya), (6.173b)

or, using the more explicit form (6.150), as

- Emi Xml 0i(ai;0;5) + 0y = —p/A on Q, (6.174a)
i=1 j=1

j y=0 on oA, (6.174b)

B Zm: i 0i(a;:0;p) +bp =9 —ya onQ, (6.174c¢)
i=1 j=1

] p=0 on of. (6.174d)

In particular, the optimal state y and the adjoint state p are the solution of the
system of coupled PDE (6.174). Given g and p, the optimal control is provided by
(6.172).

6.4.5 Lagrange Multipliers and Karush-Kuhn-Tucker Optimality Condi-
tions

In Sec. 3.5.2, we used Lagrange multipliers to transform the variational inequality
(3.31c) of the finite-dimensional optimization problem (3.3) with box constraints on
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the control into a finite number of equations and inequalities formulated within the
Karush-Kuhn-Tucker optimality system (3.37). Thereby, we achieved a structural sim-
plification of the optimality system, as the variational inequality (3.31c) typically con-
sists of uncountably many conditions (one for each u € U,q). In the present section,
we will proceed in an analogous fashion for the infinite-dimensional optimal control
problem (6.169).

Remark 6.70. For each real-valued function f : X — R, one can define its positive
part fT: X — R and its negative part f~ : X — R by letting

It %(f +|f]) = max{0, f}, (6.175a)
%(| fl— f) = —min{0, f}. (6.175b)
Then (6.175) immediately implies
ft>0, f~ >0, (6.176a)
f=ft—r. (6.176h)

Theorem 6.71. Let  C R™ be measurable and bounded, and U,q = L2 (), (a,b) €
L*(Q) x L*(), a < b. Furthermore, let p € L*(Q), © € U,a, and X > 0. Then the
following statements (i) — (iil) are equivalent:

i) [o(B+Aa)(u—1a) >0 for each u € Uyq.

(ii) For almost every x € Q, the following complementary slackness conditions hold:
(p(z) + Aﬁ(az))Jr (a(z) —a(z)) = (p(z) + Aa(z)) (a(z) —b(z)) =0. (6.177)
(iii) There exist pu, € L*(Q) and p, € L*(Q) satisfying

te >0, pp >0, (6.1784a)
D+ AU — g + 1y = 0, (6.178b)

and the complementary slackness conditions

pa() (a(z) — u(z)) = (@) (a(z) - b(x)) = (6.179)

for almost every x € Q). In this context, p, and py are called Lagrange multipliers.

Proof. “(i) = (ii)”: We apply Th. 6.68(a) with g := p + A, obtaining that (i) implies
(6.155a). We need to show, for almost every x € ),

) (a(2) — 0(2)) = g~ (2) (a(x) — b()) = 0. (6.150)

g (x
If g(x) > 0, then g~ (x) = 0 and, by (6.155a), @(z) = a(zx), such that (6.180) holds. If

g(z) =0, then g*(z) = g (x) = 0 and (6.180) holds. If g(z) < 0, then g™ (x) = 0 and,
by (6.155&), u(z) = b(x), such that (6.180) also holds.
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“(il) = (iil)”: Defining pq := (p+ A@)*, pup := (p + A @), one observes that (6.178) is
identical to (6.176), and (6.179) is 1dentlcal to (6.177).

“(iii) = (i)": Let u € Us,q, i.e., in particular, a(z) < u(x

) < b(z) for almost every = € (.
We show that every x € Q satisfying (6.179) and a(x) < u

(x) < b(z) also satisfies
(p(a) + Au(2)) (u(e) —a(z)) > 0. (6.181)

Thus, assume z €  satisfies (6.179). If a(xz) = b(x), then u(x u(z) and (6.181)

) =
holds. If a(x) < _(ZL') < b(z), then (6.179) implies pq(x) = pp(z) = 0, which, in
turn implies p(z) + Au(x) = 0 according to (6.178b). Hence, (6. 181) holds. Next, if
b(z) > a(x) = u(x), then u(z) — a(z) > 0 and (6.179) implies ,ub( ) = 0. Using (6.178)
yields
(6.1784)
pla) + xa(z) 2 ) > o, (6.182)

again showing that (6.181) holds. Finally, if a(x) < b(z) = @(z), then u(z) — a(z) <0
and (6.179) implies p,(z) = 0. Using (6.178) yields

(6.178a)
pla) + xa(z) 2 @) <o, (6.183)
such that (6.181) holds in every case possible. Clearly, (6.181) implies (i). |

Example 6.72. If U,q = Li}b(Q), then Th. 6.71 allows to rewrite the system of opti-
mality (6.169) as the Karush-Kuhn-Tucker optimality system

a< u<hb, (6.184a)

y = Su, (6.184Db)
p="5"(—wva) (6.184c)

fa =0, =0, (6.184d)

D+ AU — fig + iy = 0, (6.184e)
ta (@ —a) = pp (uw—b) = 0. (6.184f)

More precisely, if U,q = Lgvb(Q), then u € U,q is an optimal control for the EOCP
of Def. 6.45 with f : U,g — R given by (6.168) if, and only if, (@, y,p, ta, ts) €
L3(Q2) x H}(Q) x H}(Q) x L*(Q) x L*(Q) satisfies the Karush-Kuhn-Tucker optimality
system (6.184).

7 Introduction to Numerical Methods

This section follows [Tré05, Sec. 2.12]. It is merely meant as a short introduction to
the topic of numerical methods for the optimal control of PDE. An extensive literature
on this topic is available, see, e.g., [Bet01, GS80, Kel99] as well as references therein.
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7.1 Conditional Gradient Method
7.1.1 Abstract Case: Hilbert Space

Let U be a Hilbert space, and consider a Gateaux differentiable objective functional
f: U — R. Moreover, let U,q be a nonempty, closed, bounded, and convex subset of
U, and consider the optimal control problem

i . 7.1
The idea is to approximate a solution @ € U,q to (7.1) by a sequence (uy,)nen in Usq. Of
course, without further conditions on f, we do not know, in general, if such a solution
u exists. However, from Th. 6.62, we know that

fe(@)(u—a) > 0 for each u € Uy (7.2)

is a necessary condition for @ to be a solution to (7.1).

Given the iterative solution wu,, the next iteration wu,.; is found by determining a
direction of descent, i.e. v, € U such that f, in some local neighborhood of wu,, is
decreasing in the direction v,, — u,. Once such a direction v, — u,, is found, one still
needs to determine a step size s, such that w,.; = u, + $,(v, — u,) is a suitable next
iteration in the approximating sequence.

Direction Search: The new direction v, — u, is determined by the solution v, to the
auxiliary optimal control problem

min [, (uy,) (v). (7.3)

v€EU,Lq

The function g, : U — R, g,(v) := fi(u,) (v) is continuous and linear (in particular,
convex on U,q). Thus, by Th. 5.3, (7.3) has a solution v,, € U,q. In Sec. 7.1.2 below, we
will see how to determine such a solution v, in a concrete example. If f(u,)(v,—uy,) >
0, then (7.3) implies, for each u € Uyq,

Ja(un)(u = upn) > f6(un)(vn — up) >0, (7.4)

i.e. u := u, satisfies (7.2), i.e., if f is convex on U,q, then Th. 6.62 implies that @ := wu,
is a solution to (7.1). Otherwise,

I (ug) (v, — uy) < 0. (7.5)

Since

St} (o0 = ) = lan T (F i + (0 = 1) = f() (7.6)

(7.5) implies that f(u, +t (v, — u,)) < f(uy) for each sufficiently small ¢ > 0. Thus,
in the direction v,, — u,, f is decreasing in some local neighborhood of u,,. Note that,
for convex Uy,q, the u, + t (v, — u,) are elements of U,q for each t € [0, 1].
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Step Size Search: We now assume that, given u,, € U,q, we have already found v,, € U,q
as a solution to (7.3). As noted above, if f{,(u,)(v, —u,) > 0 and f is convex on U,g,
then u,, is already optimal, i.e. we can stop the iteration. However, one can also skip
the check if f§(u,)(v, — u,) > 0 and perform the step size search anyway. If u, was
already optimal, then one will find s, = 0 (see below), if f is convex, then s, = 0 will
guarantee optimality of u,. The new step size s,, € [0,1] is determined as the solution
to another auxiliary minimization problem, namely, the one-dimensional problem

Sren[(i)g] fun+ s (v — uy)). (7.7)
Even though Gateaux differentiability of f does, generally, not imply continuity of f, it
does imply continuity of f [, ..}, and, thus, of g : [0,1] — R, g(s) := f(un + s (v, —
u,)). As g must attain its min on the compact set [0, 1], (7.7) must have a solution
sp. If (7.5) is satisfied, then s, > 0. Thus, s, = 0 implies f;(u,)(v, —u,) > 0, and
the converse holds if f is convex. If f is not convex, then s, > 0 can occur even if
f&(un) (v — up,) > 0. If f is locally convex at u,, then this means one has luckily
espaced a local min of f at u,. Again, we will solve (7.7) for a concrete situation in
Sec. 7.1.2 below.

Once both v, and s,, are determined as described, one sets 11 := uy, + S, (U, — Uy).

The described algorithm for the construction of the w, is known as the conditional
gradient method. If f is continuous and convex on U,q, then we know from Th. 5.3,
that (7.1) has a solution & € U,. In that case, one can also guarantee that the
conditional gradient method produces a monotonically decreasing sequence ( f (un))neN
(stricly decreasing unless u,, = @). One can show that the u, actually converge to a
solution u of (7.1); a disadvantage is the generally rather slow convergence rate [GS80].

7.1.2 Application: Elliptic Optimal Control Problem

We apply the conditional gradient method to the EOCP of Def. 6.45 with f : U,g — R
given by (6.168), Uag = L2 ,(Q), (a,b) € L*(Q) x L*(Q), a < b. According to Examples
6.47 and 6.60(b), f is convex and Fréchet differentiable and, for each u € U = L?(),
f&(u) = fi(u) is given by (6.130e) as

folw) s Q) — B, Se@)0) = [ (S(Su=yo) + A b

Q
= /Q (p+ Au)h, (7.8)
where, as usual, we have used the adjoint state p, i.e.
y = Su, (7.9a)
p=5"(y —ya) (7.9b)
Each iteration of the conditional gradient method can be divided into five steps S1

— S5. We first describe these five steps consecutively, subsequently providing further
comments and details.
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S1 Given the control u, € U,q, determine the corresponding state y, = Su, as the
solution of the state equation.

S2 Given the state y,, determine the corresponding adjoint state p, = S*(y, — yqa) as
the solution of the adjoint equation.

S3 For the new direction v, — u,, determine v,, as a solution to (7.3), i.e. as a solution
to

vEU,q

min / (pn + Aup) v. (7.10)
Q
S4 Determine the new step size s, € [0,1] as a solution to (7.7), i.e. as a solution to

S‘;%ﬂ]f@ + 5 (vn — un)) (7.11)

If s, = 0, then u, is an optimal control for the EOCP and the iteration is halted
(see comment below).

S5 Put uyy1 := up + S, (v — uy) and, with n replaced by n + 1, proceed to S1 for the
next iteration step.

S1 and S2 both require the solution of a PDE, and, typically, will have to be carried
out numerically. Thus, any convergence and error analysis of the method will have to

take into account the convergence and error analysis of the numerical method used for
solving the PDE.

According to Sec. 7.1.1, one should check in S3 if (pn + A un) (Up — uy) > 0, concluding
optimality and halting if this is the case (as f is convex), proceeding to S4 only if
(pn + )\un) (v, —uy,) < 0. However, as also remarked in Sec. 7.1.1, checking if s,, = 0 in
S4 is an equivalent (and, in practice, easier) way of checking for optimality on a convex
fioIf (pn + A un) (vp, —up) > 0, then u, is optimal, and S4 will yield s,, = 0. Otherwise,
ie. if (pn + )\un) (v — uy) < 0, then necessarily s, > 0 in S4.

For S3, one needs to determine a solution v, to (7.10). As U, is convex, and the
function to be minimized is linear (in particular, convex), according to Th. 6.62, v, €
Usa is a solution to (7.10) if, and only if,

/ (pn + )\un) (v—wv,) >0 foreach v € Uyg. (7.12)
Q

From Th. 6.68(a), we see that

a(z) for p,(z) + Aup(x) > 0,
vn(2) := ¢ (a(z) +b(x)) /2 for p,(z) + Au,(z) =0, (7.13)
b(x) for pp(x) + Aup(z) <0,

is a possible choice for v,,, where one should note that the middle case will hardly ever
occur during numerical calculations.
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Performing S4 is also easy for the f under consideration. We have to minimize g :
[0,1] — R, where, using the abbreviations y,, := Su,, w, = Sv,,

g(s) = f (un + 5 (vn — up))
1 A
= 5 118 Cun + 5 (00 = 1)) = vl |aiq) + 5 1t + 5 (00 = ) [
1 A
~ 95 [ + 5 (wn — ) — yQHi?(Q) Ty [ (un + 5 (v — un)) Hi?(ﬂ)
1 52
= 5 Hyn - yQ”iz(Q) +s <yn —Yq, Wp — yn>L2(Q) + E Hwn - ynHiQ(Q)

A A
+ ) HUHH%Q(Q) + X5 (U, Uy — Un)12(0) + 8 3 |vn — unH%z(Q)

=go+g15+ g2, (7.14)
with
1 2 A
Jo ‘= 5 Hyn - yQHLz(Q) + 5 HUTLH%P(Q)v (7.15&)
91 = (Un = Y0, Wn = Yn)12(0) + A (Un, U — Un) 12(0), (7.15Db)
1 2 A
92 = § Hwn - ynHLQ(Q) + § ||Un - un”%ﬂ(g) (715C)

Thus, ¢ is a quadratic function, with go > 0 according to (7.15¢). If go > 0, then the
min of g on [0, 1] is given by the projection of the zero of its derivative, i.e. by

5n = Do) <—£> . (7.16)

292

If o =0and g, >0, then s, =0. If g =0 and g; <0, then s, = 1. If go = g =0,
then g is constant and any s,, € [0, 1] will do.

7.2 Projected Gradient Method

The projected gradient method is similar to the conditional gradient method of the
previous section. For the projected gradient method, one always uses the antigradient,
i.e —(pn + Auy,), for the new direction v, — u,. Thus, in S3 of Sec. 7.1.2, one sets

Up = Up — (P + Ayp). (7.17)

However, one now has the additional problem that, in general, even if u, € U,q, the
quantity u, — s (p, + Au,,) can be nonadmissible (i.e. u, — s (p, + Au,) & U,q) for every
s > 0. This is remedied by projecting u, — s (p, + Au,,) back onto U,q. However, now,
instead of (7.7), for the new step size s, one wants to solve the more difficult auxiliary
minimization problem

min f(P[a,b] (un + s (vp — un))), (7.18)

s€[0,1]
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at least approximatively. This usually requires evaluations of f, and, thus, solving the
PDE, which can be numerically costly. Possible strategies mentioned in [Tr605, Sec.
2.12.2] are the bisection method and Armijo’s method.

Even though each step of the projected gradient method is typically more difficult than
the corresponding step of the conditional gradient method, in many situations, this is
more than compensated by a faster convergence rate. For more information on the
projected gradient method and its convergence theory, see, e.g., [GS80, Kel99].

7.3 Transformation into Finite-Dimensional Problems

Here, the general strategy is to use discretization techniques to transform the infinite-
dimensional optimal control problem of minimizing an objective functional with PDE
constraints into, possibly large, but finite-dimensional optimization problems, approxi-
mating the original problem. We will restrict ourselves to illustrating the technique in
a rather simple situation.

7.3.1 Finite-Dimensional Formulation in Nonreduced Form
For our illustrating example, we consider the particularly simple space domain
Q2 :=]0,1[x]0, 1],

and we choose the optimal control problem

o 1 A
minimize J(y,u) := B ly — yQHiQ(Q) + 5 ||U||%2(Q)a
subject to the PDE constraints

—Ay=wu in Q,
y=0 on 0,
and control constraints
a<u<b onf

where A > 0 and yqg,a,b € L*(Q), a < b. The reason for choosing 2 to be the unit
square is its admitting simple discretizations into n? (n € N) small squares

ﬁ: U gi]‘, (719&)
1,j=1
QZ‘]‘Z::|Z ,i|:><:|j ,l|: (719b)
n n n n

More complicated domains 2 are, in general, more difficult to discretize, but the prin-
cipal stretegy remains the same.
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To proceed further, we introduce the (n + 1)? points

1
= (hi,hj), h:=—, i,7=0,...,n,
n

with neighborhoods 3
Qij = B%,H'Hmax(xij)’

Thus, the x;; are precisely the vertices of the squares €);; as well as the centers of the
Qij. The goal is to determine values y;; as solutions to a suitable finite-dimensional
optimization problem such that y;; ~ y(x;;), i.e. such that the y;; are approximations
to the value of y at x;; (or on Q).

Using difference quotients of difference quotients, one obtains the classical approxima-
tion

4y; i—1,j T Yij—1 T Yir1,5 T Yij
—Ay(45) = —0101y(wi5) — 0202y (245) = big = Wit y’]hzl Yirl y’]H). (7.20)

At the boundary of §2, we use
Yoj = Yio 1= Ynj = Yin := 0 foreachi,j =0,...,n
Analogous to the y;;, we introduce approximations
ui; 2 u(Ti),  Yoi * Yalzy),  ay~aly), by~ blay),

where yq;;, ai;, b;; have to be computed from the given functions yq, a, b, respec-
tively, whereas the u;; constitute additional unknowns to be determined from the finite-
dimensional optimization problem below. By employing an enumeration of the index

set {(¢,7):4,j=1,...,n— 1}, we organize the v;;, wi;, Ya.;, aij, and b;; into vectors
v= (Y, ay(n—l)Q)u U= (uy,... ,U(n—1)2); Uo = (yﬂ,h e ,y(n—1)2),
a= (al,...,a(n_l)z), b:(bla--'ab(n—l)z)a

respectively. Approximating the functions y, u, and yq as being constant on each Qij
with values according to the above approximations, one obtains

J(%U)Z%/Q(y—yn)“é/ Z/ (y —yo)® + Mu?)
Z/ (yij — yQ”) ‘|‘)\UZJ) = h—2 Z ((yij—yﬂ,ij)2+>\ufj).

1,j=1 ,j=1

Thus, our original optimal control problem is translated into the finite-dimensional
optimization problem

Z (e = yaur)? + Mui),

minimize

[\3|>—l
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subject to the equation constraints

and control constraints
a<u<b
for the unknown components of ¢ and #, where the entries of the matrix A, are given

according to (7.20). Discrete optimization problems of this form can, for example, be
solved by the MATLAB function quadprog.

That the size of the discrete problem is typically large, is a drawback of the approach
considered in the present section. It is often useful to obtain smaller problems by
discretizing the reduced optimal control problem, which is discussed in the next section.

7.3.2 Finite-Dimensional Formulation in Reduced Form

The strategy of the previous section consists of discretizing the nonreduced optimal
control problem directly, i.e. the variable y is not eliminated by writing it as a function
of u. In contrast, in the following, we will employ the PDE’s solution operator S to
eliminate the variable y. We start by discretizing u. Here, the idea is to approximate
u as a finite linear combination of M basis functions eq, ..., ey, M € N,

M
T) ~ Zuk ex(z), up€R
k=1

Continueing to employ the notation introduced in the previous section, for the e, we
choose the M = n? characteristic functions

1o, () 1 for xz € Qy,
A\X) =
b 0 forx e\ Q.

Next, we introduce the functions
yp = S(ex), k=1,..., M,

where S : L?(Q2) — L?(Q2) is the PDE’s solution operator according to Th. 6.43.

In practice, the computation of the 1, means the numerical solution of n? PDE. And
as a fine discretization of {2 can be necessary to achieve an acceptable accuracy for the
approximation of u, this can be computationally costly. However, in Sec. 7.3.3 below,
we will see a trick to avoid the computation of the ;.

Plugging the approximations for u into J(y,u) = J(Su,u) yields the finite-dimensional
optimization problem

2

minimize f, (@) = fr(uy,...,upy) = ,
L2(Q)

(7.21a)

LA
T3

Zukyk Ya Zuk €k

1
2

L*(Q)
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subject to the control constraints
a<u<b (7.21b)

for the unknown components of @. In order to solve (7.21), we rewrite fj,(@) by making
use of the inner product in L?*(€):

1 M 1 /M M
fu(t@) = ) HyQH%Q(Q) - <y97 Zukz yk> + 2 <Z Uk Yk Zul yz>
k=1 k=1 I=1

1 M M M
_ 2
D) HZJQ||L2(Q) - ;Uk (Yo, yx) + 2 ];1 upuy (Yr, Y1) + 9 ;Ukul (ex, er).

Since 3 [|yall72(q) is constant, (7.21) is equivalent to

~ 1 A
minimize ﬁxm::ﬁﬁT+§ﬁCdV+§ﬁDﬁﬂ (7.22a)
subject to the control constraints .
a<u<b (7.22b)

for the unknown components of u, where

U= (Uk:)ljngp Uk = — (Yo, Uk),
= (Ckl)%:p i = (Yes Y1),
D := (dkl)kM,l:p dy = <€k, €z>-

Note that due to the choice of the e, as the characteristic functions of the disjoint sets
Q;;, the matrix D is diagonal:

(ex, €) = {HekH%z(Q) for k = 1,

AR

0 for k # 1.

Once again, (7.22) can, for example, be solved by the MATLAB function quadprog.

7.3.3 Trick to Solve the Reduced Form Without Formulating it First

The numerical solution of the finite-dimensional optimization problem (7.22), requires
computations of expressions of the form DZ and OF with € R™, where for large M
one should only store the nonzero elements of D and C. While expressions of the form
D2 are easy to compute, C'¥ is typically more involved, since C' depends on the yy,
where y;, resulted from solving the PDE with e, on the right-hand side.
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However, using the following trick, one can evaluate C'¥ without having to compute the
yy, first: For each row vector & € RM, we have

M M
(CT)e =Y _cwmrr =Y _ 21 (yp, 01) Zfl (Sex, Ser) = <5 Sle@la 6k>
=1 =1
= <S*S[Eh, €k>,

M
where x, :=>",", ze;.

Thus, instead of solving M = n? PDE once, one now has to solve 2 PDE for every new
application of C. In general, it will depend on n and on the number of applications of
C' needed during the solution of (7.22), which strategy is preferable.

7.4 Active Set Methods

For simplicity, we remain in the setting established in Sec. 7.3.1.

Active set methods are motivated by the observation that, if @ is an optimal control,
then

a(x)  for — p(;) < a(z),

u(r) = — ’@ for — p(; € [a(z), b(z)], (7.23)

b(z)  for b(z) < — 2

where p = S*(Su — yq) is the adjoint state (this is due to Ex. 6.69(c), where we have

written (6.170a) in the equivalent form from (6.164)). The relation (7.23) suggests

that the quantity — ( ) can be considered as a measure for the activity of the control

constraints.

The continuous version of the active set algorithm reads as follows:

S0 Choose arbitrary initial functions ug, py € L*(£2).

S1 Given the control u, and the adjoint state p,,, determine the new active sets A},
and A, as well as the inactive set I,,4;:

Al = {x €N —p"/(\x> > b(x)},

A= {:r €eQ: _pn/(\m) < a(x)} :
Ly = Q\ (A7 UA ).

S2 Determine y,.1 and p,4; from the coupled system of PDE

a on A,
— Pn+1
—Ayni1 = — 5 on Ly,
+
b on A7,

_Apn+1 = Yn+1 — Y.
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S3 Set
a on A,
Uppy = — 252 on [y,
b on Af ;.

Proceed to S1 for the next iteration step.

Active set methods can be interpreted as Newton methods and, thus, show rapid con-
vergence rates [BIK99, KR02].

It remains to formulate the discrete version of the above algorithm. According to the
discretization approach from Sec. 7.3.2, we seek a solution @ to (7.21). For our present
purposes, it will be useful to introduce the operator

M
St RM — LX(Q),  Su(@) =Y ury,
k=1

which occurs on the right-hand side of (7.21a) (yx = S(ex) as before). Note that the
adjoint operator of S is a map S; : L?(2) — RM.

Steps D2 and D3 of the algorithm below require the computation of expressions of the
form S;(Spti, — ya). As we have used e to denote the basis functions, let ¢, denote
the standard unit vectors in R i.e.

5 1 fork =1,
€p 1= =
TR0 for k£ L

Then, for u € L*(Q), the kth component of S;u € RM is

M
(Spw)k = (Spu, ex)rm = (u, Sex)r2(0) = <U, > o yl> = (U, Yr)r2(0)
=1 L2(Q)

= <u, Sek)LQ(Q) = (S*u, €k>L2(Q)- (7.24)

Thus, to compute S}yq, it suffices to solve precisely one PDE, namely the one corre-
sponding to S*yq. Given @ € RM | by setting u := S, in (7.24), one obtains

M M
(SpSnu)r = <Z wyr, yk> = <S*5 (Z Ul€l> , 61<:> : (7.25)
=1 L2(Q) =1 L2(Q)

In consequence, as in Sections 7.3.2 and 7.3.3, one has the choice of either computing
the . by solving M = n? PDE once, or solving two PDE whenever an expression of the
form S} (Spi, — yq) needs to be calculated. In general, it will depend on the situation
(e.g. size of M, desired accuracy, etc.), which strategy is faster.

The discrete active set algorithm can be formulated as follows:
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DO Choose arbitrary initial vectors iy, py € RM.

D1 Given i, and p,, determine the new finite active sets A, and A, as well as the
finite inactive set I, :

AfL = {k‘E{l,...,M}: —2%>bk},
A= {k;e{l,...,M}: —]%<ak},

L i={1,..., M}\ (A:fﬂ UA )
D2 Determine ,; from the linear system

ag for k€ A, 4,
Un+1,k = -t (SZ(Shﬁn - yﬂ))ka
by for k € AF,,.

D3 Set pri1 = S5 (Shiln, — ya).

Proceed to D1 for the next iteration step.

The iteration is halted once A, | = A} and A, ; = A,;. One can show that the active

sets must become stationary after finitely many steps and that, at this stage, one can
set U := 1, to obtain a solution to (7.21) (see [BIK99, KR02]).
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