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Model: Nonlinear Transient Heat Conduction, Assumptions

∂εm(θ)
∂t

− div(κm∇ θ) = fm(t, x) in ]0, T [×Ωm (m ∈ {s, g}), (1)

Ωs: solid domain,Ωg: gas domain,θ(t, x) ∈ R+
0 : absolute temperature,εm: internal

energy,κm ∈ R+: thermal conductivity,fm: heat source.

Assumptions:

(A-1) Form ∈ {s, g}, εm ∈ C(R+
0 ,R+

0 ), and there isCε ∈ R+ such that

εm(θ2) ≥ (θ2 − θ1) Cε + εm(θ1) (θ2 ≥ θ1 ≥ 0).

(A-1*) Form ∈ {s, g}, εm is locally Lipschitz: For eachM ∈ R+
0 , there isLM ∈ R+

0

such that |εm(θ2)− εm(θ1)| ≤ LM |θ2 − θ1|
(
(θ2, θ1) ∈ [0,M ]2

)
.

(A-2) Form ∈ {s, g}: κm ∈ R+.

(A-3) Form ∈ {s, g}: fm ∈ L∞(0, T, L∞(Ωm)), fm ≥ 0 a.e.

Remark 1.εm is strictly increasing, unbounded with image[εm(0),∞[, invertible on its

image, and its inverse functionε−1
m is C−1

ε -Lipschitz.



Model: Domain, Assumptions, Notation

Γ := ∂O = ΓΩ ∪ Γph

∂Ωg

Ωg

Ωs

Ωs

O1

O2

Ω = Ωs ∪ Ωg

Σ := ∂Ωg = Ωs ∩ Ωg

O := int(conv(Ω)) \ Ω = O1 ∪O2

ΓΩ := Ω ∩O

Γph := ∂ conv(Ω) ∩ ∂O

Figure 1: 2-d section through3-d domainΩ. Open radiation regionsO1 and O2 are

artificially closed by the phantom closureΓph. By (A-5), Ωg is engulfed byΩs (not

visible in 2-d section.

(A-4) T ∈ R+, Ω = Ωs ∪ Ωg, Ωs ∩ Ωg = ∅, and each of the setsΩ, Ωs, Ωg, is a

nonvoid, polyhedral, bounded, and open subset ofR3.

(A-5) Ωg is enclosed byΩs, i.e.∂Ωs = ∂Ω ∪̇ ∂Ωg, where∪̇ denotes a disjoint union.

Thus,Σ := ∂Ωg = Ωs ∩ Ωg, and∂Ω = ∂Ωs \ Σ.



Model: Nonlocal Interface Conditions Modeling Diffuse-Gray Radiation

Continuity of the temperature atΣ:

θ(t, ·)¹Ωs
= θ(t, ·)¹Ωg

onΣ (t ∈ [0, T ]).

Continuity of the heat flux atΣ:

(κg∇ θ)¹Ωg
•ng + R(θ)− J(θ) = (κs∇ θ)¹Ωs

•ng onΣ. (2)

R: radiosity,J : irradiation,ng: unit normal vector pointing from gas to solid.

R(θ) = σ ε(θ) θ4 +
(
1− ε(θ)

)
J(θ). (3)

(A-6) σ ∈ R+: Boltzmann radiation constant,ε : R+
0 −→]0, 1] is continuous:

emissivity of solid surface.



Model: Nonlocal Radiation Operator (1)

J(θ) = K(R(θ)), (4)

K(ρ)(x) :=
∫

Σ

Λ(x, y)ω(x, y) ρ(y) dy (a.e.x ∈ Σ), (5)

Λ(x, y) ∈ {0, 1}: visibility factor, ω: view factor defined by

ω(x, y) :=

(
ng(y) • (x− y)

) (
ng(x) • (y − x)

)

π
(
(y − x) • (y − x)

)2

(
a.e.(x, y) ∈ Σ2, x 6= y

)
. (6)

Lemma 2. (Tiihonen 1997: Eur. J. App. Math. 8, Math. Meth. in Appl. Sci. 20)

Λ(x, y)ω(x, y) ≥ 0 a.e.,Λ(x, ·)ω(x, ·) is in L1(Σ) for a.e.x ∈ Σ.

Conservation of radiation energy:
∫
Σ

Λ(x, y) ω(x, y) dy = 1 for a.e.x ∈ Σ.

K is a positive compact operator fromLp(Σ) into itself for eachp ∈ [1,∞], and

‖K‖ = 1.

For every measurableS ⊆ Σ, the functionx 7→ ∫
S

Λ(x, y)ω(x, y) dy is in L∞(Σ).



Model: Nonlocal Radiation Operator (2)

Combining (3) and (4) provides nonlocal equation forR(θ):

R(θ)− (
1− ε(θ)

)
K(R(θ)) = σ ε(θ) θ4 (7)

or

Gθ(R(θ)) = σ ε(θ) θ4, Gθ(ρ) := ρ− (
1− ε(θ)

)
K(ρ). (8)

Lemma 3. (Laitinen & Tiihonen 2001: Quart. Appl. Math. 59)

If ε : R+
0 −→]0, 1] is a Borel function, and ifθ : Σ −→ R+

0 is measurable, then, for each

p ∈ [1,∞], the operatorGθ mapsLp(Σ) into itself and has a positive inverse.

Lemma 3 allows to state (7) as:R(θ) = G−1
θ (E(θ)).

From (7) and (4): R(θ)− J(θ) = −ε(θ)
(
K(R(θ))− σ θ4

)
,

such that (2) becomes

(κg∇ θ)¹Ωg
•ng − ε(θ)

(
K(R(θ))− σ θ4

)
= (κs∇ θ)¹Ωs

•ng onΣ. (9)



Model: Nonlocal Outer Boundary Conditions, Initial Condition

κs∇ θ • ns + RΓ(θ)− JΓ(θ) = 0 onΓΩ (10)

in analogy with (2);ns: outer unit normal to solid.

κs∇ θ • ns − ε(θ)
(
KΓ(RΓ(θ))− σ θ4

)
= 0 onΓΩ, (11)

whereKΓ is defined analogous toK.

On∂Ω \ ΓΩ:

κs∇ θ • ns − σ ε(θ) (θ4
ext − θ4) = 0 on∂Ω \ ΓΩ. (12)

Initial Condition: θ(0, ·) = θinit, where

(A-7) θinit ∈ L∞(Ω,R+
0 ).
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Finite Volume Scheme: Discretization of Time and Space Domain

Time domain discretization:0 = t0 < · · · < tN = T , N ∈ N;

time steps:kν := tν − tν−1; fineness:k := max{kν : ν ∈ {1, . . . , n}}.
Admissible space domain discretizationT satisfies:

(DA-1) T = (ωi)i∈I forms a finite partition ofΩ, and, for eachi ∈ I, ωi is a nonvoid,

polyhedral, connected, and open subset ofΩ.

FromT define discretizations ofΩs andΩg: Form ∈ {s, g} andi ∈ I, let

ωm,i := ωi ∩ Ωm, Im :=
{
j ∈ I : ωm,j 6= ∅}, Tm := (ωm,i)i∈Im .

(DA-2) For eachi ∈ I: ∂regωs,i ∩ Σ = ∂regωg,i ∩ Σ, where∂reg denotes the regular

boundary of a polyhedral set, i.e. the parts of the boundary, where a unique outer

unit normal vector exists,∂reg∅ := ∅.

Fineness:h := max{diam(ωi) : i ∈ I}.



Finite Volume Scheme: Discretization Points

Associate a discretization pointxi ∈ ωi with each control volumeωi (discrete unknown

θν,i can be interpreted asθν(xi)). Further regularity assumptions can be expressed in

terms of thexi:

(DA-3) For eachm ∈ {s, g}, i ∈ Im, the setωm,i is star-shaped with respect to the

discretization pointxi, i.e., for eachx ∈ ωm,i, the line segmentconv{x, xi} lies

entirely inωm,i. In particular, ifωs,i 6= ∅ andωg,i 6= ∅, thenxi ∈ ωs,i ∩ ωg,i.

(DA-4) For eachi ∈ I: If λ2(ωi ∩ ΓΩ) 6= 0, thenxi ∈ ωi ∩ ΓΩ; and, if

λ2

(
ωi ∩ (∂Ω \ ΓΩ)

) 6= 0, thenxi ∈ ωi ∩ ∂Ω \ ΓΩ.



Finite Volume Scheme: Neighbors (1)

nbm(i) := {j ∈ Im \ {i} : λ2(∂ωm,i ∩ ∂ωm,j) 6= 0},
nb(i) := {j ∈ I \ {i} : λ2(∂ωi ∩ ∂ωj) 6= 0}.

∂ωm,1 ∩ ∂ωm,2

∂ωm,1 ∩ ∂ωm,4

∂ωm,1 ∩ ∂ωm,5

ωm,6

∂ωm,7 ∩ ∂ωm,3

ωm,3

ωm,2

ωm,5 ωm,7

ωm,1

∂ωm,7 ∩ ∂ωm,4

∂ωm,7 ∩ ∂ωm,6

ωm,4

x1 x2 x3

x4

x5 x6 x7

Figure 2: Illustration of conditions (DA-4) (withΓΩ = ∅) and (DA-5) as well as of the

partition of∂ωm,i ∩ Ωm according to (15). One hasnbm(1) = {2, 4, 5} andnbm(7) =
{3, 4, 6}.



Finite Volume Scheme: Neighbors (2)

(DA-5) For eachi ∈ I, j ∈ nb(i): xi 6= xj and xj−xi

‖xi−xj‖2 = nωi¹∂ωi∩∂ωj , where‖ · ‖2
denotes Euclidian distance, andnωi¹∂ωi∩∂ωj is the restriction of the normal

vectornωi to the interface∂ωi ∩ ∂ωj . Thus, the line segment joining

neighboring verticesxi andxj is always perpendicular to∂ωi ∩ ∂ωj .

Decomposing the boundary of control volumesωm,i:

∂ωm,i =
(
∂ωm,i ∩ Ωm

) ∪ (
∂ωm,i ∩ ∂Ω

) ∪ (
∂ωm,i ∩ Σ

)
,

∂ωm,i ∩ Ωm =
⋃

j∈nbm(i)

∂ωm,i ∩ ∂ωm,j .



Finite Volume Scheme: Discretizing the Heat Equation

Integrating (1) over[tν−1, tν ]× ωm,i, applying the Gauss-Green integration theorem,

and using implicit time discretization yields

k−1
ν

∫

ωm,i

(
εm(θν)−εm(θν−1)

)−
∫

∂ωm,i

κm∇ θν · nωm,i = k−1
ν

∫ tν

tν−1

∫

ωm,i

fm, (13)

whereθν := θ(tν , ·), andnωm,i denotes the outer unit normal vector toωm,i.

Approximating integrals by quadrature formulas, e.g.

∫

ωm,i

(
εm(θν)− εm(θν−1)

) ≈ (
εm(θν,i)− εm(θν−1,i)

)
λ3(ωm,i).

Decompositions of∂ωm,i, interface and boundary conditions are used on the∇ θν term.

θν,i becomes the unknownuν,i in the scheme.



Finite Volume Scheme: First Glimpse at the Actual Scheme

One is seeking a nonnegative solution(u0, . . . ,uN ), uν = (uν,i)i∈I , to

u0,i = θinit,i (i ∈ I), (14a)

Hν,i(uν−1,uν) = 0 (i ∈ I, ν ∈ {1, . . . , n}), (14b)

Hν,i : (R+
0 )I × (R+

0 )I −→ R,

Hν,i(ũ,u) = k−1
ν

∑

m∈{s,g}

(
εm(ui)− εm(ũi)

)
λ3(ωm,i) (15a)

−
∑

m∈{s,g}
κm

∑

j∈nbm(i)

uj − ui

‖xi − xj‖2 λ2

(
∂ωm,i ∩ ∂ωm,j

)
(15b)

+ σ ε(ũi) u4
i λ2

(
∂ωs,i ∩ ΓΩ

)−
∑

α∈JΩ,i

ε(uν−1,i)
∫

ζα

KΓ(RΓ(θν−1, θν)) (15c)

+ σ ε(ũi) (u4
i − θ4

ext) λ2

(
∂ωs,i ∩ (∂Ω \ ΓΩ)

)
(15d)

+ σ ε(ũi) u4
i λ2

(
ωi ∩ Σ

)−
∑

α∈JΣ,i

ε(uν−1,i)
∫

ζα

K(R(θν−1, θν)) (15e)

−
∑

m∈{s,g}
fm,ν,i λ3(ωm,i). (15f)



Finite Volume Scheme: Approximation of Source Term and Initial Condition

(AA-1) For eachm ∈ {s, g}, ν ∈ {0, . . . , N}, andi ∈ I,

fm,ν,i ≈
∫ tν

tν−1

∫
ωm,i

fm

kν λ3(ωm,i)

is a suitable approximation of the source term, satisfying

(
fm,ν,i kν λ3(ωm,i)−

∫ tν

tν−1

∫

ωm,i

fm

)
→ 0 for kν diam(ωm,i) → 0.

(AA-2) For eachi ∈ I,

θinit,i ≈
∫

ωi
θinit

λ3(ωi)

is a suitable approximation of the initial temperature distribution, satisfying

(
θinit,i λ3(ωi)−

∫

ωi

θinit

)
→ 0 for diam(ωi) → 0.



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (1)

(DA-6) (ζα)α∈IΩ and(ζα)α∈IΣ are finite partitions ofΓΩ andΣ, respectively, where

IΩ ∩ IΣ = ∅ and, for eachα ∈ IΩ (resp.α ∈ IΣ), the boundary elementζα is a

nonvoid, polyhedral, connected, and (relatively) open subset ofΓΩ (resp.Σ),

lying in a2-dimensional affine subspace ofR3.

On bothΓΩ andΣ, the boundary elements are supposed to be compatible with the

control volumesωi:

(DA-7) For eachα ∈ IΩ (resp.α ∈ IΣ), there is a uniquei(α) ∈ I such that

ζα ⊆ ∂ωi(α) ∩ ΓΩ (resp.ζα ⊆ ∂ωs,i(α) ∩ ΓΣ). Moreover, for eachα ∈ IΩ ∪̇ IΣ:

xi(α) ∈ ζα.

Definition and Remark 4.For eachi ∈ I, defineJΩ,i := {α ∈ IΩ : λ2(ζα ∩ ∂ωi) 6= 0}
andJΣ,i := {α ∈ IΣ : λ2(ζα ∩ ∂ωs,i) 6= 0}. It then follows from (DA-1), (DA-6), and

(DA-7), that(ζα ∩ ∂ωi)α∈JΩ,i is a partition of∂ωi ∩ ΓΩ = ∂ωs,i ∩ ΓΩ and that

(ζα ∩ ∂ωs,i)α∈JΣ,i is a partition of∂ωs,i ∩ Σ = ωi ∩ Σ. Moreover, (A-5) implies that at

most one of the two setsJΩ,i, JΣ,i can be nonvoid.



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (2)

ω3

ζ1

ζ7

ω5 ω4

ζ4

ω1 ω2

Γph

x2

x3

x1

x5

ζ5

ζ6

x4

i(1) = 1, i(2) = i(3) = 2,

i(4) = 3, i(5) = i(6) = 4, i(7) = 5

JΩ,1 = {1}, JΩ,2 = {2, 3},
JΩ,3 = {4}, JΩ,4 = {5, 6}, JΩ,5 = {7}

ζ2

ζ3

Figure 3: Magnification of the open radiation regionO1 and of the adjacent part ofΩs. It

illustrates the partitioning ofΓΩ into theζα. In particular, it illustrates the compatibility

condition (DA-7) as well as Def. and Rem. 4.



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (3)

Goal: Discretize
∫

ζα
K(R(θν−1, θν)).

R(θν−1, θν) is approximated by a constant valueRΣ,α(uν−1,uν) on each boundary

elementζα, α ∈ IΣ, whereuν−1 := (θν−1,i(β))β∈IΣ , uν := (θν,i(β))β∈IΣ .

RecallingK(R)(x) =
∫
Σ

Λ(x, y)ω(x, y)R(y) dy , one has

∫

ζα

K(R(θν−1, θν)) ≈
∑

β∈IΣ

RΣ,β(uν−1,uν) Λα,β (α ∈ IΣ), (16)

where

Λα,β :=
∫

ζα×ζβ

Λ ω, Λα,β = Λβ,α ≥ 0,
∑

β∈IΣ

Λα,β = λ2(ζα). (17)

Using (16) allows to write (7) in the integrated and discretized form

RΣ,α(uν−1,uν) λ2(ζα)− (
1− ε(θν−1,i(α))

) ∑

β∈IΣ

RΣ,β(uν−1,uν) Λα,β

= σ ε(θν−1,i(α)) θ4
ν,i(α) λ2(ζα) (α ∈ IΣ).

(18)



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (4)

RΣ,α(uν−1,uν)λ2(ζα)− (
1− ε(θν−1,i(α))

) ∑

β∈IΣ

RΣ,β(uν−1,uν) Λα,β

= σ ε(θν−1,i(α)) θ4
ν,i(α) λ2(ζα) (α ∈ IΣ),

can be written in matrix form:

GΣ(uν−1)RΣ(uν−1,uν) = EΣ(uν−1,uν), (19)

RΣ : (R+
0 )IΣ × (R+

0 )IΣ −→ (R+
0 )IΣ , RΣ(ũ,u) =

(
RΣ,α(ũ,u)

)
α∈IΣ

,

EΣ : (R+
0 )IΣ × (R+

0 )IΣ −→ (R+
0 )IΣ , EΣ(ũ,u) =

(
EΣ,α(ũ,u)

)
α∈IΣ

,

EΣ,α(ũ,u) :=σ ε(ũα) u4
α λ2(ζα),

GΣ : (R+
0 )IΣ −→ RI2

Σ , GΣ(ũ) =
(
GΣ,α,β(ũ)

)
(α,β)∈I2

Σ
,

GΣ,α,β(ũ) :=





λ2(ζα)− (
1− ε(ũα)

)
Λα,β for α = β,

− (
1− ε(ũα)

)
Λα,β for α 6= β.



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (5): Invertibility

Lemma 5.The following holds for eachu ∈ (R+
0 )IΣ :

(a) For eachα ∈ IΣ:
∑

β∈IΣ\{α} |GΣ,α,β(u)| ≤ (1− ε(uα)) GΣ,α,α(u) < GΣ,α,α(u).
In particular,GΣ(u) is strictly diagonally dominant.

(b) GΣ(u) is an M-matrix, i.e.GΣ(u) is invertible,G−1
Σ (u) is nonnegative, and

GΣ,α,β(u) ≤ 0 for each(α, β) ∈ I2
Σ, α 6= β.

Proof. (a): Combining the definition ofGΣ with
∑

β∈IΣ
Λα,β = λ2(ζα) yields

∑

β∈IΣ\{α}
|GΣ,α,β(u)| =

∑

β∈IΣ\{α}

(
1− ε(uα)

)
Λα,β

=
(
1− ε(uα)

) (
λ2(ζα)− Λα,α

)
(α ∈ IΣ),

proving (a) sinceε > 0.

(b): Λα,β ≥ 0 impliesGα,β(u) ≤ 0 for α 6= β, whereasGα,α(u) > 0 by (a). Since

G(u) is also strictly diagonally dominant,G(u) is an M-matrix (see Lem. 6.2 of

Axelsson 1994: Iterative solution methods, Cambridge University Press).



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (6)

Now, Lemma 5(b) allows to defineRΣ by

RΣ(ũ,u) := G−1
Σ (ũ)EΣ(ũ,u), (20)

VΣ : (R+
0 )IΣ × (R+

0 )IΣ −→ (R+
0 )IΩ , VΣ(ũ,u) =

(
VΣ,α(ũ,u)

)
α∈IΣ

,

VΣ,α(ũ,u) := ε(ũα)
∑

β∈IΣ

RΣ,β(ũ,u) Λα,β ,

giving a precise meaning to the approximation (16) of
∫

ζα
K(R(θν−1, θν)):

ε(θν−1)
∫

ζα

K(R(θν−1, θν)) ≈ ε(θν−1,i(α))
∑

β∈IΣ

RΣ,β(uν−1,uν) Λα,β = VΣ,α(uν−1,uν).

Note:RΣ ≥ 0 andVΣ ≥ 0 sinceEΣ ≥ 0 andG−1
Σ ≥ 0.



Finite Volume Scheme: Final Formulation

Foru = (ui)i∈I , let u¹IΩ := (ui(α))α∈IΩ , u¹IΣ := (ui(α))α∈IΣ .

Seek nonnegative(u0, . . . ,uN ), uν = (uν,i)i∈I , such that

u0,i = θinit,i, Hν,i(uν−1,uν) = 0 (i ∈ I, ν ∈ {1, . . . , n}), (21)

Hν,i : (R+
0 )I × (R+

0 )I −→ R,

Hν,i(ũ,u) = k−1
ν

∑

m∈{s,g}

(
εm(ui)− εm(ũi)

)
λ3(ωm,i) (22a)

−
∑

m∈{s,g}
κm

∑

j∈nbm(i)

uj − ui

‖xi − xj‖2 λ2

(
∂ωm,i ∩ ∂ωm,j

)
(22b)

+ σ ε(ũi) u4
i λ2

(
∂ωs,i ∩ ΓΩ

)−
∑

α∈JΩ,i

VΓ,α(ũ¹IΩ ,u¹IΩ) (22c)

+ σ ε(ũi) (u4
i − θ4

ext) λ2

(
∂ωs,i ∩ (∂Ω \ ΓΩ)

)
(22d)

+σ ε(ũi)u4
i λ2

(
ωi ∩ Σ

)−
∑

α∈JΣ,i

VΣ,α(ũ¹IΣ ,u¹IΣ) (22e)

−
∑

m∈{s,g}
fm,ν,i λ3(ωm,i). (22f)



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (7): Maximum Principle

min (u) := min{ui : i ∈ I}, max (u) := max{ui : i ∈ I}.
Lemma 6.For each(ũ,u) ∈ (R+

0 )IΣ × (R+
0 )IΣ , α ∈ IΣ:

σ min (u)4≤ RΣ,α(ũ,u) ≤ σ max (u)4 , (23a)

σ ε(ũα) min (u)4 λ2(ζα)≤ VΣ,α(ũ,u) ≤ σ ε(ũα) max (u)4 λ2(ζα). (23b)

Proof. SinceRΣ(ũ,u) satisfies (18), one has, for eachα ∈ IΣ,

RΣ,α(ũ,u) λ2(ζα)− (
1− ε(ũα)

) ∑

β∈IΣ

RΣ,β(ũ,u) Λα,β ≤ σ max (u)4 ε(ũα) λ2(ζα)

= σ max (u)4
(
λ2(ζα)− (

1− ε(ũα)
) ∑

β∈IΣ

Λα,β

)
,

i.e.GΣ(ũ)RΣ(ũ,u) ≤ GΣ(ũ)Umax,

whereUmax = (Umax,α)α∈IΣ , Umax,α := σ max (u)4,

implying RΣ(ũ,u) ≤ Umax, asG−1
Σ (ũ) ≥ 0. Thus,RΣ,α(ũ,u) ≤ σ max (u)4.

Likewise, one showsRΣ,α(ũ,u) ≥ σ min (u)4, proving (23a). Now (23b) follows from

VΣ,α(ũ,u) := ε(ũα)
∑

β∈IΣ
RΣ,β(ũ,u) Λα,β and

∑
β∈IΣ

Λα,β = λ2(ζα).



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (8): Lipschitz

Lemma 7.For eachr ∈ R+ andũ ∈ (R+
0 )IΣ , with respect to the max-norm, the map

VΣ,α(ũ, ·) is
(
4 σ ε(ũα)λ2(ζα) r3

)
-Lipschitz on[0, r]IΣ .

Proof. θ 7→ λ θ4 is (4λr3)-Lipschitz on[0, r]; RΣ(ũ, ·) is (4σ r3)-Lipschitz on[0, r]IΣ :

∣∣∣
(
RΣ,α(ũ,u)−RΣ,α(ũ,v)

)
λ2(ζα)− (

1− ε(ũα)
) ∑

β∈IΣ

(
RΣ,β(ũ,u)−RΣ,β(ũ,v)

)
Λα,β

∣∣∣

= σ ε(ũα)
∣∣u4

α − v4
α

∣∣ λ2(ζα) ≤ 4σ ε(ũα) |uα − vα|λ2(ζα) r3. (24)

Fix α ∈ IΣ with Nmax := ‖RΣ(ũ,u)−RΣ(ũ,v)‖max = |RΣ,α(ũ,u)−RΣ,α(ũ,v)|. Then

4 σ ε(ũα) ‖u− v‖max λ2(ζα) r3

(24)
≥

∣∣∣Nmax λ2(ζα)− (
1− ε(ũα)

)∣∣∣
∑

β∈IΣ

(
RΣ,β(ũ,u)−RΣ,β(ũ,v)

)
Λα,β

∣∣∣
∣∣∣

Lem. 5(a)
≥ Nmax λ2(ζα)− (

1− ε(ũα)
)∣∣∣

∑

β∈IΣ

(
RΣ,β(ũ,u)−RΣ,β(ũ,v)

)
Λα,β

∣∣∣

≥ Nmax

(
λ2(ζα)− (

1− ε(ũα)
) ∑

β∈IΣ

Λα,β

)
≥ Nmax ε(ũα)λ2(ζα).



Outline

Part 1:

• The Model: Domains, mathematical assumptions, transient nonlinear heat equations,

nonlocal interface and boundary conditions

• Formulation of Finite Volume Scheme: Focus on discretization of nonlocal radiation

terms, maximum principle

• Discrete Maximum Principle, Discrete Existence and Uniqueness

Part 2:

• Piecewise Constant Interpolation, Existence of Convergent Subsequence

– A Priori Estimates I: Discrete norms, discrete continuity in time

– Riesz-Fŕechet-Kolmogorov Compactness Theorem, A Priori Estimates II: Space

and time translate estimates

• Weak Solution: Formulation, discrete analogue, convergence of the discrete

analogue to a weak solution



Discrete Maximum Principle, Discrete Existence (Local in Time)

Theorem 8.Assume(A-1) – (A-7), (DA-1) – (DA-7), (AA -1) and(AA -2). Moreover,

assumeν ∈ {1, . . . , N} andũ = (ũi)i∈I ∈
(
R+

0

)I
. Let

Bf,ν := max
{ ∑

m∈{s,g}
fm,ν,i

λ3(ωm,i)
λ3(ωi)

: i ∈ I
}

, (25a)

LV := 4 σ max
{λ2(ωi ∩ Σ)

λ3(ωi)
+

∑

α∈JΩ,i

λ2(ζα)− Λα,ph

λ3(ωi)
: i ∈ I

}
, (25b)

m(ũ) := min
{

θext, min (ũ)
}
, Mν(ũ) := max

{
θext, max (ũ) +

kν

Cε
Bf,ν

}
.

(25c)Then each solutionuν = (uν,i)i∈I ∈
(
R+

0

)I
to

Hν,i(ũ,uν) = 0 (26)

must lie in[m(ũ),Mν(ũ)]I . Furthermore, ifkν is such that

kν

(
Mν(ũ)3 −m(ũ)3

)
LV < Cε, (27)

then there is a uniqueuν ∈ [m(ũ), Mν(ũ)]I satisfying(26).



Discrete Maximum Principle(Hν,i(ũ,uν) = 0) ⇒ uν ∈ [m(ũ),Mν(ũ)]I

Sketch of Proof: Proof abstract max principle for class of nonlinear systems.

Lemma 9.Consider a continuous operatorH : [a, b]I −→ RI , H(u) =
(Hi(u)

)
i∈I

.

Assume there are continuous functions

bi ∈ C([a, b],R), h̃i ∈ C([a, b],R), g̃i ∈ C([a, b]I ,R), i ∈ I, satisfying

(i) There isũ ∈ [a, b]I such that, for eachi ∈ I, u ∈ [a, b]I :
Hi(u) = bi(ui) + h̃i(ui)− bi(ũi)− g̃i(u).

(ii) There areθext ∈ [a, b] and families of numbersβi ≤ 0, Bi ≥ 0, such that, for each

i ∈ I, u ∈ [a, b]I , θ ∈ [a, b]:

max
{

max (u) , θext

} ≤ θ ⇒ g̃i(u)− h̃i(θ) ≤ Bi, (28a)

θ ≤ min
{
θext, min (u)

} ⇒ g̃i(u)− h̃i(θ) ≥ βi. (28b)

(iii) There is a family of numbersCb,i > 0 such that, for eachi ∈ I andθ1, θ2 ∈ τ :

θ2 ≥ θ1 ⇒ bi(θ2) ≥ (θ2 − θ1) Cb,i + bi(θ1).

Lettingβ := min {βi/Cb,i : i ∈ I} , B := max {Bi/Cb,i : i ∈ I},
m(ũ) := min

{
θext, min (ũ) + β

}
, M(ũ) := max

{
θext, max (ũ) + B

}
one has:

u0 ∈ [a, b]I and H(u0) = 0 := (0, . . . , 0) imply u0 ∈ [m(ũ), M(ũ)]I .



Discrete Maximum Principle, Sketch of Proof: Choose Functions and Constants for Lemma (1)

bν,i : R+
0 −→ R+

0 , bν,i(θ) := k−1
ν

∑

m∈{s,g}
εm(θ) λ3(ωm,i), (29a)

Lκ,i :=
∑

m∈{s,g}
κm

∑

j∈nbm(i)

λ2

(
∂ωm,i ∩ ∂ωm,j

)

‖xi − xj‖2 ≥ 0, (29b)

CV,i(ũ) := σ ε(ũi) λ2

(
∂ωs,i ∩ ΓΩ

)

+ σ ε(ũi)λ2

(
∂ωs,i ∩ (∂Ω \ ΓΩ)

)
+ σ ε(ũi)λ2(ωi ∩ Σ) ≥ 0, (29c)

h̃i : R+
0 −→ R+

0 , h̃i(θ) := θ Lκ,i + θ4 CV,i(ũ), (29d)



Discrete Maximum Principle, Sketch of Proof: Choose Functions and Constants for Lemma (2)

g̃ν,i : (R+
0 )I −→ R+

0 ,

g̃ν,i(u) :=
∑

m∈{s,g}
κm

∑

j∈nbm(i)

uj

‖xi − xj‖2 λ2(∂ωm,i ∩ ∂ωm,j)

+
∑

α∈JΩ,i

VΓ,α(ũ¹IΩ ,u¹IΩ) + σ ε(ũi) θ4
ext λ2

(
∂ωs,i ∩ (∂Ω \ ΓΩ)

)

+
∑

α∈JΣ,i

VΣ,α(ũ¹IΣ ,u¹IΣ) +
∑

m∈{s,g}
fm,ν,i λ3(ωm,i), (30a)

βi := 0, Bν,i :=
∑

m∈{s,g}
fm,ν,i λ3(ωm,i), Cb,ν,i := k−1

ν Cε λ3(ωi) > 0. (30b)

Useσ ε(ũα) min (u)4 λ2(ζα) ≤ VΣ,α(ũ,u) ≤ σ ε(ũα) max (u)4 λ2(ζα) to prove

estimates (28).



Discrete Maximum Principle, Sketch of Proof: Proof of Lemma

Consideru ∈ [a, b]I satisfyingmax (u) > M(ũ). Let i ∈ I be such thatui = max (u).
Then, sinceui > M(ũ) ≥ θext, (28a) applies withθ = ui, yielding

g̃i(u)− h̃i(ui) ≤ Bi. (31)

Moreover, sinceui > M(ũ) ≥ max (ũ) + B ≥ ũi, one can apply (iii) withθ2 = ui and

θ1 = ũi to get

bi(ui) ≥ (ui − ũi)Cb,i + bi(ũi). (32)

Combining (31) and (32) with (i), we compute

Hi(u) = bi(ui)− bi(ũi) + h̃i(ui)− g̃i(u) ≥ (ui − ũi)Cb,i −Bi

>(ũi + B − ũi)Cb,i −Bi ≥ 0,

i.e.u is not a root ofH. An analogous argument shows that, ifu ∈ [a, b]I and

min (u) < m(ũ), thenu is not a root ofH, showing that each root ofH must lie in

[m(ũ),M(ũ)]I .



Discrete Existence: Basic Idea of the Proof

The hypothesis

kν

(
Mν(ũ)3 −m(ũ)3

)
LV < Cε,

allows the construction of a contracting map

f : [m(ũ),Mν(ũ)]I 7→ [m(ũ),Mν(ũ)]I

such thatuν ∈ [m(ũ),Mν(ũ)]I is a fixed point off if, and only if,

Hν,i(ũ,uν) = 0.



Discrete Maximum Principle, Discrete Existence (Global in Time)

Theorem 10.Assume(A-1) – (A-7), (DA-1) – (DA-7), (AA -1) and(AA -2). Let

m := min
{
θext, ess inf(θinit)

}
, (33)

Mν := max
{

θext, ‖θinit‖L∞(Ω,R+
0 )

}
+

tν
Cε

∑

m∈{s,g}
‖fm‖L∞(0,tν ,L∞(Ωm)) (34)

for eachν ∈ {0, . . . , N}.
If (u0, . . . ,uN ) = (uν,i)(ν,i)∈{0,...,N}×I ∈ (R+

0 )I×{0,...,N} is a solution to

Hν,i(uν−1,uν) = 0 for eachν ∈ {1, . . . , N}, thenuν ∈ [m,Mν ]I for each

ν ∈ {0, . . . , N}. Furthermore, if

kν

(
M3

ν −m3
)

LV < Cε

(
ν ∈ {1, . . . , n}), (35)

whereLV is defined according to(25b), then the finite volume scheme has a unique

solution(u0, . . . ,uN ) ∈ (R+
0 )I×{0,...,N}. A sufficient condition for(35) to be satisfied is

max
{
kν : ν ∈ {1, . . . , n}} (

M3
N −m3

)
LV < Cε. (36)

Proof: Induction onn ∈ {0, . . . , N}.



Thank You for Your Attention !


