
Optimal Contol of a PDE with
Weakly Singular Integral Operator:

Tuning Temperature Fields During Crystal Growth

Christian Meyer1, Peter Philip2, Fredi Tr̈oltzsch1

1TU Berlin
Department of Mathematics

Berlin, Germany

2University of Minnesota
Institute for Mathematics and its Applications (IMA)

Minneapolis, USA

IMA Workshop: Singularities in Materials

Minneapolis, October 25, 2004



SiC growth by physical vapor transport (PVT)
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• Polycrystalline SiC powder sublimates inside induction-

heated graphite crucible at 2000 – 3000 K and≈ 20 hPa.

• A gas mixture consisting of Ar (inert gas), Si, SiC2, Si2C,

. . . is created.

• An SiC single crystal grows on a cooled seed.

Goal:
Prescribe temperature gradientin the gas phase such that it is

advantageous for the growth process (e.g.radially flatnear crystal

surface, sufficientlylarge in verticaldirection).



Formulation of Control Problem for Stationary Heat

Transport Model

• Simplified domain:
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Figure 1: 2-dimensional section through an exemplary domain

for nonlocal radiative heat transfer.

• Due to high temperatures: Radiative heat transfer between

surfaces of cavities modelled byweakly singular integral

operator.

• Control quantity withcontrol constraints: Heat source field.

Symbols:

y: absolute temperature, ν: regularization parameter,

z: desired temperature gradient,qr: radiative heat flux,

u: control (power density of heat sources),ε: emissivity,

κs, κg: thermal conductivities, y0: external temperature,

σ: Stefan-Botzmann radiation constant.
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minimize J(y, u) :=
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subject to −div(κs∇y) = u in Ωs

−div(κg∇y) = 0 in Ωg
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0 onΓ0

and ua ≤ u(x) ≤ ub a.e. inΩ,

qr = (I −K)(I − (1− ε)K)−1ε σ|y|3y := G σ|y|3y,

with weakly singular integral radiation operatorK:

(K y)(x) =

Z

Γr

ω(x, x̃) y(x̃) dsx̃

with a symmetric kernelω (view factor):

ω(x, x̃) = Ξ(x, x̃)
[nr(x̃) · (x− x̃)][nr(x) · (x̃− x)]

π|x̃− x|4 ,

Ξ(x, x̃) =

8
<
:

1 if x, x̃ are mutually visible,

0 otherwise.



Mathematical assumptions (A):

Ω ⊂ R3, Ω = Ωs ∪ Ωg, Ωs ∩ Ωg = ∅, where each of the setsΩ,

Ωs, Ωg, is nonvoid, bounded, open, and connected. The boundary

Γ0 of Ω is Lipschitz; the interfaceΓr = Ωs ∩ Ωg is a closed

Lipschitz surface that is piecewiseC1,δ. Moreover,Γr is bounded

away fromΓ0 (see Fig. 1).

σ ∈ R+, κ ∈ L∞(Ω), κ|Ωs = κs, κ|Ωg = κg, κ ≥ κmin > 0 a.e.

onΩ, ε ∈ L∞(Γ0 ∪ Γr), 1 ≥ ε ≥ εmin > 0 a.e. onΓ0 ∪ Γr.

Semilinear state equation of (P), weak form:Z

Ω

κ∇y · ∇v dx +

Z

Γr

G(σ|y|3y)v ds +

Z

Γ0

εσ |y|3y v ds

=

Z

Ωs

u v dx +

Z

Γ0

εσ y4
0v ds ∀ v ∈ V, (1)

V = {v ∈ H1(Ω) | τr v ∈ L5(Γr) , τ0 v ∈ L5(Γ0)}.
Theorem 1[Existence (state), Laitinen, Tiihonen 2001]: For every

u ∈ H1(Ωs)
∗ andy0 ∈ L5(Γ0), the semilinear equation (1) has a

unique solution inV .

Theorem 2[L∞-bound, M., P., T. 2004]: Ifu ∈ L2(Ωs) and

y0 ∈ L16(Γ0), then there exists a constantc only depending onΩ

such that
‖y‖L∞(Ω) + ‖y‖L∞(Γr∪Γ0) ≤ c (1 + ‖u‖L2(Ωs) + ‖y0‖L4(Γ0) ).

Theorem 3[Minimum principle, M., P., T. 2004]: Ifu(x) ≥ 0 a.e.

in Ωs andy0(x) ≥ ϑ > 0 a.e. onΓ0, theny(x) ≥ ϑ a.e. onΩ and

a.e. onΓr ∪ Γ0.



Theorem 4[Existence (optimal control), M., P., T. 2004]: If

y0 ∈ L16(Γ0), andy0 ≥ ϑ > 0, then there exists a solution

(ū, ȳ) ∈ L∞(Ωs)× V∞ to (P).

Adjoint equation, weak form:

Z

Ω

κ∇p · ∇v dx + 4

Z

Γr

σ |ȳ|3 G∗(p) v ds + 4

Z

Γ0

εσ |ȳ|3 p v ds

=

Z

Ωg

(∇ȳ − z) · ∇v dx =: 〈w, v〉 ∀ v ∈ H1(Ω). (2)

Lax-Milgram: Ex. lin. cont. op.BΩ : H1(Ω)∗ → H1(Ω),

Br : L2(Γr) → H1(Ω) such that

p = BΩ w + Br (−4 σ|ȳ|3 G∗(τrp))

Theorem 5[Existence (adjoint state), M., P., T. 2004]: If

ȳ ∈ V∞, ȳ ≥ ϑ > 0, andλ = 1 is not an eigenvalue of

B(ȳ)( · ) := −τr Br(4 σ|ȳ|3 G∗( · )), B(ȳ) : L2(Γr) → L2(Γr),

then to everyw ∈ H1(Ω)∗, there exists a unique solution to (2) in

H1(Ω).

First order necessary optimality conditions:

j′(ū)(u− ū) =

Z

Ωs

(u− ū)(p + νū) dx ≥ 0 ∀u ∈ Uad,

ū(x) = P[ua,ub]

¡
− 1

ν
p(x)

¿
.



Numerical results for the simplified problem (z = (0, 20)):
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Experiment 1: Isotherms inΩg.
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Experiment 2: Isotherms inΩg.

Experiment 1: Low temp:ua = 2 k, ua = 8k, ν = 5 · 10−7.

Experiment 2: High temp:ua = 125 k, ua = 725 k, ν = 3 · 10−9.



A more complicated, realistic control problem for the

temperature field: Numerical treatment

Known fact: Crystal surface forms along isotherms.

Goal: Radially constant isotherms during growth.

Control:
R

Ωgas

w(z)
ş∂T

∂r
(r, z)

ť2

d(r, z) −→ min.

PDEs(vgas = 0, f(x, T, P ) = f(x, P )):

− div
ą
κ(Ar)(T )∇T

ć
= 0 in Ωgas,

− div
ą
κ(x, T )∇T

ć
= f(x, P ) in Ω \ Ωgas.

Constraints:

• Troom ≤ T ≤ Tmax in Ω,

• Tmin,SiC-C ≤ T ≤ Tmax,SiC-C on ΓSiC-C (need right

polytype),

• T ¹ΩSiC-S≥ T ¹ΓSiC-C +δ, δ > 0 (source temp.≥ seed

temp.+δ),

• 0 ≤ P ≤ Pmax (bounds for heating powerP (control

parameter)).

ΓSiC-C

Ωgas

ΩSiC-S



Numerical results: Optimization of temperature field

(a): T (P = 10.0 kW, zrim = 24.0 cm, f = 10.0 kHz)

SiC crystal

SiC powder

3002 K
3007 K

3012 K

3022 K
3042 K

(b): T (P = 7.98 kW, zrim = 22.7 cm, f = 165 kHz)
Nelder-Mead res. forFr,2(T )

SiC crystal

SiC powder

2304 K

2314 K
2334 K

(c): T (P = 10.3 kW, zrim = 12.9 cm, f = 84.9 kHz),
Nelder-Mead res. forFr,2(T )−Fz,2(T )

2

SiC crystal

SiC powder

2299 K

2304 K

2314 K

2324 K

2364 K
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