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Interacting Bose Gas

o N particles in a box of length L: A, = [, £]°

@ One-particle Hilbert space H = L% (A;)

e N particles: H®N = P, H®N P, projection onto symmetric states
°

interaction V, Hamiltonian

Z—MZAL+ D Vli—x) m=o-

1<i<j<N

@ ground state energy

density p = L—'\é fixed

thermodynamic limit
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Asymptotic Expressions

With appropriate conditions on V

@ high density
lim eo(p) _
p—oo D

[v
R3

128
=4 1+ —— 3 fi
eo(p) = Amppa ( + 157 VP2 + O(WP)) or p— 0

@ scattering length a describes range of the potential

N -

@ low density: Lee-Huang-Yang formula
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High Density

Theorem (Lieb, 1963)

Let V satisfy V >0 and V, V € L1. Then

%p/V>eo(p)>%p/V—@

EO(N7 L) 1 1
TN = W gl (¥ Hi) < 5 (o, Hio) for any o

Proof: Upper bound:

Choose g = L=3N/2 then

1 N(N -1)
, HY :—/ dxp ...dx V(xi—x; :7/ V(x1—x:
{tho, Hywo) A 1 N Z (xi—x;) 516 o (x1—x2)

1<i<j<N

= eo(p) < N <¢07HN¢0> = 2P/ v

N—)
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Lower bound: Eo(N. 1) )
ol IV, .
TN Wi, 2 Vi)

1<i<j<N

Minimum attained at x; = a;. Define o(x) = Zf\’:l d(x — a;). Then

1
N Y. V(ai-a)

1<i<jEN

WV
N~
S
\
<
|
N~
=~
=2

using (0) = N
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Low Density

Book: The Mathematics of the Bose Gas and its Condensation (Lieb, Seiringer,
Solovej, Yngvason)

Definition (Scattering length)

Let V > 0 radial, V(r) = 0 for r > Ry. Then define the scattering energy

8mua = inf{/ 2|V + V[, I|m P(x 1}

where a is the scattering length. There is a unique minimizer 0 < ¢y < 1 with

2 for x| = R

|
—2plapg + Vipo = 0
Example: Hard sphere V(x) = oo for [x| < R, V(x) =0 for |x| > 0: then a= R
@ describes two particle energy

o a: effective range
@ low density: high interparticle distance, two-particle contributions important

Po(x) =1—
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Theorem (Lieb-Yngvason, 1998)

Let V > 0 radial, V(r) =0 for r > Ry. Define Y = 4npa®/3. Then

eo(p) = dmppa(l — CYI),

e p~1/3: average interparticle distance
o Y smallif p~/3 > a

Proof: main steps
@ split box of length L into boxes of length /, consider L — oo while / fixed
@ reduce to nearest-neighbour interaction

@ replace the potential by a smeared-out version

Jakob Oldenburg Asymptotics of the Energy of the Bose Gas June 9, 2021



Proof of the Theorem:
@ N particles in a box of length L

@ split box into smaller cubes (cells) of fixed length /

@ choose N = kM: ke N, M3 e N

e define / via pl* = k & 13 = M3

@ M boxes with k particles per box on average

@ take M — oo, [ fixed

@ want lower bound for the energy: Neumann boundary conditions on the boxes

L . L 12
Hy = _NZA,' + Z V(xi—x), n= >m
i=1 1<i<j<N
Idea:
o distribute particles in the cells: Mc, cells with n particles

@ drop interactions between different cells (V > 0)
@ impose Neumann boundary conditions on cells
@ minimize over distributions

N N N
Eo(N,L) > l\/l?wir; Z cnEo(n, 1)  with Zc,, =1, Z nc, = k
e n=0 n=0
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@ superadditivity: Eo(n+ n’,1) > Eo(n, 1) 4+ Eo(n’, 1) (ignore interactions)
e assume Eg(n, 1) = K(I)n(n —1) for 0 < n < 4k
e assume K(/) > 4rpal=3(1 — C'YY/7) for p small enough

N 4k N
Z cnEo(n, 1) = Z cnEo(n, 1) + Z cnEo(n, 1)
n=0 n=0 n=4k+1
4k N N
K /)Z Gn(n-1)+ > {EJ Eo(4k, 1)
= n=4k+1
/)ch (n—1)+ Z c,, o(4k, 1)
n=4k+1
N
K I)chanm(m—l) K4k = 1) 4k_ D Z Cah
n=1 m=1 n=4k+1

4k —1 2k
> KW (t(t—1)+ (k—1) where t = ah < k
( . ) wet=d e
K(Nk(k —1)
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N
> cabo(n 1) = K(Dk(k = 1),  K(I) > 4mpal3(1— C'YV)
n=0

N
= Eo(N, L) = M min cnEo(n, |
o(H.) > M3 o)

> NK(1)(pl® — 1)
1

1/17
> 4mpap(l— C'YV)(1 - )

> 4mpap(l — CYYYT) if pi® > ¢y Y/

The claim follows by choosing / large in comparison to the interparticle distance.

Left to show: bound for cells
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Lemma (first version by Dyson, 1957)

Let U(r) > 0 be such that [, r?U(r) <1, U(r) =0 for r < Ry and let B C R* be
star-shaped with respect to 0. Then for all differentiable 1)

[ 2Vl +VIP > 2pa [ Ul

Proof: Consider radial integral with fixed angles and write ¥(x) = Q u(0)=0

along this line.
Take U(r) = %8(r — R) for R > Ry. Using |V|* > 0,4 the claim follows if

R
R
/
where Ry > R is the length of the radial line (Ry < R is trivial).

Ry 5 R
/ u'—ﬁ‘ +V|u|22/
0 r 0

Minimize RHS with u(0) =0, u(R) = R — a (possible since everything is
homogeneous) — related to scattering equation

2
u - %’ + V|u’ = 2palu(R)] /R?

2
u’—ﬂ‘ + V|uf
r
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Minimizer up(r) of fOR 2u v — %|2 + V |uf? with u(0) =0, u(R) = R — a satisfies
Euler-Lagrange equation

—2pug (r) + V(r)ug(r) = 0.
Compare to scattering equation:

a
—2ul\pg + Vipg =0,  tho(x) = wo(|x|]) =1 — m for |x| = Ro.

up(r) = ripo(r) solves the EL equation and satisfies boundary conditions.
EL equations plus integration by parts using ug(r) = r — a for r > Ry:

R ui? R
/ 21 u’—f‘ +V\u|22/ 2
0 r 0

R / 2
2uou u
= 2u/0 (uh)? — 22250 4 —rg + ug uo

Un 12
u{)—TO’ + V|u0\2

r
2

=2u <U6Uo|g - r0|§>

(R—a)?

Y U S )

(ot

R—a (R — a)? u(R)?
=2ua R > 2ua 2 2
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General U: decompose

/OO dR—5(r — R)U(R)R?

Ro

Know for a radial line with Ry > R

Ry
J

u 2 5 o0 R1
u’——’ VY >/ dRU(R)Rz/
r Ro 0

[e's) R:
! 1
> 2ua/ dRU(R)R2/0 dr 5 0(r - R) |u(r)[?

Ro

Ry
:2ua/0 dru(r) u(r)|?

’ u|? 2 R 1 2
u —7’ + V|u 22/13/0 drﬁé(r—R)|u|
Integrate

Ry
A

2
u’fﬂl +V|uf
r
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Need to show the lower bound for a cell of fixed size:
e Eo(n, /) = K()n(n—1) for 0 < n < 4k
o K(I) > 4mpal=3(1 — C' YY) for p small enough
For particles X := xq,..., x, define nearest-neighbour potential

Wy(X) = = Z V(xi — xj(iy), J(i) = nearest neighbour of i

=—pd A+ D V(6—x) =T+ Wy(X) = Hy(X)

1<i<j<n

ya

Define Ug for R > Ry via Ur(r) = z2m 1(Ro < r < R).
0

Recall Dyson-Lemma:

[ 2ul 9ol + Vil > 2ua [ Uluf
B B
for U(r) = 0 such that [, r2U(r) <1, U(r) =0 for r < Ry. Want to show:

’qur(X) = paWy,
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-~ 1
() =3 / XV = 53 / XVl i) [HOOF

@ consider xj integral
@ view x», ..., X, as fixed
@ 1, xj(;) functions of x;
@ split A; into Voronoi cells: By = {x € Aj| minagj<n [x — x| = |x — xi|},
k>2
e X =x2...X%p
Apply Dyson-Lemma in the cells

9% [ a0 (1920007 5 3V - w00

>/ dX [ dxq paUr(xy — xi) [0(X)[?
A? B

Sum over Voronoi cells:

1
p [ X IVa00P+; [ ax Vea—xm) 0P > | dXpabas) [0
L L L
Summing over i gives the result.
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H) > eT 4+ (1 —e)H, = eT + (1 — e)paWy, = H.r

@ view €T as unperturbed operator, (1 — €¢)pualWy, as perturbation
@ ground state of €T: 9y = ,3,,% (o, T1ho) =0

R R .
o Ey" < E["" lowest eigenvalues of H, g

@ Temple's inequality: <w0, (He,r — EOE’R)(HE,R — Ef’R)¢0> > 0 implies

<¢0’ HS,R¢0> — (40, He,rt)0)°
ES® — (1o, He,rtbo)
(1o, H2 o )
EfT — (vo, He,r0)

) 1- Wi R 2
Z (Yo, (1 — €)uaWuygiho) — Ef<71'#0 (<(¢0, (i)uae)uUaJVZiZd

EfT: second eigenvalue of ¢ T. Necessary: EfT = eun?/I? > (1o, He rt0).

ES’R > (o, He r%0) —

> (o, He rY0) —
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3
WUR ZUR X_j() UR(r):ml(R0<r<R)

Want bounds on (1/10, WUR1/J0>Z

1 t 3
<¢07 WURwO> == /3,1/7 Xm...an;m]l(Ro < |X,' _XJ(I)‘ < R)

n 3
!

o lower bound: integrate only over x; € [ — R,/ + R]?
o probability that Ry < |x; — x| < R is Q = =& R0
30 (I—2R)? -
= (o, Wogtho) > —om S UZ2R 0 gy
RE_R3 |

o3 (RN 1
~ R3-R3 / 1+ Q(n—1)

_ 4mn(n—1) (1 2R>3 1

3 1) 1+Q(n—1)
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similarly

3n n—1
(10, Wuptho) < m(l -(1-Q)")
3n
Spopd-b
4rn(n—1)
and UE, = %UR implies
(o, Wi, o) < Ql3 (Zbo, Wy tbo)
Put together:
Eo(n, 1) > ESR > (1 — e)ua (v, Wo, tho) (1 — 272" =
Wz R 2R T O, Tk QI en? — al? ()0, Wugtho)

— correct leading order
Corrections are O(YY/17) if e = R/I = YY1, Q = O(YY/'7), pR® = Y?/17,
Length scales: a < R < p~/3 < | < (pa)~1/?
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Theorem (Dyson, 1957)

For a hard-sphere potential with range a we have for small Y = 4rwpa®/3

1+42Yy1/3
eo(p) < 4ﬂﬂpam

Idea of the proof:
o trial state for upper bound of Eq(N, L)

@ can drop symmetry condition for ground state energy
(] ’(/J(Xl, . XN) = Fl(Xl)Fz(Xl,X2) . FN(Xla .. .XN)
@ idea: insert particles one after the other
@ when adding j only consider particles 1,...,j —1
o Fi=1i>1:Fi(x,...,x;) = f(t;) with t; = min(|x; — x| ,j=1,...,i — 1)
o define nearest-neighbour distance b via %w‘L’—z(N -1)=1
@ choose

0 ifr<a

fr)=¢+=(1-2) ifa<r<b
1 if b<r

@ related to scattering solution
@ calculation yields the desired bound
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