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Lecture in the winter term 2018/19
Symplectic Geometry

Please note: These notes summarize the content of the lecture. Many details and
examples are omitted. Sometimes, but not always, I provide a reference for proofs,
examples or further reading. I will not attempt to give the first reference where a
theorem appeared. Some proofs might take two lectures although they appear in a
single lecture in these notes. Changes to this script are made without further notice
at unpredictable times. If you find any typos or errors, please let me know.

1. LECTURE ON OCTOBER 15 — DEFINITION, BASICS, LINEAR ALGEBRA

e Definition: Let M?" be a smooth 2n-manifold. A symplectic form on M is
a smooth 2-form w which is closed (dw = 0) and non-degenerate, i.e. for all
p€ M and 0# X € T,M thereis Y € T,M so that w(X,Y) # 0.

e Examples: Area forms on surfaces are symplectic forms. If (M, w;) and
(M, wy) are symplectic, then priw; + priws is symplectic.

e Example: The standard symplectic structure on R?" is

w = qu:i A dy;.

e Fact: w represents a deRham cohomology class. If you want to know what
that means see [J&] or [BT].

e Definition: Let V be a real vector space of dimension 2n. A symplectic form
on V is a non-degenerate 2-form w € A2V*.

o If (M,w) is a symplectic manifold, then (7,M,w,) is a symplectic vector space
for all p € M.

e Example: Let U a real vector space. Then U@ U™ carries a natural symplectic
structure:

w((v, ), (w, B)) = a(w) = H(v).

e Definition: Let (V,w) be a symplectic vector space and U a subspace. Then
Ul ={X e V|w(X,Y)=0forall Y € U}.

e Definition: Let (V,w) be a symplectic vector space and U C V' a subspace.

Then U is
isotropic <= w|y =0, i.e. U C Ut.

coisotropic <= U C U.
symplectic <= U NU*~ = {0}, i.e. wy is symplectic
Lagrangian <= U = Ut~.

e If (V,w) is a symplectic vector space, then

V—V
X r— (Y — w(X,)Y))

is an isomorphism. Hence, dim(U)+dim(U++) = dim(V) for U C V a subspace.
In particular, dim(L) = dim(V')/2 if L C V is Lagrangian.



e Definition: Let (V,w) be a symplectic vector space. A symplectic basis is a
basis ey, ..., €, f1,..., fn such that

W(GZ‘, ej) = W(fz‘, fj) = 0 and w(ei, fj) = 5@]
e Lemma: Every symplectic vector space admits a symplectic basis.

e Relative versions of this statement hold: for example: Let ey, ..., e, be a basis
of an isotropic subspace of V, then this basis extends to a symplectic basis of
V.

e Corollary: A 2-form on a 2n-vector space is non-degenerate if and only if
wA ... A\Nw=w" is non-vanishing.

e Corollary: If (M,w) is a closed symplectic manifold, then w® # 0 € H3%(M)
for all 0 < k <n.

e This is an immediate consequence of Stokes theorem. In particular, symplectic
manifolds have a canonical volume form and orientation.

e Example: Symplectic structure on cotangent bundles:

Let M be a smooth manifold. Then define the tautological 1-form A, on

T* M using the projection pr : T*"M — M via

Ast(v) = a(pr,v) for v € T,T*M.

Then wy := d)\g is symplectic: dwy = 0 follows from d? = 0, non-degeneracy
follows from a computation in local coordinates induced by coordinates on M.

2. LECTURE ON OCTOBER, 18 — COMPATIBLE (ALMOST) COMPLEX STRUCTURES

e Definition: Let V be a real vector space. A linear map J : V — V is a
complex structure if J> = —Idy. A complex structure is compatible with a
symplectic form w if and only if d;(X,Y) = w(X, JY) is a (positive definite)
Euclidean metric.

e Lemma: Let (V,w) be symplectic. There is a continuous map

{g Euclidian sturcture on V'} — {J complex structure compatible with w}

so that g; maps to J for every compatible complex structure J.

e Proof: For a Euclidean metric g choose an endomorphism A, of V' so that
w(X,Y) =g(4,X,Y). Then A, is antisymmetric. Let P be the unique positive
definite matrix so that P> = AAT and set J, = P~'A,.

e Corollary: The space of complex structures compatible with w is contractible.

e Remark: If J is compatible with w, then (X,Y) = ¢;(X,Y) —iw(X,Y) is a
Hermitian structure on V.

e Definition: Let (R*",w,) be the symplectic vector space. The symplectic
group Sp(2n) is

Sp(2n) = {¢¥ € GI(2n) | Y*'w = w}.

e Example: Sp(2) = SI(2,R) is non-compact.

e Warning: In the theory of Lie groups, there is a family of compact Lie groups
which are also called symplectic (cf. [BtD] p.8). They are quite different from
the symplectic groups we consider.

e Fact: Sp(2n) = {¢ € GI(2n,R) | T Jip = J} where J is the standard complex
structure on R?" ~ C".

e Lemma:

1. Sp(2n) C GI(2n,R) is a closed subgroups, hence a Lie subgroup. It is
closed under transposition, i.e. ¥7 € Sp(2n) for ¢ € Sp(2n).



2. det(yp) =1 for ¥ € Sp(2n).

3. If X is an eigenvalue of ¢ € Sp(2n) then so is A™'. If X is a zero of
det(t) — AId), then so are A~ ), P

4. If A # 1, then the A-eigenspace is w-orthogonal to the p-eigenspace.

0 -—id
2n _
e On R let']_(id 0

> . This is compatible with the standard symplectic
structure.

A complex matrix Z = X + Y acts on v = z + 1y € R" @ iR" via Zv =
(X —Yy) +i(Yax — Xy). In this way one identifies Gl(n, C) with a subgroup
of GI(2n,R).

e Lemma: Sp(2n) N O(2n) = Sp(2n) N Gl(n,C) = O(2n) N Gl(n,C) = U(n).

e Proposition: v symplectic has a unique decomposition v = PQ with P
symplectic, symmetric and positive definite and unitary Q).

e Remark: One has to check that P = (¢¢7)/? is symplectic.

e Remark: Considering P, = (¢¢7)* with s € [0, 1] one obtains that U(n) is a
deformation retract of Sp(2n). In particular, m;(Sp(2n)) ~ Z.

e Definition: An almost complex structure on a manifold M is a base point
preserving smooth map J : TM — T'M so that J|z, s is a complex structure
for all p € M.

e Definition: A complez structure on a manifold M is a smooth atlas (p; : U; C
M — ¢;(U;) € C"); so that transition functions are holomorphic.

e Remark: A complex structure induces an almost complex structure, but not
every almost complex structure is obtained in this way [McDS], p.123 ff.

e Definition: Let (M, w) be a symplectic manifold. An almost complex structure
is adapted to w if g(X,Y) = w(X, JY) is a Riemannian metric.

e Definition: A Kéhler manifold (M, J,w) is a symplectic manifold with a com-
plex structure so that the induced almost complex structure is compatible with
w.

e Theorem: Every symplectic manifold admits an adapted almost complex
structure.

e Proof: Choose a Riemannian metric and for each 7,M choose a complex
structure as above.

e Observation: If (M,w,J) is a manifold with almost complex structure com-
patible with the symplectic structure w and N C M is a submanifold so that
J(T'N) = TN, then w|y is symplectic. Hence, complex submanifolds of Kéahler
manifolds are symplectic. This is a rich supply of closed symplectic manifolds
with interesting topologies.

Using the fact that bg,y1(M) has to be even when M is Kéhler, Thurston
[Th] provided an example of a closed manifold which is symplectic but does
not admit a Kahler structure.

3. LECTURE ON OCTOBER, 21 — MOSER METHOD

e Reference: Section 3.2. of [McDS], see also Chapter 2 in [Ge]
e Reminder: Let X be a complete vector field on M, ¢; an isotopy (obtained
by integrating the time dependent vector fields X;) and a € Q*(M). Then



Lxa =1xda + dixa and for a; a smooth family of forms

d . [ d
% —to (¢t at) - ¢to (dt

(e =+ LXtO Oéto) .

t=to

Let a; be a smooth family of exact forms. Then there is a family of primitives
By (i.e. dfBy = o). There are several ways to do this, see for example [BT] for
an explicit construction or use Hodge theory [Ja].
General Problem/Moser method: Let a; be a family of k-forms. Is there
a family (an isotopy) of diffeomorphism ¢; so that

925:0% = Qp

and ¢9 = id. Differentiating this we get &4 = —Lx, ;. Conversely, if this
equation is satisfied for a smooth family of vector fields X, then the induced
isotopy ¢; has the desired property.

Theorem (Moser): Let €, be two volume forms on the closed manifold
M with the same total volume. Then there is a diffeomorphism ¢; of M so
that QSTQI = Qo.

Proof: Apply the Moser method to the family €, = tQ; + (1 —)Q, ¢ € [0, 1]
of volume forms. Since the total volume of €2; is constant, Qt is exact (it is
obviously closed as form of top degree). Let 8; be a smooth family of primitives.
We look for a family of vector fields X; so that

dﬂt - Qt - _diXtQt-

If X; solves ix,(); = —f;. This equation has a unique solution since €2; is a
volume form.

Theorem (Moser stability): Let M be closed and w; a family of symplectic
forms such that [w;] € H3p(M) is constant. Then there is an isotopy ¢; so that

<Z52kwt = Wo-

e Proof: Same as above.
e Remark: It is hard to determine whether or not two symplectic forms are

connected by a path of symplectic forms. Therefore, the scope of the previous
theorem is limited. However, the Moser method can be applied to obtain
normal forms/coordinates in which a differential form has a nice (or standard)
representation. One then defines a local flow/isotopy of a neighborhood of a
subset of the manifold. completeness of vector fields is no longer needed.
Theorem (Darboux): Let (M,w) be symplectic and p € M then there are
coordinates (z1,y1, - .., Tn, Yn) around p so that wy = dzy Adys +. . . +dz, Ady,.
Proof: Pick any coordinate system around p so that

0

oz, e; and 0, = f;
is a symplectic basis for T, M,w,. On a neighborhood of p the family w; =
tw + (1 — t)wo,t € [0,1] is symplectic. Using the Moser method one finds a
family of vector fields X, with the additional property that X,(p) = 0 for all t.
Then one can define a local flow defined on a neighborhood of p which deforms
the coordinate system we have into the coordinate system that we want.
Definition: Let (M, w) be symplectic. Then a submanifold N C M is isotropic,
coisotropic, symplectic, Lagrangian if T,N C (7,M,w,) has the corresponding
property for all p € N.
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Definition: Let (M,w), (M’ ') be symplectic. A diffeomorphism ¢ : M —
M’ is a symplectomorphism if and only if ¢*w' = w.

Definition: Let M be a manifold of dimension 2n+1. A 1-form « is a contact
form if a A (da) is a volume form. A contact structure is a hyperplane field £ in
TM such that around every point there is a contact form « so that ker(a) = &.
Theorem (Gray): Let & be a family of contact structures on a closed manifold
M. Then there is ¢; and isotopy so that ¢u&y = &;.

4. LECTURE ON OCTOBER, 25 — NEIGHBORHOODS OF LLAGRANGIANS,

REDUCTION FOR SYMPLECTIC VECTOR SPACES

Reminder: We will make frequent/implicit use of the Tubular neighborhood
theorem, see for example Kapitel 12 in [BJ] or Section 4.5 in [Hil.

Theorem (Weinstein): Let (M,w) be symplectic and N C M be a closed
Lagrangian submanifold. Then N has a tubular neighborhood which is sym-
plectopmorphic to a neighborhood of the zero section in (T*N, d\).

Proof: This is yet another application of the Moser method similar to the
proof of the Darboux theorem. One shows that the map

TM/TN —s T*N
v— (w— w(v,w))

preserves the symplectic structure on a neighborhood of the zero section.
Lemma: Let (V,w) be symplectic, L C V Lagrangian and F' C V' coisotropic
so that L and F' are transverse, i.e. L + F' = V. Then the map

FNL— F/F*

is injective and its image is Lagrangian.
Proof: Recall that F*+~ C F and L = L*». w induces a symplectic structure
on F/F+<. The kernel of the map in the Lemma is

LNFNF*=LNF*=L"nF
= (L+ F)* = {0}.
The image of the map is obviously isotropic. Finally,
dim(L N F) = dim(L) + dim(F') — dim(L + V)
= dim(L) + dim(F') — 2n
= dim(F) — n.
dim(F/F*) = dim(F) — dim(F+~)
= 2(dim(F) — n).

Hence, the image of L N F' is an isotropic subspace of maximal (=half) dimen-
sion, i.e. it is Lagrangian.

LECTURE ON OCTOBER, 29 — CONSTRUCTION OF LAGRANGIANS USING

GENERATING FUNCTIONS

Consider a 1-form a on N. This can be viewed as a map o : N — T*N such
that proa = id where pr : T* N — N is the projection. In particular, o is an



embedding of N into T*N. Then
a g = a.

Hence, o has Lagrangian image if and only if daw = 0. In this way one obtains
very special Lagrangian submanifolds. We want to generalize this.

e We will identify T*R* with C* = R* @ iR*, the imaginary part corresponds to
the forms. The coordinates on R* are a, ..., a.

e Let f: M x R¥ — R be smooth. This induces a Lagrangian section df :
M xRF — T*M x CF of the bundle T*M x C¥ — M x R*, we call the image
Vi and we assume that df is transverse to T*M x (R* & i0). Then

of of
Vin(T"M x {0})=¢=—=...= — .
oy = {45 ..~ 7L
The transversality condition using local coordinates 1, ..., x, near p € M is
*f | 9*f
k =k
rat ((%Uiaaj 8(12-8%- )

for all points in V; N (T*M x (R* & i0)). (This makes sure that the condition
L+ F =V will be satisfied when we apply the linear algebra lemma.) Then
ViNT*M x (R¥ x {0}) is a submanifold in M x R of codimension k. Now apply
the linear algebra lemma to the Lagrangian subspace 7,V as Lagrangian, and
F,=T*M x R* x {0} € T*M x C* as coisotropic subspace. Then

ViNT*M x (R* x {0}) — T*M = (T*M x C*)/(T*M x (RF x {0}))*
is a Lagrangian immersion (the quotient map turns embeddings into immer-

sions, in general).
e Example: Take M = R" and k =1 and f(z,a) = a||z|* + a®*/3 — a. Then

0

Lol -1-0,
Then VN (T*M x R x {0}) ~ S™ with the transversality condition satisfied.
Now

df(x1,...,2,,a) = 2a(x1dey + ... + zodxy) + (||2]|* + o — 1)da.
Thus, we get
S" C (R* x R) —s C" = T*R"
(xz,a) — (x,2az) or (14 2ia)x under the identification T*R™ ~ C".

This map is called the Whitney immersion. It is not an embedding since (0, £1)
map both to 0 € TFR".

e Definition: Let f: L — (M, d\) be a Lagrangian immersion into an exact
symplectic manifold with a fixed primitive A of the symplectic form d\ = w. f
is exact if f*\ is exact.

e Example: If H},(L) = 0, then every Lagrangian immersion into an exact
symplectic manifold is exact.

e Example: If n = 1. then the Whitney immersion is parametrized by f : R —
Sl — Cas

[ ar— (cos(a),sin(2a)).
If X = ydz, then f*A = d (—2(sin(a))?). The function in the bracket descends
from R to S* showing that the Whitney immersion is exact when n = 1.



6. LECTURE ON NOVEMBER, 5 — CONTACTISATION OF EXACT SYMPLECTIC
MANIFOLDS, WAVE FRONTS

e Definition: Let (M,w = d\) be an exact symplectic manifold. Then its
contactisation is the manifold R x M with the contact structure ¢ defined by
dz — pr*A.

e Lemma: dz — pr*) is a contact form.

o Let f: L — M be a Lagrangian immersion. If f*\ = dH is exact, then

F:L-—RxM
pr— (H(p), f(p))

is a Legendrian immersion, i.e. an immersion such that the tangent space of
the image is tangent to the contact structure, F.(T,L) C &(F(p)). This is
equivalent to F*(dz — A) = 0. F'is a lift of the f: L — M for the projection
pry c Rx M — M.

Thus, a Lagrangian immersion into an exact symplectic manifold lifts to the
contactisation if and only if it is exact. While f is not always exact, there is a
cover m : L — L so that f o7 is exact.

e Remark: Let T*M and A = A\, be a cotangent bundle and 7 : T"M — M
the projection.

e Definition: The projection 7o (id x F') to R x M of the image of the lift F' of
an exact Lagrangian immersion f to the contactisation is called a wave front.

e Fact: The wave front L — R x M is not an immersion, in general. If 7o f
is an immersion at some point, then the Lagrangian immersion (parametrized)
can be reconstructed from the (parametrized) wave front: dH can be read off
from the wave front since it contains H entirely. Since F*(dz — A\y) = 0 one
can read of f*\g from the (parametrized) wave front:

dH(Y) = f Aa(Y) = At (£.Y)
= (f(p) (mfu(Y))
~——

€T ronM

Note that 7, f«(Y) can be determined from the wave front.
This determines the coordinate projected away by « : T*M — M.

e One can constuct/draw wave fronts of Lagrangian immersions of an orientable
closed surface ¥ into C2. Pictures can be found on p. 279 of [AL] or in [Giv]
(the later reference allows singularities).

e [t would be interesting to know which manifolds admit Lagrangian embeddings
into a symplectic manifold, like C* ~ T*R". However, a full answer is out of
reach.

e Lemma: If f: L — C" is a Lagrangian immersion, then 7L ® C is trivial
(as complex vector bundle).

e Reference: If you want to know more about vector bundles, I strongly recom-
mend [Mi-C], Chapter 2,3 and 13.

e Proof: By the Weinstein neighborhood theorem the normal bundle of the
immersion is isomorphic to J - f.(TL). Thus, at each point of p € L

fT,L® J - (f.T,L) = Ty C" =~ C".



e Remark: For all oriented closed manifolds of dimension 1,2,3, the bundle
TL ® C is trivial. In higher dimensions, there are manifolds which do not
admit Lagrangian immersions.

e Remark: The necessary condition for the existence of a Lagrangian immersion
into C™ is also sufficient! The story for Lagrangian embeddings is far more
complicated.

7. LECTURE ON NOVEMBER, 8 — LAGRANGIAN EMBEDDINGS, RIGIDITY, MASLOV
CLASS

e Theorem: If the closed oriented manifold L admits a Lagrangian embedding
into C", then x(L) = 0.

e Corollary: No even dimensional sphere of positive dimension admits a La-
grangian embedding into M. (cf. Whitney immersion).

e Proof of Theorem: Assume f : L. — C” is a Lagrangian embedding. We
use a bunch of facts:

(1) By Weinsteins Lagrangian neighborhood theorem, the normal bundle of
L in C" is isomorphic to T*L (which is isomorphic to T'L via a choice of a
Riemannian metric on L).

(2) Let a be a generic section of T*L (i.e. transverse to the zero section).
Then (L) and L have finitely many intersection points which can be equipped
with signs according to whether or not T,a(L) ® T,L C T,(T*L) coincide as
oriented vector spaces. On the one hand, the sum of these signs computes
the self intersection number [L] - [L] € Hy(C™) = Z of the (image of) the
fundamental/orientation class [L] € H,(C") which has to vanish since [L] =
H,(C") =0.

(3) On the other hand, the sum of the signs computes also x(L) = (x(T*L), [L])
by standard theorems from algebraic topology (see Cor. 12.5 on p. 380 in [Br],
and the section it is contained in, or Chapter 11 in [Mi-C]).

Also, note that x(L) = 0 for all oriented manifolds of odd dimension.

e Reminder: (1) The Gau-map associates to each immersion of a manifold into
R™ the orthogonal complement of the image of the tangent space.

(2) The space of Lagrangian submanifolds A, in C" is homeomorphic to

U(n)/O(n). The map

(det)? : A, = U(n)/O(n) — S' c C

induces an isomorphism on fundamental groups.

(3) If (M, w) is symplectic, and 7y : St — M is a loop, then y*T'M is trivial.
The same is true when 7'M is viewed as a symplectic vector bundle (i.e. each
fibre is equipped with a symplectic structure). Therefore, also the bundle of
Lagrangian Grassmannians along + is trivial. To each section of the Lagrangian
Grassmannian one can associate an element () of m(A,,) = Z.

e Definition: Let f: L — (M, w) be symplectic. Then

p:m (L) —Z
V] — ()

is the Maslov class of f.

e The following question is interesting: Let f : L — (M,w) be a Lagrangian
embedding. What can be said about the Maslov class? Unfortunately, we can
discuss only a trivial case.
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Example: Let n = 1 and consider S* — C. Then A; = U(1)/0(1) = RP'
and the Maslov index is the winding number. In particular, if v is a Lagrangian
embedding (i.e. a simple closed curve), then pu(y) = +2. Note that every even
number appears of u(g) for some immersion g.

Definition: Let u be the Maslov class of a Lagrangian immersion. Then ||u|
is the non-negative generator of p(m(L)).

Remark: Unlike pu, ||u|| does not refer to a particular Lagrangian immersion
but only to the image.

Theorem (Viterbo): For a Lagrangian embedding f : T" — C"

2 < lull < (n+1).

The Maslov cycle, or ||| can be used to show that two Lagrangian immersions
are not homotopic through Lagrangian immersions.

8. LECTURE ON NOVEMBER, 12 — HAMILTONIAN VECTOR FIELDS, POISSON

BRACKET, Ham (M, w)

Definition: Let (M,w) be symplectic and H : M — R smooth. Then there
is a unique vector field Xy on M so that

z'XHw = —dH.

Xy is the Hamiltonian vector field of the Hamiltonian function H.
Example: M =R?" and w =Y, dp; A dg;. Then

OH 0OH

7

Hence,

OoH 0 oH 0
Xy = — .
f EZ: ( 0q; Op; * Op; 3%)

Thus, p;, = —0,H and ¢; = 0,,H. These are the Hamiltonian equations from
classical mechanics.
Example: In the previous example, let H = p;. Then Xy = a%' The Hamil-
tonian diffeomorphisms associated to this function is a family of translations.
Compactly supported symplectomorphisms can be obtained by multiplication
of H with a bump function.
Example: Let S? C R? be the unit sphere and H(zy,xs,73) = x3. The
symplectic form is w = x1dxy A drs + xodrs N day + x3dxy A dzy.

The Hamiltonian vector field of H is

e Lemma: Xy preserves w as well as H.
e Lemma: If Xy and X are Hamiltonian vector fields of a smooth function

H,G, then the same is true for [Xy, X¢g]. The vector space of Hamiltonian
vector fields is a Lie algebra.

Definition: Let Ham(M,w) be the group generated by Hamiltonian vector
fields with (maybe time dependent) Hamiltonian function.

Remark: The time dependence is assumed to be piecewise smooth to allow
for composition of paths. This turns out to be not necessary, see below.
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e Remark: This definition requires some caution when M is not closed. Usually,

one assumes that H has compact support or some other fixed behavior outside
of a compact set which ensures completeness of the Hamiltonian vector field.
We will not use the following notion much. However, it is important in var-
ious contexts (e.g. integrable dynamical systems, including those of infinite
dimension).
Definition: Let (M,w) be symplectic. The Poisson bracket of two smooth
functions H, G is

{H,G} = w(Xy, Xg).
Remark: {H,G} = w(Xpy, X¢) = (ix,w)(Xe) = —Lx,H. Hence, {-,G} is a
derivation. Obviously, {H,G} = —{G, H}. Moreover, since Lxiya —iyLxa =
ix,y) for all forms o one obtains

Z.[XH,XG]W = LXHiXGw = diXH (w(Xg, ))
= —dw(Xy, Xg) = —d{H,G}.
Thus, [Xg, X¢| is the Hamiltonian vector field of the function {H, G}.

e Proposition: {-,-} is a Lie algebra structure on C*>°(M).
e Proof: R-bilinear and antisymmetry are obvious. The Jacobi identity follows

from a little computation using the fact that w is closed!
0 = dw(X3, Xo, X3)
= Ly, (w(X2, X3)) + Lx,(w(X3,X71)) + Lx,(w(X7, X2))
— w([X1, Xo], X3) — w([X2, X5, X1) — w([X5, Xi], Xo)

Assume that X; is the Hamiltonian vector field associated to f;. Then

Lx,(w(Xa, X3)) = Lx,{fo, fs} = —{{/fo, f3}, 1}

= —w(X{p, 15}, X1) = —w([X2, X5], 21).

Combining this with the previous computation one obtains

0= —=2({{f2, fa}, i} + {{fs, i}, 2 H{ S1, fo}s f5)).

This is the Jacobi identity.
Remark: Therefore, the linear map

(C*(M),{:,-}) — (T(M), [-,])
H’—>XH

is a homomorphism of Lie algebras.

e Definition: A Poisson structure on a manifold is a Lie-bracket {-,-} on C*(M).
e Remark: Symplectic structures induce Poisson structures, but there are oth-

ers.

Example: Let (g,]-,-]) be a finite dimensional Lie algebra. Then g* (viewed
as manifold) has a Poisson structure defined as follows: Let f, g be smooth
functions on g*. Then df, € (T.g*)" = (g*)* = g. Thus, we can define

{f: 9}(@) = (. [df, dg])
The Jacobi identity follows from the analogous property of [-,:]. g* can have
odd dimension, so the Poisson structure on g* does not come from a symplectic
structure in general.
Remark: By a theorem of Weinstein [We], one can obtain symplectic struc-
tures on well organized immersed submanifolds from a Poisson structure.
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e Remark: Let (M,w) be symplectic such that Hln(M) = 0. For a family
of symplectomorphism ¢; one can consider the vector field they generate, i.e.
Xo(x) = &, oe(o7 ' (2)).

This is a symplectic vector field by (1)), ie. Lyx,w = 0 = d(ixw). By
assumption, there is a function H; so that ix,w = —dH;. Thus,

Sympy (M, w) = Ham(M, w)

if HY(M) = 0. We will describe the difference between Symp,(M,w) and
Ham (M, w) later.

e Proposition: Let f;, g; be Hamiltonian isotopies associated to the families of
Hamiltonian functions F}, G;. Then the product path h; = f;g; is a Hamiltonian
path generated by the Hamiltonian function

@) H(z,t) = Plo,t) + G(f7 (@), ).
e Proof: By the chain rule

%(ft o gi)(x) = X5, (fi(9:(2))) + for (X, (9:(2)))

The first summand is the symplectic gradient of f;, X,, is the symplectic gra-
dient of g;. It is an exercise to show that the second summand is G(f, (), t).

e Remark: If Xy is a Hamiltonian vector field of H, then it is also a Hamiltonian
vector field for H + ¢ for all constants ¢ € R. A Hamiltonian function is said
to be normalized, if the average value is zero on closed manifolds, or when the
support is compact on open manifolds.

9. LECTURE ON NOVEMBER, 15 — POINCARE-BIRKHOFF FIXED POINT THEOREM

o Let A= {(u,v) € R*|a® < u?+v? < 1?} for 0 < a < b. The universal cover
is A= {a <y < b} with covering projection ¢(z,y) = (VY cos(z),/ysin(x)).
This map satisfies ¢*(du A dv) = —dz A dy/.

e Definition: A map h: A — A is a twist map if it preserves the boundary
components of A individually and there is a lift h = (f,g) to the universal
cover so that either

f(z,a) <z and f(x,b) > z for all z or
f(z,a) >z and f(z,b) <z for all x

e Theorem (Poincaré-Birkhoff) Let h: A — A be an area preserving twist
map. Then h has at least two fixed points.
e Remark: A collection of simple examples relevant to the condition/conclusion
of the theorem can be found on p. 270 in [McDS].
e What follows is essentially the proof from [BN]. It uses several steps/observations.
1. Let h = (f,9) be a lift of h certifying that h is a twist map. h preserves
the area form dz A dy.
2. h = (f,g) satisfies f(x + 2nk,y) = f(x,y) + 27k and g(z + 27k,y) =
g(x,y) because it is a lift.
3. We will show that % has two fixed points which are geometrically distinct,
i.e. do not become equal after a translation in x direction by integer
multiples of 27. This is somewhat stronger than what we have to show.
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4. Extend h to R? by

h:R? — R2
(f(z,y),9(z,y) a<y<b
(z,y) — (f(z,a),y) y<a
(f(z,0),y) b<uy.

This is not smooth and it is area preserving with respect to dxAdy only on
A in general. It is area preserving everywhere only when f(z,a) =z +¢
and f(z,b) = x F ¢ for positive constants ¢, . Moreover, the extended

version of i has the same periodicity properties as the original version.

. Let ¢ : [r,s] — R? be a curve avoiding fixed points of h. We put

d(t) = H%Ezgﬁ € S' and choose a lift d : la,b] — R of d to the

universal covering R — S!,7 — ¢'". Define
d(s) — d(r)
2m '
This measures the total number of turns the vector pointing from c(t)
to h(c(t)) makes as one moves along c¢. The index has some obvious

properties (continuity in h, ¢, orientation reversal of ¢, concatination of
curves,...) we will use. One of them is

ind; (c) = ind;_, (h o ¢).

ind; (c) =

Since c is not closed, the index is not an integer, in general. Finally, the
index of a curve is a homotopy invariant as long as the homotopy avoids
fixed points of A and endpoints do not move.

. We will consider curves ¢ so that ¢(r) € {y < a} and c(s) € {b < y}

which avoid fixed points of .

. Lemma: Assume that h has at most one class of fixed points (z¢ +

2km,yo),k € Z. Let ¢, be two curves avoiding fixed points of h going
from {y < a} to {b < y}. Then

ind; (c) = indj ().

After reparameterization of the plane we may assume that xq = 0 if h
has any fixed point.

. For the proof of the Lemma, let ¢, ¢ as above, connect to endpoint of ¢

with the starting point of —¢ by a straight line in {b < y} connect the
endpoint of —¢’ with the starting point of ¢ by a straight line in {y < a}.
We obtain a loop whose index does not change if the loop is homotoped
in the complement of the fixed points of h.

This loop is freely homotopic to a collection of rectangles connected to
a base point in one of its vertices so that the sides of the rectangle
are parallel to the z- or y-axis and every horizontal vertical segment is
contained in {z = (2k + 1)m, k € Z}. Since the number of vertical sides
pointing down equals the number of sides pointing up, the index of the
loop is zero. By construction

ind; (loop) = ind; (¢) — ind; (¢') = 0.
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We will now show that there are paths ¢, ¢ going from {y < a} to {b <
y} so that ind;(c) = 1/2 and ind;(¢’) = —1/2. This contradicts the
assumption that £ has at most one class of fixed points. The difficulty is
now to construct a path ¢ as above and to compute its index with respect
to h. For this we consider a perturbation of h.

There is ¢ > 0 so that ||h(z,y) — (z,y)|| > 2¢ when © € 2wk +7/2, 27k +
37/2) with k € Z. Let

T : R2 — R2
(z,y) — (x,y + Ae(] cos(z)| — cos(x)))

with A € [0,1] and write 73 = T'. T) is an area preserving homeomor-
phism of the plane with the same periodicity properties as h. Moreover,
h and T o h have the same fixed point set. Instead of h we will consider
(T oh).
Let Dy = ((T oﬁ)—l(ﬁ)) N{y < a} and D, = (T o h)i(Dy) for all i € Z.
Dy has non-empty interior, the interiors of D;, Dy are disjoint if ¢ # k.
By choice of T', Dy is convex.
Construction of ¢: Since T'oh is area preserving on Z, there is N so that
D;N{b <y} # 0. Pick the smallest such N and py € Dy with maximal
y-coordinate and let p; = (T OE)i_N(pN). Note that p,_1 # p, so we can
pick ¢g to be the straight line from p_; to pg € Dy and ¢; = (Toﬁ)i C D;.
Then the concatination cycics ... cnyq is embedded as the image under
(ToE)N of c_y...c_1¢co. We use [0, 1] as domain of ¢. The last curve can
be easily seen to be embedded because of the form of 7" o I on {y < a}.
Now define
C=Cply...CN

This curve starts at p_; below A and ends at pn above this strip.
For the computation of the index of ¢ we assume that f(z,a) > z (hence
f(z,b) < x).
By the choice of py, no point along cocqcs . . . ¢y has a bigger y-coordinate
than py41 since py1 lies above py. Moreover, no point of (7' oﬁ)(c) lies
below p_;.
¢ has some kind of positivity property with respect to T o h: for all t,t
with ¢/ >t

c(t) # (T o h)(c(t)).
This allows us to determine ind; ;. By using a homotopy provided by
the simplex {(¢,¢') € [0,1]|t > t}. Moving along the diagonal with
t(o) = t'(0) = o and considering

(T'o h)(c(t'(0))) — c(t(o))
(T 0 h)(c(t'(0))) — e(t(o))]]
we compute ind, ;(c). This map from an interval parametrizing the
diagonal in [0, 1] x [0, 1]to S* is homotopic relative of to the endpoints to
a map corresponding to a path (¢ (o), t(0)), o € [0, 1] following the other
two sides of the simplex{t’ > t}. The direction considered now never
points vertically downwards. It therefore makes not a single full turn.
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Hence, the index is +1/2 up to an error which goes to zero when \ goes
to zero. Assuming that there is only one class of fixed points one can
homotope the curve relative to its endpoints so that as long as it is in
A, its z-coordinate is contained in [2kmw + 7/2, 2k7 + 37/2]. The index
of the result is close to 1/2, it remains an admissible curve as A goes to
zero (i.e. it does no meet any fixed point of T} o 71,) as A goes from 1 to
0 (recall Ty = id).

16. Now apply the same construction to h! keeping the same 7. Since
left /right are now reversed, this yields a curve ¢’ of index —1/2 with
respect to hL. By this yields the contradiction we were looking for.

10. LECTURE ON NOVEMBER, 19 — PERIODIC POINTS FROM
POINCARE-BIRKHOFF

e One can apply the theorem under weaker conditions than being a twist map.
e Corollary: Let h: A — A be an area preserving map of the annulus so that

a lift h to A satisfies
m = max(f(z,a) —x) < min(f(z,b) —z) = M.

xT x

Then h has infinitely many distinct periodic points.
Proof: Let h? = (f?,¢9) for ¢ € {1,2,3,...}. Then

fi(x,a) —x = Z(fj“(:v,a) — fi(z,a)) < 2mgm
fUx,b) —x = i(fj“(m,b) — fi(z,a)) > 2mqM

J=0

If g is chosen sufficiently large we can choose a lift TLq of h? which certifies the
twist condition for h?. If g(M — m) > 1, then there is an integer p so that
mq < p < Mq. Then

Uz,a) —2mp < fUz,a) — 2mgm < z < fi(z,b) — 2ngM < f9(x,b) — 27p.

This shows that (f?— 2mp, ¢9) is a lift of h? showing that h? is a twist map. By
the Poincaré-Birkhoff Theorem, h? has two fixed points which yield periodic
points of h whose period is divides q. Moreover, periodic points corresponding
to different ratios p/q are geometrically distinct.

Reference: The following is basically Section 8.2/8.3 adapted to our notation.
Generating functions: Let h: A —» A be area preserving and h = (f,9):
(0, y0) —> (z1,1) a lift to the univ. cover. We assume that & certifies that h
is a twist map and f(x,a) < x. In addition, assume

of

— >0

Yo
This is a version of the monotone twist condition and allows solving x; =
f(wo, o) for yo. Let

U = {(zo,71) € R?| f(z0,a) < 21 < f(30,b)}.
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e Lemma: There is a function S : U — R so that for (o, y0), (z1,51) € A and
([Eo, 171) eU

7 . oS oS
h(JUOvyO) = (xlayl) iff yo = _8_330’yl = 8_951

e Proof:
AU
(20, %0) = (0, f(20,%0))

has an inverse of the form

U—3 A
(950,351) — ($0a —U(%axl))

Using u one can express y1 = g(zo,Y0) = g(zo, —u(xo, 1)) = v(x¢,x1). Then

h* (yodzo) — yodxo = y1dx; — yodxg

= 'U(LE(_), l'l)dfﬂl + U(.To, l’l)dﬂfo

defines a closed form on U. Since m(U) = {1} there is a function S(z,z1) on
U so that dS = v(zo, z1)dz; + u(zg, 21)dxo, i.c.

oS

— =v=y; and —
Ere hn

8_:150 = ~Yo-

e This function is unique up to addition of a constant. It generates a symplecto-
morphism from a Lagrangian section (i.e. a closed form) of T7*U: Above (zg, 1)
the one form dS is —yodzo + y1dz, so that y; = g(xo, o) and x1 = f(xo, yo)-

e Properties of S: Differentiating

oS
a_xo(xo’f(xo,yo) = 961) = %

we get
928 of 928
M(l‘o,%) 8_340(%’%) =-1= D00y (%;131) <0
N—_——
>0 by @)

The fact that boundary components of A are preserved implies

oS
— (20, 71) = —a and —(xp, 1) = @
ax()( 0 1) 8x0( 0 1)
when z1 = f(zo,a). Moreover, recall U is invariant under translation by

27(1,1). S is also periodic

0
D (S(zo + 2m, 21 + 27) — S(w0,%0)) = 0,
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so the difference which we differentiate is constant on @. This difference can be
computed along segments (t) = (xo, +t, f(xo + t,a)) of the boundary of A

Sy + 2, f(zo + 27, a)) — S(zo, f(zo,a)) = /dS

v
08 oS

= /(‘?Jodxo + yr1day)

~

= /(—adajo + adxy)
.
= 0.

e Remark: The existence of S allows giving yet another proof of the Poincaré-
Birkhoff fixed point theorem with monotone twist condition: Since .S is invari-
ant under (27, 27) translation, it attains a minimum and a maximum along
the diagonal. At such critical points, the gradient of S is perpendicular to the
diagonal (i.e. (A\,—\) for A € R), and by (5| this yields two fixed points.

11. LECTURE ON NOVEMBER, 22 — DISCRETE HAMILTONIAN MECHANICS,
CONVEX BILLIARD, GENERATING FUNCTIONS FOR HAMILTONIAN DIFFEOS

e S allows to study the dynamical system (z¢,yo) — (z1,91) = h(xo,yo) from a
variational point of view: For given xg, z1,...,x; so that (z,41, ;) € U for all
i=1,...,1. Welook for yo,y1, ...,y so that (x;11,vyir1) = h(x;,y;) for all 4. If
there is such a sequence, then

05
(@i r) + (v, vi1) =y + () =0
axl( 1 ) axl( +1) Y ( y)
for i =1,...,4i — 1. Thus, if there are such yo, ...,y then (zg,z1,..., 211, 7;)

is a critical point of

-1

[l<x07$17 s 71.1) = ZS(xJ’xJJFl)

J=0

with respect to variations with fixed endpoints (zo, x;).

e Example (Convex billiards): Let v : R — R? a smooth curve (whose
image is an embedded circle), 2m-periodic so that the image bounds a strictly
convex disc D in R? (i.e. tangents to the curve meet v in exactly one point).
We assume that 7 is parametrized by arclength. Let

S:R? —R
(50, 81) = —[l7(s1) —v(s0)]-

The dynamical system associated to this function is the motion of a particle in
a convex billiards table with the usual reflection at the boundary.
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A computation shows that for tg = angle(§(sg), v(s1) — 7(s0)) € [0, 7] and
b = angle(’y(sl),’y(sl) - 7(80)) S [07 ﬂ-]

Do cos(to)
oS
Do cos(ty)

This allows to verify the monotone twist condition for S. Differentiating the
second equation above with respect to sy one gets

%S oty

830831 = Sln(tl)a—so <0

(as sp moves towards sp, the angle ¢; is decreasing). Thus, S defines an area
preserving map of the annulus R x [—1, 1] where the second variable is y =
—cos(t) (the —-sign accounts for the sign difference between the Lemma and
@) The boundary is preserved since by continuity tg = 0 < ¢, = 7 and
t1=0&ty=m.

Now s; is well-defined only up to addition of multiples of 27k. We may
assume f(x,—1) = z, this implies that f(x,1) = 2 — 2r. The corollary of the
Poincaré-Birkhoff fixed point theorem implies that billiards in a convex domain
has infinitely many periodic orbits.

e The notion of generating function can be generalized to higher dimension. We

consider open subsets of R?" with the usual symplectic structure, let (zq,yo) €
R?" with 2y = (o1 .-+ Tom), drg = ... etc. Moreover, g—i contains n-components
of the gradient of S.

Let v = (f,g) : @ C R*™ — ' C R?" be a symplectomorphism so that

Q—U
(0, Yo) — (2o, f (20, Y0))
: . : A B . .
is a diffeomorphism. For di(zy) = c D) then this is true on a neighbor-

hood of zj if det(B) # 0. implies, that ¢ ({zo} x R") is a submanifold of ¢/
which is every transverse to {z;} x R".

Lemma: If Q2 (hence U) is simply connected, then there is a function S : U —
R so that for (zg,yo) € Q, (x1,y1) € Q' with (zg,z1) € U

oS oS
(x1,y1) = Y(20, Y0) © Yo = —a—%(xo,m)ayo = —a—xl(I07$1)-

Same as the lemma in the context of area preserving twist maps of the annulus.

Conversely:
Lemma: Let U C R*" be open and S : U — R so that
F:U—Q
oS
(l’o, ZL‘l) — <ZL‘(), —a—mo)

is a diffeomorphism. Then
Y —P(Q) = c R*™
(l’(], _axos(x()a .7)1)) — (xh azl‘s(xOJ xl))
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is a symplectomorphism.
Proof: We will show that (¢ o F)*(y1dx1) — F*(yodxo) is exact. This implies
that 1 is a symplectomorphism.

(¢ o F)*(y1dwy) — F* (yodwo) = F* ()" (yrdr1) — F*(yodzo)
— 8, Sdt1+ (9, S)do
=dS.

Our main source for symplectomorphisms are obtained by integrating time-
dependent Hamiltonian vector fields. It is therefore important to know the
generating functions in this case (assuming that they exist!) The fact that we
did not really do any classical mechanics will haunt us now.

Example: Let H;; R?*™ — R be a smooth family of Hamiltonian functions and
Y = 9" the associated symplectomorphism. Let z = (x,y) : [to, t1] — R?>"
be a C?-path and define the action functional

t1

Bu:) = [ (olt).i(t) ~ Hlt,a(t). () di
to

The domain of this action functional are C*°-curves connecting given pairs of

points 2, z;. Consider the unique solution z(¢) of the boundary value problem

z(0) =z, z(1) = x4

i) = 55 w000 30 = = ale) (1)

Solutions of these equations are critical points of the action functional with
fixed boundary conditions:
Let z, @ [to,t1] —> R?" be a smooth 1-parameter family of smooth curves

and set
0x,
€)= == (1)

Differentiating (8) with respect to s and integrating by parts we get ((x(t),y(t)) =

zs=0(t))

n(t) = 220

s=0 s=0

a@a<53> - / ({n(), #(8)) — (O, H(E 2(8), y(), n(0)) dt
N / (le).€(0) — (0. H (1, 2(0) w(1)). £(0) ) di
_ / (1(8), 3(8)) — (@, H(t, (), y(£))),n(0)) dt

_ / (), £(8)) — (@ H (1, x(2), y(1)), £(1))) dt

to

+ <y(t1)>£(t1)> - <y(t0)7€(t0)>'

If &(to) = &(t1) = 0, i.e. we consider variation with partially fixed endpoints,
then critical points of the action functional are solutions of the Hamiltonian
equations.

We require (xg,z1) € U, i.e. there is a unique solution z(t) = (z(t),y(t))
with xg = x(tp) and x; = z(t1) (this is again a consequence of the monotone
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twist condition/existence of ). Thus, we can consider
F:U— Cm([to,tl],RQn)
(zo, 21) — (2 : [to, 1] —> R®™)

e Lemma: If¢) = ¢\3"" admits a generating function, then Sy (zq, 21) = ® 5 (F(zq, 1))
is a generating function

e Proof: We vary the boundary condition by (zg + s, x1 + s&1) and consider
the unique solutions z(t) of the corresponding boundary value problems. Dif-
ferentiating ®(z;) with respect to s one obtains by (9) and knowing that z(z)
satisfies the Hamiltonian equations

oS oS
83:21 & + 893? & = (y1,&1) — o, &o)-

This is true for all &, &, so this implies the claim.

12. LECTURE ON NOVEMBER 26, — HAMILTON-JACOBI EQUATION AND
CONSEQUENCES

e Since we are free to choose t; we let ¢ vary in [to, t1]. We get a smooth family
of functions S(t1, x(ty), z(t1)).

e Lemma: Using awful notation, this function satisfies the Hamilton-Jacobi
equation

(10) %(t,m, x(t)) + H(t,z(t), 0., S(t, z,z(t))) = 0.

e Proof: Let z(t) = (x(t),y(t)) be a solution of the Hamiltonian equations with
x(tg) = x. Then by the previous Lemma

S(t,z,2(t) = / (), i(r)) — H(r,2(r), y(r))) dr.

to

Differentiating with respect to t and using the fact that S(t,-) generates ¢y
we get
atS(t,Io,l’(t))+<arls(t,x,$(t)),f(t)> = <y<t>7‘7‘7(t>> —H(t,ZL’, Z‘(t) )
~—_—— ~—

=y(t) :6x15(t,z,x(t))

e This has applications to the action of Hamiltonian flows on T*R"™ on certain
Lagrangian submanifolds.

e Lemma: Let S : R” — R be smooth and consider the connected Lagrangian
submanifold L given by the graph of dS in T*R". The Hamiltonian flow of the
time independent function H : T*R"™ — R preserves L if and only if

(11) H(z,0.5) =c.

Thus, the graph of dS is invariant under the Hamiltonian flow if S solves the
Hamilton Jacobi equation.

e Proof: Assume that H is not constant on L, so dH(Y) # 0 for some Y € T;L
with [ € L. Then 0 = w(Xy, L) = —dH (L) cannot be satisfied for Xy € T, L.

If H|g is constant, but Xy & T;L for some [, then since T;L*~ = T;L there

is Y € T)L so that 0 # w(Xp,L) = —dH(L) = 0.

e Thus, solutions of the Hamilton Jacobi equation H(x,0,S) = ¢ give rise to
invariant submanifolds.
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(12)

e Lemma: For U C R" open, S : [to, t1] x U — R smooth and H : [ty, ;] X U x

R" — R we have

0;S; + H(t,x,d.S;) = ¢ for some constant c iff
to’tLto = L

where L; = graph(dS;).

Proof: By the Weinstein neighborhood theorem it is enough to consider the

case t = 0 when dSj describes the zero section of T*R"™. We are considering a

local statement which can be proved using local coordinates. The section L

moves in direction 0;(dS(z)). In terms of local coordinates this is the vector

2

Z ng%t op; °

The vector generating the Hamiltonian flow is

0OH 0 OH 0
Xg= —
" zz: < 0q; Op; * Op; 5’%‘)

These two vectors have the same component in the fiber direction if and only

if

40,5, + d(dS)*H = 0 < 8,5, + H(t, z,,5) = c.

for some constant c.
Remark: As above, generating functions can be used to describe dynamical
systems with discrete time.

Assume that 1 : Q — R?" is a symplectomorphism and consider sequences
of the form (z;41,yi11) = ¥ (x4, y;) for i = 0,...,1—1. If ¢) admits a generating
function, then this sequence is completely determined by x = (zg, 1, x2, . . ., ;)
with (x;,2;,1) € U and this sequence is a critical point of the functional

-1
E S SL’w xz-‘,—l
1=0

with respect to variations with fixed endpoints.

In the following we will see that solutions of the Hamiltonian equation which
lie on an invariant Lagrangian give are not only critical points of the action
functional, but also minimizers.

Lagrangian/Hamiltonian mechanics: So far, we have considered classical
mechanics from the Hamiltonian view point. The Lagrangian formalism is
equivalent: L(t,x,v) : ([to,t1] x U) C R*~! — R is a smooth function. On
the space of paths C'([to, 1], R") the action is defined as

t1

I(x) = / L(t, x(t), z(t))dt.
to

Critical points of this functional with respect to variations with fixed endpoints

x(to), x(t1) are solutions of the Euler-Lagrange equation

q 0L Y |
dt dv 20 b xf) x(t)z—%(t,x(t),x(t)) —0

€R”
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The variational problem described above can be transformed if the Legendre

condition
0%’L
det 0
¢ (81)@'81)]') 7&

is satisfied. The Legendre transformation transforms the second order system
into a first order system. One introduces new variables (momenta)

oL
Yi = a—vi(x,v),i: 1,...,n.

ensures by the implicit function theorem that one can recover v; from (z, y)
and L at least locally, i.e. there are local functions

U = Gl(t7x7y)

The Hamiltonian function H : V. — R,V C RxR?*" associated to L (Legendre
transformation) is

H(t,x,y) = (Zy,v) L(t,x,v) (Zy ) L(t,z,G).

Differentiating H we get (using (12)))

0OH oL 0G; oL 0G;
Br " om 2 | 200 2 By,

:yj

__doL_ .
N dt@vk L
oH 0G; 0L 0G,
Oy, ( F ;y 8yk> ; ov; Oy,
= VU — .Cl?k

The following Lemma provides a sufficient condition ensuring that solutions of
the Euler-Lagrange equation are minimizers, not just critical points.

time independent setting: Let S : 2 — R be a solution of the Hamilton-Jacobi
equation (11)) with H : Q x R™ — R so that

(2L s posiive et
1S pos1tive dennite.
ayiayj

This condition implies the Legendre condition for the Legendre transform to
be possible and it yields:

L:OxR"—R
Define f : 0 — R" by
f(x) =0,H(z,0,5(x)) & 0,5(x) = 0,L(x, f(x)).

Solutions of
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satisfy the Hamiltonian equations: The first one is automatic, the other follows

from ((11])
i =y(t)
0= EH(x(t)7 azS(l'(t»)
= S0y 0)i ) + S0, () 0
—

=f(a)=t

e Lemma: Let L : R" x R” — R be a time-independent Lagrangian function
so that 81‘?_2;%) is positive definite. Assume that = : [to,t1] — 2 satisfies
(t) = f(x) for f: Q — R"™ defined above and ¢ : [to, 1] — Q is another
path in € with the same endpoints. Then

/tl Lz, i)dt < /tl L(&,€)dt

to to

e Proof: Since ( 0L > is positive definite, the function lies above the tangent

O0v; 0v;
line of graph(L) which projects to a line in direction v — f(§), i.e.
(16) L(&, f(§)) + (0uL(& f(£)),v = f(§)) < L(&,v)

with equality if and only if £ = v. We have seen that
(z(t), 0.5 (x(t)) = y(t))
satisies the Hamilton equations. By and the Hamilton-Jacobi equation

[0)
Liz. f(x)) = (0.5(x). f(x)) — H_.

for all points = (including £(t)). Integrating the above inequality, we get

/ (e, )t = / (05 (1)), Fa () — ) dt

to to

= S(z(t1)) — S(z(to)) — c(tr — to)
- [ (150,69~ c) a

to

= [ (051606 519 + 05060 510 )

to

:/h«@ﬂaf—f@»+maﬂaﬁﬁ

to

< /tl L(&, §)dt.

to

The inequality follows from (|16) with v = ¢ and the second version of the
definition of f.
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13. LECTURE ON NOVEMBER, 29 — OTHER GENERATING FUNCTIONS,
DISCUSSION OF ARNOL'D CONJECTURE FOR (7" w.;)

e Here is the theorem we want to prove before Christmas.

e Theorem (Arnol’d conjecture for 7?"): Let ¢ be a Hamiltonian diffeo-
morphism of the 2n-torus with its standard symplectic structure given by
(R?",wg)/Z?". Then 1 has at least as many fixed points as a function has
critical points (i.e. 2n 4 1). If all fixed points are non-degenerate, than 1) has
as many fixed points as a Morse function (i.e. a function such that all critical
points are non-degenerate) has critical points (i.e. 2%7).

e Remark: Of course we will consider the lift of 1) to R*". Then we will decom-
pose the periodic symplectomorphism 9 into ¢¥)y_1 o ... 01y so that ¥; has a
generating function V; as in ([18)).

Another fact that we want to use is that these generating functions V; are
invariant under decktransformations of the universal covering R?*" — 72", So
far, we only know that V satisfies a condition V(z +¢;,y) = V(x,y) + «o; and
V(z,y+e;) = V(x)+ p; for constants o, B; for all standard generators e; of
7",

That Vj is the lift of a function on 7" is important since we want to use prop-
erties of functions on 72", In order to show this we need to better understand
the difference between symplectomorphisms (isotopic to the identity through
symplectomorphisms) and Hamiltonian diffeomorphisms. Note that any trans-
lation of T?" is symplectic and isotopic to the identity through translations.
However, many translations have no fixed points at all.

The final part of the proof will then be a study of the relationship between the
topology of T?" and the action functional ® : R>*¥ —+ R which is translation
invariant (under integral translations). This is the least symplectic part of this
discussion.

e Remark: The Lefschetz fixed point theorem gives no guarantee for the exis-
tence of fixed points of diffeomorphisms of 72" isotopic to the identity since
W(T™) =0,

The example of translation of 7" shows that symplectic/volume preserving
maps which are isotopic to the identity through symplectic/volume preserving
maps do not have fixed point in general. Thus, the Arnol’d conjecture theo-
rem shows that Hamiltonian diffeo’s are essentially less flexible than volume
preserving maps (the difference between Hamiltonian and symplectic can be
understood). More interestingly, it shows that

Vel

0
Ham(7T2", wgyy N Diffo(T2”, ool

is a proper subgroup of the measure preserving diffeomorphisms. This is one of
the first results implying that the symplectic category is more rigid, that the
topological /smooth /measure preserving category.

e We will need a version generating function which is adapted to global symplec-
tomorphism ¥ = (u,v) : R* — R?". If the condition

ldyp —id| < 1/2

IB; ) maybe

Qo

is satisfied (operator norm), then the B-submatrix of di) = (

degenerate, but the A-part is non-degenerate.
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(18)

Assume that the map (xg,y0) — (u(xo,Y0), o) is a diffeomorphism then we
can replace the independent variable (zg,yo) by (u(xo,yo) = 21, yo). Under the
condition this is always the case!

Fact: Let f: R® — R" be a smooth map so that |Df —id|| < 1/2. Then f
is a diffeomorphism.

Proof of Fact: Let y € R". We try to find f~*(y). For this consider ®(x) =
x — f(z). Then the map

x— y+ O(x)

is contracting and has a therefore a unique fixed point by the Banach fixed
point theorem which depends continuously on the input variables y and ®.
Therefore, f is surjective and injective. By the assumption ||[Df —id|| < 1/2 it
is a local diffeomorphism everywhere. Thus, f is a diffeomorphism.

Lemma: Given 1) as above, there exists a smooth function V' on R?" so that

(21, 91) = ¥(20,%0) = (f(®0,%0), 9(w0,y0)) if and only if
oV

Ty — 20 = — (1, %0)

0y

_ —_a_v( )
Y1 — Yo = I Z1,%o0)-

Proof: There is a smooth inverse U : (z1,y0) — (u(z1,y0),y0) of F :
(20, yo) = (f(20,%0),%0)- Set

h = g(l‘hyo) = Q(U(ﬂfla yo), yo)‘

Then U*(¢¥*(y1dxy1) + xodyo) = vdzy + udyg is closed since 1) is a symplec-
tomorphism and both xdy and —ydx are primitives of the same symplectic
form. Since R?" is simply connected there is a function W : R?*® —s R so that
dW = vdxy 4+ udyo. The function V(x1,y0) = (21, yo) — W (21, yo) is the desired
function.

There is a structural similarity between (|18)) and the Hamiltonian equation.
This suggest viewing W as a discrete time analogue for Hamiltonian functions.

14. LECTURE ON DECEMBER, 3 — FIXED POINTS OF HAMILTONIANS AND

CRITICAL POINTS OF A DISCRETE ACTION FUNCTIONAL

Let H(t,z,y) be a time dependent family of C*-functions on R x R" x R" so
that I is a compact interval and

sup (HHGSSRQHHHt(Z>H + HdR%HH(t, Z)H) < 00

(t,z)ERxR2"

The boundedness of the first summand ensures that Xy, is Lipschitz, the second
part ensures that the length of X, is bounded and varies in a Lipschitz fashion
with ¢. This implies that solutions of initial value problems exist for all times,
initial conditions and that these solutions are unique.

For ty < ty let ¢§é}’t1 be the Hamiltonian diffeomorphism defined by H, (initial
value problem with initial condition at ¢ = ;). For big N the diffeomorphisms

¢E’Tj+1 Wlth Tj = to —+ %(tl — to)
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satisfy the condition and

to,t1 __ JTN—1,TN TN—1,TN—2 71,70

H — PH °¢n °...00y
——

=9 YN-1 YN-—2 L)

For each j = 0,..., N — 1, there is a function V; as in (18) which determines
;. This can be used to describe solutions of (xy, yn) = ¥(z0, o) in variational
terms.

Let P = R?V*1n. Points in P are discrete paths (zo, Yo, 1, Y1, - - s TN—1, YN-1, TN )-
Let
¢o:P—R
N-1
(0, Y0, T1, Y15 - - -, TN-1, YN-1, TN) Z (s i1 — 25) = Vi(@j41,95)) -
=0

This functional is of course suggested by . yn can be read of from (xy_1,yn_1)

and Vy_; via (18)).

Lemma: z € P is critical for ® with respect to variations ¢ = (£, &1, -, &Ny Moy -+ - IN—1)
with & = £ if and only if z satisfies the difference equations .

Proof: This is a computation for j =1,..., N — 1:

0P oV
8—% ==Y T Yj-1— W(%ﬁ%q)
o0 o,

dy, j+1 j (9y( 41, Y5)

The second computation works also for j = 0.

The analogy between V; and Hamiltonians H; goes further: One can show that
if ¢ admits a generating function S as on p. , then (xg, zy) determine the
critical point z = ((xg, y0), - - - (zn, yn)) uniquely. This defines a map R** —
P taking (zg,zx) to z and

S((wo, 2n)) = ©(2).
Let
Pper = {2 € P|zog =2n} = {N — periodic sequences}

We extend v, V; in a N-periodic fashion, ¢,y = ¢; and Vi ny = Vj.

Recall that a fixed point z of a diffeomorphism 1 of M is non-degenerate if the
graph of dy in T,M x T, M is transverse to the diagonal. This is equivalent
to the condition that 1 is not an eigenvalue of dy. Otherwise a fixed point is
degenerate.

Lemma (ingredient # 1 for the Arnol’d conjecture for 7?"): z € Py,
is a critical point of @ : P, — R if and only if (z¢,yo) is a fixed point of ¢
and z;11 = 1¥;(2;). It is a non-degenerate critical point if and only of (zo, yo) is
a non-degenerate fixed point.

Proof: The identities now hold for all j. If (zg,y0) is a fixed point of ¥
and (z;4+1,Y;41) = ¥;(x;,y;), then z is a critical point of ® by together
with the defining property of V;. The converse is just as obvious.
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(21)

(22)

For the second part we compute the Hessian of ® at a critical point. This
gives rise to a symmetric linear operator

0*V; 0*V;
f§+1 =" — Tj+1 — 872](1']'“, yj)fjﬂ - 8x—8;(37j+17yj)77j

, 2V 02V,
n; =&+ —& — Wajy(fﬂjﬂayj)fjﬂ - aTyj(xjH, Yin

(e e (§) = ()

We want to determine the kernel of this operator in terms of . Recall that

from

so that

Iv;
Ti+1 = X5 = a_y(xj-i-lvyj)
oV;
Yj+1 — Y = _a—xj(%ﬂ,yj)-
if and only if (xj41,y;41) = ¥;(z;,y;). Differentiating this we get D;((;) =
(jt+1, or in other terms
~ 9V, ~ 92V,
{1 — & = Tag/fj—i—l + —823/] n;
- 0*V; ~ 9%V
Me1 = Mj = =55 8i+1 — 920y

Because 1); is a diffeomorphism, the solutions Ej, n; of this linear system of equa-
tions (with given &;,7;) are unique and they exist. In particular, if (E Ny TIN) =
Dip(o0,m0) = (S0,7m0) = (S, mv), then (&,7;) = (&5, 1) for all 5.

By the kernel of the operator at a critical point (implying that (22)
holds) defined in corresponds to of variations ¢ so that (j11 = di;(2;)(;.
Applying the chain rule to ¢y = ¥)y_1 0... 01y we get

Co = Cnto = di(20)Co-
Since z and ( are periodic, this implies that the kernel of the Hessian is empty
if and only if 1 is not an eigenvalue of di)(z).

Conversely, assume that (£p,7n) is an eigenvector of d()) with eigenvalue

1. This corresponds to a solution of with 53 = & and 7; = n;. This
is equivalent to a non-trivial solution (¢',7') = 0,.e. the degeneracy of the
Hessian of ®.
The previous Lemma relates properties of a quadratic form with properties of
a linear map. These things transfrom differently. Since quadradic forms and
linear maps transform differently one cannot expect very many such relation-
ships.

15. LECTURE ON DECEMBER, 6 — FLUX HOMOMORPHISM, HAM VERSUS SYMP

e The second step in the proof of the Arnol’d conjecture for T?" is showing that

if ) =1n_10...01y: R*™ — R?" is a lift of a Hamiltonian diffeomorphism
of T*" then V; are lifts of functions on T%". Note that do far, we only used that
1 is symplectic.)
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This will be a consequence of a broader discussion of the difference between
Symp,(M,w) and Ham(M, w) and some properties of these groups.

Theorem (Weinstein): If (M, w) is closed, then Symp, (M, w) is locally path
connected in the C'-topology.

Proof: Let ¢ € Symp(M,w). Then the graph of ¢ is a Lagrangian submanifold
of (M x M, priw — priw).

If ¢ is CY close to the identity, then the graph is contained in a Weinstein
neighborhood N(A) — A with N(A) being symplectomorphic to a neigh-
borhood N(M C T*M) of M C (T*M,d\) of the diagonal A (=graph of
the identity, and a Lagrangian). If the C''-distance between 1 and id is small
enough, then graph(T") is transverse to the fibers of the projection N(A) — A
so that the inclusion M — N(A) ~ N(M C T*M) is induced by a 1-form
o (this is true for ¢ = id and we are dealing with an open condition). For
example id corresponds to o = 0.

Again restricting de1(v),id) we may assume that all 1-forms so,s € [0, 1]
intersect the fibers of the projection pr, : M x M — M transversely, so that
they define graphs of diffeomorphisms v of M. Since the graphs of all these
1-forms correspond to closed forms, so 1 is a symplectomorphism.
Consequence: The connected component Symp, (M, w) of id in Symp(M,w)
is the path-connected component of the identity.

Consequence of the proof: The proof shows more than stated, namely that
Symp(M,w) is locally contractible. By standard theory of coverings this implies
that Symp, (M, w) has a universal covering

Sympo(M7 CU) — Symp0<M7 CU)
so that the covering projection is a homomorphism of groups, a local homeo-

morphism and Symp,(M,w) is simply connected. The group structure can be
obtained in two equivalent ways:
L. [¢¢] - [14] = [¢¢ © Y] using the product structure on G.
2. [¢] - [t] is represented by the concatination of the two paths [¢;] and
(P10 ).

These two ways yield equivalent (homotopic) results (consider ¢; o ;).

e Proposition: Ham(M,w) C Symp(M,w) is a normal subgroup.
e Proof: Let H : M — R be smooth and ¢ € Symp(M,w). Then

—d(H 0 ¢)(Y) = (¢"(—=dH))(Yz) = (¢"(w(Xn, ) (Vo)
= w(Xn, ¢:(Yx)) = (¢~ "w)(Xp, 6.(Y2))
= w(¢y, ' Xu, Ys) = w(o: (Xu(g(2))) (Yz)-
Now assume that 1, is the Hamiltonian flow of H;. Then d/dty, = Xp, o iy
and
(07 o0 0) (1) = 6 (X (e 0 9(a)
= ¢, (Xu,(po ¢t othyod(x)))
= Xr09(¢™" 09 0 9)().

Thus, H; o ¢ generates ¢! o 1)y o ¢.
Remark: According to a theorem of Banyaga, Ham(M,w) is a simple group
when M is closed.
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(25)

e Definition: Let (M, d)) be an exact symplectic manifold. Then Symp*(M, w)

is the group of compactly supported symplectomorhpisms topologized as di-
rect limit the group Symp” (M, w) symplectomorphisms with support in com-
pact sets K. Ham® (M, w) is generated by functions with support in K and
Ham®(M,w) is topologized in the same way as Symp®(M, w).

Proposition: Let (M,w) be connected exact symplectic and ¢; an isotopy
connecting ¢ = ¢ to id = ¢g. Then ¢, is a symplectic isotopy if and only
if ;A — X is closed for all ¢ € [0,1]. It is a Hamiltonian isotopy generated
by H; it and only if ;A — A = dF; for a smooth family of smooth functions
F,: M — R and

t
F;g:/ (iXs)\_Hs) ds
0

up to a function which depends only on ¢.
Proof: The first part is obvious. Assume that ¢, is generated by the functions
H; with Hamiltonian vector fields X;. Then by

d * *
SN = 07 (Lx M)
= —d¢y(H; — ix,A)

d d

SN = — (A +dF,

dt’ dt(+ ')
— dF,

This is implies .

The previous proposition characterizes Hamiltonian isotopy among symplectic
isotopies (and symplectic isotopies among smooth isotopies) when the symplec-
tic form is exact.

Definition: The fluz homomorphism of a closed symplectic manifold is

Flux : %O(M,w) — Hijp(M)

(1] — {/Olixtw dt]

where ¢ is a symplectic isotopy of (M,w), [¢] its homotopy class relative end
points and X, satisfies

d
%@ = X0 ¢y

e Lemma: This is well defined.
e Proof: ix,w is closed because ¢; is a symplectic isotopy. For v : St — M

/y /ol”’k“xf“) ) = / /01w<Xt<v<s>m<s>>dtczs

depends only on the free homotopy class of . Define 8 : S! x [0,1] — M as
B(s,t) = ¢7 ' (v(s)) € 6:(B(s,1)) = 7(s). Then

3(5) = 6 (3(5,1)) 0 (5.1
99

d
1218, 1)) = Xu(B(s, 1)) + dpe(B(s, 1)) 5 (s:¢)
=0.



16.

29

We equip S! x [0, 1] with the product orientation. Then

Flux(¢) = / 1 / ' (X2(9),3(5) e ds
// <d¢t ))%,d@(ﬁ(s,t))%)dtds
[ [ e (22
// (aﬁ aﬁ)dtd

Since w is closed this depends only on the homotopy class of 5 so that the
boundary of the image consists of the fixed closed curves 7(s),s € [0,1],
&1(y(s)),s € [0,1,] and B(1,t) = 5(0,¢) for all t. This is a standard appli-
cation of Stokes theorem (and the fact that integrals of 2-forms over closed
curves vanish).

e The last expression allows a geometric interpretation of the Flux: (Flux([¢¢]), )
is the symplectic area swept out by the cylinder ¢;(~s)).

e Lemma: Flux is a hormgn\ogahism of groups.

e Proof: Let [¢4],[¢] € Sympy(M,w) and view [¢y] - [¢;] as concatination of
paths [¢;] and [¢1 o ¢4]. Then the interpretation of the Flux and the fact that
¢1 is a symplectomorphism implies that (Flux(-),~) is a homomorphism. This
implies Flux is a homomorphism.

e Example: Let a be a closed form and X so that w(X,, ) = —a and ¢, the
flow of X,,. Then Flux([¢;]) = —a. In particular, Flux is surjective.

LECTURE ON DECEMBER, 10 — MORE FLUX HOMOMORPHISM, HAM VERSUS
Symp

e The Flux-homomorphism can be used to characterize Hamiltonian diffeomor-
phisms.

e Theorem: ¢ € Symp,(M,w) is Hamiltonian if and only if there is a symplectic
isotopy ¢; so that ¢p = id, ¢1 = ¢ and Flux([¢y]) =0

e Proof: Assume ¢ is Hamiltonian, i.e. there is a family of functions H; so that
Xy, generates ¢, with ¢ = ¢1. Then

Flux([én]) = [ /0 11X1wdt} _ [ /0 1<—dHt)dt] — 0 HL (M),

Conversly: Assume that ¢; is a symplectic isotopy with ¢; = ¢ and Flux([¢;]) =
0. Using this last fact we want to modify the symplecic isotopy [¢;] so that the
result ¢} is Hamiltonian for all ¢ and ¢}, = ¢; for ¢t =0, 1.
1. Step: Reduction from fol ix,wdt = dF to fol ix,wdt = 0. Let X be the
Hamiltonian vector field of F' and 1), its Hamiltonian flow. We view
[d¢] - [1¢] as a concatination of paths. Then the flux of this vanishes not
only in H! but already in Q. If we find ¢} for the new isotopy [¢; - ]
with the desired properties, then we achieved our goal for ¢, = ¢ since
the difference between ¢ o ¢; and ¢ is Hamiltonian.
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From now one we may assume that

1 1
/ w(Xy, )dt =0 < / X dt =0.
0 0

2. Step: Let Y; = — fg X,dr. This is a symplectic vector field as an integral
of symplectic vector fields. For ¢ fixed let J§ be the flow of Y; (with time
parameter s). Then ¢} := ¥} o ¢; has constant vanishing flux since Flux
is a homomorphism: For 0 < 7T < 1 and by the homotopy invariance of
the flux in the first/second line

Flux([¢}],0 <t < T) = Flux([¢;,0 < t < T)) + Flux([¢;, 0 < t < T))

T
= Flux([97,0 < s < 1]) + {/ i x,w dt}
0

T

= |ﬂyﬂﬂ+/ ?:thdt}
0

= 0.

¢, is homotopic to ¢; through symplectomorphisms relative to the end-
points (for this note that Y; = 0 = Yj so that the corresponding flows
are constant).

3. Step: If [¢,0 < t < T] has constant flux 0, then

d .

0= {d—TFlux([qbt, 0<t< T])] = [ix, w].
Therefore, X is a Hamiltonian vector field for all 7', the normalized
primitive depends smoothly on T'.

Fact: Assume that M is connected. There is an obvious exact sequence of

Lie-algebras

0— R — (C®(M),{-}) — (M, w),[-,"]) — Hgp(M) — 0

Here x(M,w) = {X € I'TX | Lxw = 0} is the space of symplectic vector fields
with the standard Lie bracket. The map to Hn(M) is X — ixw while the
map from C*°(M) assigns Hamiltonian vector fields to smooth functions.

The previous proposition allows to promote this sequence to groups.
Corollary: Let M be closed. There is an exact sequence of simply connected
topological groups

1 — Ham(M,w) —> Sympy(M, w) — Hix (M) — 0

The first map is the inclusion, the second map is the Flux-homomorphism.
Originally, we were interested in Ham(M, w) C Symp(M, w) and not in univer-
sal covers. For this we will use yet another exact sequence:

Lemma: Let (M,w) be closed and symplectic. Then there is an exact sequence

0 — m (Ham(M, w) — 1 (Sympy(M,w)) — I, — 0.

Here loops are viewed as paths in the universal covering, the map to from
m1(Sympy (M, w)) is induced by the flux homomorphism and the image of the

restriction of Flux to m(Symp,) C Symp, has image I',. The map from
m1(Ham(M,w)) is induced by inclusion. We use a topology on Ham(M,w)
which could be finer a priori than the C'-topology/the subspace topology of
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Ham (M, w) C Symp(M,w): Namely, ¢ is e-close to id if there is a time depen-
dent Hamiltonian flow ¢; so that ¢; = ¢, ¢pid and ¢, is e-close (in the C*-norm)
to the identity. It turns out that this topology coincides (this is related to the
flux-conjecture which is no longer a conjecture) with the subspace topology.
What matters here is that the inclusion map Ham(M,w) is continuous.

Using the topology we described, defining the universal cover of Ham(M, w)
is standard since every point has a contractible neighborhood.
Proof: The only non-trivial statement is the injectivity of the inclusion induced
map. Assume that [y] € m(Ham(M,w)) is a loop which is null homotopic in

Symp(M,w). Then there is a continuous family of paths 75”, s,t € [0, 1] so that

7(@ = id and 7, (t) = v(t). Each of the curves 7, ends at a symplectomorphism
with vanishing flux. The proof of the theorem allows to replace the path of
symplectomorphisms ", s € [0,1], with a path 4 in Ham (M, w) with the
same endpoints.

The proof of the theorem implies that one can choose &S’) continuously in ¢,
so 7 is null homotopic in Ham (M, w) if it is null homotopic in Symp, (M, w).
Finally, we can establish a precise statement about the relationship between
Ham(M,w) and Symp,(M,w). It is an immediate consequence of what we
know.

Proposition: There is an exact sequence

Hin(M)
r, '

where the first map is inclusion and the second map is induced by the Flux-
homomorphism.
Example: We will study Symp(7?",ws) (not only the connected component
of id). We fix the universal cover R*" — R?*" /Z*" = T*",
1. Observation: Let ¢ € Symp(7?",wy) and ¢ : R?® — R?" a lift. For
l € 7%,

0 — Ham(M,w) — Symp,(M,w) —

o(w+1) — op(w) = A(l) € Z*"
is constant and A is Z-linear (look at o(w + (I +m)) — d(w) = dp(w +

(l4+m)) — p(w+1) — (p(w+1) — ¢p(w)). Since ¢ is invertible, the same
is true for A, i.e. A € Gl(2n,Z).
A is the identity iff ¢ acts trivially on H,(T*",7Z).

2. Observation: A is a symplectic: If A represents the homomorphism
b+ T (T?) — 7 (T?") ~ H(T*,7Z) with respect to the standard
basis of Z?", so AT represents the dual morphism on H(T?",Z) with
respect to the dual basis dzq,dys, . . ., dz,, dy, (via integration of forms).

H'(T?",R) has a symplectic structure

Ofal. 3) = [ anprw

Since ¢*wy = Wyt

/¢(T2n)oz/\ﬁ/\wst_ :/T?“(I) (aNBAwg ™)
implies Q([a], [B]) = Q(o*[a], ¢*[F]).
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(27)

(28)

3. Proposition: Assume ¢; is a symplectic isotopy and @ is the unique

Flux([¢s]) = [Z ajdwj]

J=1

with

a=(ay,...,a,,)=4Jo /T2n (51(10) — go(w))j W,

TV
=lifts of functions on 172"

Proof: Fix a family of Hamiltonian functions H; for QNﬁt (%(bt is not a

Hamiltonian vector field on T°", but %%gt is Hamiltonian on R?"). These
functions do not descend to 7", in general. However, H;(w+1)— H(w) is

a constant function on R?" for all [ € Z?". So, there is a time dependent
vector h(t) = (hi(t),..., ho,(t)) such that

Hy(w+1) — Hy(w) = (h,1) for all | € Z*"

which measures the obstruction for H; being the lift of a Hamiltonian
function on T?%". For the Flux of [¢;] we get

Flux([¢]) = /0 [, Wat)

exact on R27, not T2n

— [i ( /O 1 hj(t)dt) dwj] .

J=1

Now compute (sometimes 72" denotes a fundamental domain of the Z*"
action on R?" or the 2n-torus).

0= Jo / () = dolw))

= [ [ (55) G
3 / ) / ~ TV H(B(w)) i
_ /T ) /O Y H,(w) i

_ /O h(t)t

For the step from the third to the fourth line one uses that ¢; is a sym-
plectomorphism, for the next step one uses . This confirms .

4. Observation: The last statement implies Hj,(M,Z) C T',,,,. The vector

a can be interpreted as average displacement of points in 7% by the
symplectomorphism ¢;.
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5. Consequence: Assume that ¢; is a loop in Ham(7?",w). Then the loop
t — ¢¢(q) in T?" is contractible for all ¢ € T*".
Proof: Choose the lift ¢, of ¢; to R*" so that ¢y = id. Since ¢, is
Hamiltonian, Flux([¢¢]) = 0. Because ¢; is a loop, there is [ € Z*" so
that ¢1(w) = w + [. Consider the linear curve v which represents .J; - [.
Then using notation from above (3(s,t) = ¢; ' (7s))

@mammwzéw
£0

because the cylinder § is homotopic relative to the boundary to a cylinder
in 7% whose lift to R?" is contained in a plane parallel to the plane
spanned be [, Jyl. The symplectic form is an area form on such planes
and the cylinder has two different boundary components. Thus, [ = 0.
This implies the claim.

17. LECTURE ON DECEMBER, 13 — GENERATING FUNCTIONIS FOR
HAMILTONIAN DIFFEO’S OF T2"

Definition: A symplectomorphism ¢ of (T*", w,;) is called exact if it acts trivial
on homology (A = id in the notation from above) and admits a lift ¢ so that

|, Gtw) = wpz =0,

The last integral is over a fundamental domain. ¢ acts trivially on homology
if and only if it is homotopic to the identity.

Fact: We have shown above that Hamiltonian diffecomorphisms of 72" are
exact. (We did not determine I',, completely.) This will be used in the following
Lemma. _

Lemma: Let ¢ : R** — R*" be the lift of an exact symplectomorphism of
T?". If ¢ is sufficiently close to id in the C'-topology, then there is a smooth
function V' : R?*"” — R which generates 1) and satisfies

Vie+k,y+1) =V(x,y)
for all k,1 € Z". N
Recall that generates means that ¢(zo,yo) = (z1,%1) is equivalent to

oV
Ty — Ty = a_y(xlayO)

=0, )
Y1 — Y = O T1,%Yo0)-

Proof: Since 5 is homotopic to the identity, there are functions p, ¢ : R** —
R™ which are periodic (p(x + k,y + 1) = p(x,y) for k,l € Z™) and

oz, y) = (x +p(z,y),y + q(z,9)).

/pw?t=0=/ qwg-
T2n T2n

implies
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(31)

Recall that (x,y) — (z + p(z,y),y) is a diffeomorphism of R?*". Hence, it
induces a diffeomorphism of 7?". Because

p(a,y) = %—Z(az T p(ey).y)

and p(x,y) descends to an R"-valued function on 72", the same is true for
OV/dy. The same argument shows that 9V /dy is the lift of a function on 7"
with values in R™. Therefore, there are vectors a,b € R™ so that

Viz,y) = ((a,b), (z,9)) + W(z,y)

for a function W which is 1-periodic in all variables. The fact that the average

displacement of ¢ vanishes allows to determine (a, b) (this vector has to vanish).
Here are the details: Differentiating with respect to x and y we get

ow
ow
b+ — (@ +p(z,),y) = p(z,y).
Y
The second identity implies (differentiate by x):
O*W Op op
E+P)-_2
ayax(ﬁp(w,y),y)( +8x) 5

Multiplying with (E + dp/dz)~" (the matrix is invertible by the C'-smallness
assumption (|17))) we get

0*W Op -
_ T
axay(ﬂp(x,y),y) ( + a:C(ﬂv,y))
This allows to perform a change of variables (2',y) = (x + p(z,y),y) after
integrating the identity involving a over a fundamental domain of the

7" action on R?" we get

a=— . %—f(w +p(z,y),y) dedy

_ _/ a_W@;/ ) dz’ dy'
e et (E+ %(m,y))

(2, y')) dz' dy/

O*W
ox' 0y’

ow

= - 'y )det | E —
T2naxl<x’y)e<

O*W

Again all integrals are over fundamental domains of the Z?"-action on R*" (it

does not matter which fundamental domain is used). The expression of the last
line is the pull-back of the 2n-form

(AW (... Y0y Nday A ..dal Ndy] AN dyl
under the map

RZTL N RQn

(l‘/,y/) —_ (l‘/,y/ o aalif) — (I”,y”).
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This is a diffeomorphism of R?" because its first derivatives (i.e. the second
derivatives of W) are as close to id as the first derivatives of OV dy. Moreover,
it is Z*" periodic.

Since the 2n-form given in descends to an exact 2n-form manifold 72" =
R?" /72", This implies a = 0. b = 0 follows from a similar computation.

18. LECTURE ON DECEMBER 17 ,— CONLEY INDEX, NON-DEGENERATE CASE OF

(32)

THE ARNOL'D CONJECTURE

e Corollary: Let ¢ be a Hamiltonian diffeomorphism of 72". If ¢ is sufficiently

Cl-close to id, then the Arnol’d conjecture holds for ¢. Moreover, the dis-
cretized action functional is defined on Py, /Z*".

Proof: The first part follows from the second if N = 1, i.e. is ¢ is so small
that it does admit a generating function V. For the second part recall that the
action is a linear combination of function V;(z;41,y;) and ij;ol (Yj, Tje1 —Tj).
Z*" acts by translation on P, i.e. for w € Z*" and ((z0,v0), - - -, (Tn—-1,Yn-1))
(with the convention =4y = z;, yj+n = Y;)

w- ((%0,Y0),---» (@n-1,yn-1)) = ((x0,%0) +w, ..., (xn-1,yn-1) + W).

So both the Vj-summands and the part Zj.vz_ol (Yj, j+1 —x;) are invariant under
this action. Thus, the discretized action functional descends to

D : Pper /77" — R.

Remark: The source is diffeomorphic to 72" x R?N=1)_ Ty finish the proof of
the Arnold conjecture for 7?" we have to show that if ® has only non-degenerate
critical points, then there are at least 22" of them and at least 2n + 1 critical
points in general and these critical points correspond to geometrically distinct
fixed points of ® on T%".

Morse-theory is the standard tool to relate critical points of functions with
non-degenerate critical points (Morse functions) with the topology of the un-
derlying space. To estimate the number of critical points of a general function
from below one used the Lusternik-Schnirelman category.

Both these tools need to be adapted from their standard setting (discussed
for example in the first chapters of [Mi-M]) to the present one because ® is not
bounded from below.

Let V be —V®. This vector field is complete so that we consider the flow. We
will relate dynamical properties of V' to the topology of X = R>*"V /72" = M.
Morse-theory and Conley index: Let V be a complete vector field on the
manifold M and f; its flow. It is not required that V' be a gradient vector field
until later. However, it should be noted that gradient flows are simpler than
general flows because all recurrent trajectories (i.e. flowlines that accumulate
on themselves, for example closed leaves) are singular points.

Definition: A C M is invariant if fi(A) = A. An invariant set is isolated if
there is a neighborhood N so that A = N, fi (V).
Definition: Let A be an isolated invariant set. A pair (N, L) (with L C N C
M) of compact sets is an index pair for A if
1. N\ Lisolates A, i.e. A=nfi(N\L).
2. L is positively invariant, i.e. for all z € L and t > 0 so that fio4(z) € N
implies f[(]}t] C L.
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(33)

3. a point in N passes trough L before leaving N, i.e. for all x € N\ L
there is € > 0 so that fj(z) C N.

e Theorem: For every isolated invariant set A, there is an index pair.
e Lemma: Given two index pairs (N, L), (N’, L") for A, then the spaces N/L

and N'/L' are homotopy equivalent.
Definition: An index pair (N, L) is regular if L is a deformation retract of
neighborhood of L in N. N

If (N, L) is regular, then H,(N,L) = H,(N/L). This is a measure for the
topological complexity of A which is stable under deformations of V' as long as
(N, L) is still a (regular) index pair. It is convenient to organize information

about H,(N/L) in the indezx polynomial
pa(s) = Z dim(H(N, L;R)) s".

k ~

bi,(A)

In all cases we are concerned with, (N, L) will be a compact CW-pair. This
implies that (N, L) is regular and that H,(N, L;R) has finite dimension. A
standard properties if H,(-,-)

paun'S = Pa(s) + par(s)
when the invariant sets A and A’ have disjoint isolating neighborhoods.
Remark: The case when V = —V f is the gradient flow of a smooth function
(assuming that the flow of V exists forever, i.e. that V' is complete). Then
singular points are invariant sets and all other invariant sets are unions of
singular points and flow lines ”connecting” them.
Example: Let f(21,...,2,) = —27—...— 23+ 27, +...+ 22 be the standard
Morse singularity of index k& on R® = R* x R**  Write I = [~1,1] and
V = =V f. 0is a singular point of V and N = I" isolates 0. Tacking L =
(0I%) x I"™* we get an index pair (N, L) and N/L ~ I*/(0I*) ~ S* where ~
denotes homotopy equivalence. Recall

R I=k
0 I+#k.

k is the number of negative eigenvalues of the Hessian of f at a critical point.
The following theorem is a standard result from Morse-theory which allows to
estimate the number of singular points of an invariant set of a gradient flow of
a Morse-function ® on a manifold of dimension n in terms of the topology of
an isolating set of A. Let

H(S";R) ~ {

c(A) = |{x € A|z is a critical point of index k}|.
Theorem (Morse inequalities): For 0 < k <n
cr(A) — o1 (A) + . (=) eg(A) > b(A) — b1 (A) + ...+ (=1) by (A).
Equality holds for £ = n. By induction, this implies that

ch Zzbk
k k

The proof of this relies on rebuilding (the homotopy type of) N from L using
the flow and information about the singular points.

The right hand side of does not really depend on A but on the index pair
(N, L) for A.
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19. LECTURE ON DECEMBER, 20 — ARNOL’'D CONJECTURE, FINALLY

Theorm (Arnol’d conjecture), non-degenerate case: Let ¢ be a Hamil-

tonian diffeomorphism of 7%" and assume that all fixed points are non-degenerate
(i.e. 1 is not an eigenvalue of d¢ : T,T?" — T,T°" for a fixed point x of ¢).

Then there are at least 227 fixed points.

Proof: Let ¢ be the endpoint of the lift of the the Hamiltonian flow of the

Hamiltonian functions defining ¢ to R*® — T?". For big enough N, there are

functions V; generating symplectomorphisms ¢; of R?" so that

$:¢N710¢N720---0¢0

and the fixed points of ¢ correspond to (equivalence classes of) critical points
of the action functional (under the Z?"-action)

O : P, /2" — R
N—-1

(20,90, - wn 1 yna] — > (i1 — 25) = Vi@, 55))
=0

The domain of ® is diffeomorphic to T%" x R**V=1 via
20=129 € T™
§=x;—xj_1 €R"
nj =Y — Y1 €R”
for j=1,...,N — 1. We denote ¢ = (£,n). In these coordinates, ® becomes
$ T x R*V-D R
(20, Q) — (¢, PC) + W (20, C1y - -+, Cv—1)-

The matrix P is of the form P = ( 0 -5 ) with

-BT 0
0o E, ... E,

B=| . . . :
0o o0 ... E,

TV
(N—1) columns

The matrix P is symmetric and represents a non-degenerate quadratic form
with det(P) = £1. We want to determine the index of P (the index is the dif-
ference between the number of positive eigenvalues and the number of negative
eigenvalues).

P is homotopic through non-degenerate symmetric matrices to

0 —Eon(n-1)
—Eonv-1) 0 '

This matrix has index 0, so the same is true for P. Hence, there is a decompo-
sition £, @ E_ of R*W=1 g0 that the quadratic form P is positive definite on
E and negative definite on £_. From this we get an index pair for the unique
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critical point 0 of the quadratic form: For all K > 0
Nk ={(es,e-) € Ex @ E_|[le4| < K, |le-|| < K}
Lic = {(exre-) € By ® E_||les]| < K, |le-|=K}

is an index pair for A = {0} € R®*V=1 of the negative gradient flow of the
quadratic form. N is a product of two n(/N — 1)-dimensional balls, Lk is the
product of such a ball with a sphere of one dimension less. If V; = 0 for all j,
then T%" x (N, L) is an index pair for the negative gradient flow of ®. If one
chooses K so that the negative gradient flow points out of Nx precisely along
Ly, then T?" x (N, L) is an index pair for the negative gradient flow of ® with
no-trivial given V;. Such a K exists because V; and its derivatives are bounded
functions on T%" for all j. Hence, the Conley index of the union of all bounded
flow lines is
T?" x Ng/T*™ x Lg

One can compute the homology of this index pair:

2n
bk+n(N71)(T2n X N, T*" x Lg) = (k;)

This implies the claim.

We still have to discuss the algebraic topology for the degenerate/topological
case. This is more delicate because we can only assume that the number of
critical points of @ is finite, so that the critical points are isolated. The following
definitions provide tools to estimate the number of critical points from below.
Definition: An open subset U of a manifold M is cohomologically trivial if the
inclusion induced map

i Hig(M) — Hgp(U)
is zero for k > 1. The Ljusternik-Schnirelmann category of a subset A C M is

vrs = minimal number N so that there are cohomologically trivial
Up,..., Uy C M so that A C U,U;.

This defines a map vg : PowerSet(M) — Ny satisfying a the following rules:

1. (continuity): For all A C N there is an open set U so that v.s(U) =
VL5<A).

2. (monotonicity): A C B implies vpg(A) < vps(B).

3. (subadditive): vy s(AU B) < vps(A) + vis(B).

4. (normalization): vig(0) = 0 and vig({x1,...,zy}) = 1 for all finite
subsets of M.

5. (naturaltiy): If ¢ : M — M is a homeomorphism, then vyg(¢p(A)) =

VL5'<A).

e Lemma: If M is of dimension n, then v;g(A) <n+ 1 forall A C M.
e Sketch of Proof: Fix a triangulation 7 of M and consider its first barycentric

subdivision 7*. The vertices of 7' can be grouped into n + 1 classes V;,j =
0,...n according to the dimension of the face they are a barycenter of. For
example, Vj are the vertices of T, Vi are mid points of edges of T etc.

The open star of a vertex of a triangulation is the union of all (open) sim-
plices whose closure contains the vertex. All open stars of a vertex in 7'
are contractible and the open stars of vertices in V; (for fixed j) are pairwise
disjoint.
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e Definition: The cup-length cl(M) of the manifold M is the smallest number
N so that for all a; € Hyi(M) with k; > 1

arN...Nay =0.

e Remark: If M is n-dimensional, then cl/(M) < n+ 1.

e Example: The cup-length of 72" is 2n + 1 since dz; A ... Ady, is a non-trivial
class which is the product of 2n forms of degree 1.

e Lemma: Let M be compact. Then vg(M) > cl(M).

e Proof: This is an application of the exactness of the Mayer-Vietoris sequence:
Let U,V C M be open. Then there is an exact sequence

L CHEHUNV) — HEp(UUV) — HE (D)@ HSR (V) — Hip(UNV) — HEL(UUV) ...

The second map is induced by inclusion, the third map is the difference of
the maps induced two restriction maps. The connecting homomorphisms are
constructed using a partition of unity subordinate to the open cover U,V of
UuvV.

Claim: Let a € Q¥(U U V) be exact on U and on V. Let 8 € Q(UUV) be
closed on U and exact on V. Then a A § is exact on U U V.

Proof of claim: «|y = doy,ay = doy, fy = dry by assumption. Choose
an extension (denoted by op) of oy to U U V. Now the k + [ — ag-form p is
defined by

plv =0y AN onlU
p‘v =0y A ﬁ -+ (—1)k71d((0'U — Uv) N Tv) on V.
The forms py, py coincide on U UV, so they define a form on U U V. One can

check that
dp=aAp.
Let Uy,...,Ux be an open covering of M by cohomologically trivial sets
and aq,...,ay forms of positive degree. Using induction we will show that

ar A ... o 1s exact on Uy U... U, for 1 < k < N. This is obvious for k& = 1.
For the inductive step apply the claim to

a=aoa;NoponU=U,U...U,
B =agronV = U

e Theorem (Lusternik-Schnirelmann): Let M be a compact manifold. Then
a (negative) gradient flow has at least vy g(M) critical points.

e Proof: Let f: M — R be smooth, and V' = —V [ (using some Riemannian
metric). Let ¢; be the flow of V. We assume that f has finitely many critical
points so that they are isolated.

For ¢ € R let M¢ := f~!((—o0,c]). If ¢ is not critical, then for sufficiently
small € > 0 the flow ¢; allows to construct a homeomorphisms of M mapping
M¢*¢ heomeomorphically onto M¢*¢. Then

VLS(MH_E) — VLS(MC_E>

by naturality. Let ¢; = sup{c € R|vps(M°) < j} for j =1,...,vp5(M). Then
c1 = min(f(M)), and ¢; is a critical value of f for all j.

We are done once we show that the critical levels ¢; are pairwise distinct, i.e.
cjt+1 > ¢j. Because there are only finitely many critical points, the critical level
f!(c;) contains only finitely many of them: 1, ..., z,,. There are contractible
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neighborhoods V; of x; and € > 0 so that M %%\ U,;V; can be pushed into M%~¢
by the flow. Hence,

vrs(M97%) <wvpg(M%™%) + v(U; Vi)
= VLs(MCj+E) -+ 1
<j+ 1

This implies ¢j11 > ¢;.

Remark: We have used deRham cohomology to explain the Lusternik Schnirel-
mann category because it is assumed that we all know it. It would work in the
same way with most other cohomology theories (for example singular). It turns
out that Alexander-Spanier homology is better suited than singular or deRham
cohomology.

The reason for this is that in general A is a complicated space (not a manifold,
not a CW-complex). In the non-degenerate case this is not as big of a problem
because the singularities and the flow lines connecting them are very simple
(for a generic choice of Riemannian metric defining the gradient flow, we are
interested in the number of critical points which are not affected be the choice
of a metric.)

In the Alexander theory (like in singular cohomology) it is possible to define
a map

it H*(N) — H*(A)
which is induced by the inclusion A — N where (N, L) is an index pair. In
the Alexander theory, and not int the singular theory, one can define several
long exact sequences allowing to prove properties of i*. For details see [Col,
p. 7T4ft.
Idea of proof of the Arnol’d conjecture in the degenerate case: Let
7 T2 x R2N=1) _ 727 he the projection. One has to show that

i*or*: HY(T?) — H*(A)

is injective. This is clear when ® = id, i.e. when V; = 0 for all j and properties
of Alexander cohomology allow to prove the general case. The cup length can
be defined for all cohomology theories (and not only on manifolds but also on
compact metric spaces). The same holds for the notion of category. Also, the
proof of the Lusternik Schnirelmann theorem can be adapted to the setting of
flows on metric spaces like A (gradients are not really defined there, but one
can still talk about Lyapunov functions) .

Because the cup length of H*(T?") is 2n + 1 this implies that A contains at
least 2n + 1 critical points.
Remark: This is only the beginning of a long story, see [McDS], Section 11.

20. LECTURE ON JANUARY, 7 — SYMPLECTIC CAPACITIES

In the following symplectic manifolds are allowed to have boundary, they are
of dimension 2n. We denote

B(r) = {(z,y) € R ||z + [y]* <1} C (RQn,wo =D dyi A dxi)

Z(r) ={(z,y) e R |z} + 4y <1} C (R*",wy) .
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The symplectic form wy looks slightly non-standard, but it the standard sym-

plectic form on T*R™ ~ R?". The almost complex structure J = < _Oi q 161 )

is adapted to wp and w(—JX,Y) = w(X, JY) is the standard Euclidean metric
on R?". The Hamiltonian vector field is then Xy = JVH.
Definition: A symplectic capacity c is a map (M,w) — ¢(M,w) € R U {oo}
so that
1. (Monotonicity): If ¢ : (N,wy) — (M,wys) is a symplectic embedding,
then
c¢(N,wn) < e(M,wy).

2. (Conformal): ¢(M, aw) = |ajc(M,w) for all a # 0.
3. (Nontrivial): ¢(B(1),wp) =7 = ¢(Z(1),wp).
Sometimes one replaces the last property by the weaker requirement

0 < ¢(B(1),wp) and ¢(Z(1),wp) < 0.

Other restrictions, e.g. considering only open subsets in R?" are common.
Remark: As it turns out there are many different capacities, in particular
when n > 1. The existence of a capacity is a non-trivial fact that we assume
for now.

Remark: If n = 1, then ¢(M,w) = [,,w is a symplectic capacity. If n > 1,

then
o ()"

is monotone and conformal, but |, 2(1) w" = 00.

Remark: If f: (M,w) — (N, p) is a symplectomorphism, then ¢(M,w) =
¢(N, ). This is immediate from the monotonicity.

Lemma: For U C (R?",wp) and o # 0

c(alU,wy) = o?c(U, wp)

where aU = {au|u € U} C R*".
Proof: The map

Y (al,wy) — (U, o’wp)

(z,y) — (z.9)

is a symplectomorphism. Hence, c(alU,wy) = ¢(U, a’wp) = oc(U,wp) by con-
formality.

In particular, ¢(B(r)) = r?c(B(1)) = r’n and ¢(Z(r)) = r’*zx. If n = 1,
¢(B(1),wy) = area(B(1)). Since B(r) € B(r) < B(r +¢) for € > 0, one has
c(B(r),wy) = c(B(r),wo).

Proposition: If D C R? is compact, connected domain with smooth boundary,
then ¢(D,wy) = area(D).

Proof Sketch: After removing a finite collection of curves we obtain Dy so that
Dy is diffeomorphic to a disc, i.e. there is a diffeomorphism ¢ : B(r) — Dy
and area(D) = area(B(r)). For € > 0 one finds r; < r so that area(¢(B(r1))) >
area(D) — ¢.
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By the proof of the Moser theorem, there is an ambient isotopy v, of R2

supported in D so that 1, o ¢ is symplectic on B(r;). Then

area(D)—e < area(110¢(B(ry))) = area(B(r1)) = ¢(B(r1)) < c(v106(B(r1))) < ¢(D).

Conversely, for all € there is a diffeomorphism

¢ : D — B(r) \ {finite set of balls with total area < e}

such that area(B(r)) — e = area(D) By Moser’s theorem one can again isotope
¢ so that it is symplectic and has image contained in a disc B(R) so that
area( B(R)) < area(D) + ¢. Then

c¢(D) < e¢(B(R)) < area(D) + «.

Thus, area(D) — e < ¢(D) < area(D) + ¢.

e Example: Let n > 1 and Z(1) = {(z,y) € R*" |22 + 22 < 1} ¢ R*". Then
C(Z ,wp) = oo. This is true since for all N, there is a symplectic embedding of
B(N) into Z, take (x,y) — (2/N, Ny), for example. This is generalized in

e Proposition: Let U be bounded, open, nonempty and W C R?" a subspace
of codimension 2. Then

c(U + W) = oo if W is isotropic
0 < c(U+ W) < oo if W is not isotropic

e Of course, the concept of symplectic capacity grew out of an important theorem:
e Gromov’s non-squeezing theorem: There is a symplectic embedding

v B(r) — Z(R)

if and only if r < R.

e Proof assuming the existence of a symplectic capacity: If » < R, then
B(r) € Z(R). Conversely, if there is a symplectic embedding ¢ : B(r) —
Z(R), then

r*r = c(B(r)) = c(v(B(r)) < c(Z(R)) = R*r.

e Proposition: Fix n = 2. Let 0 < ry < ry and 0 < s; < s5. There is a
symplectic diffeomorphism ¢ : B?(r1) x B%*(ry) — B?(s1) x B%(se) C R* if
and only if r; = s; and ry = ss. (32 denotes a disc in the x1,y; or the xa, yo
plane.)

e Proof assuming the existence of a symplectic capacity: If ¢ is such
a diffeomorphism, then since BY(r;) C B%*(r;) x B?(ry). Moreover, B%(s;) X
B?(sy) C Z(s1). Hence,

rim = c(B*(r1)) < c¢(B*(r1) x B*(ry)) < ¢(B*(s1) x B*(s3)) < ¢(Z(s1)) = s>

This implies 7 < s;. Applying the same argument to ¢! we get s; < ry.ie.
r1 = §1. Since @ is also volume preserving, we get r1ry = 5159, S0 79 = So.

e So far, we have no idea what a symplectic capacity might measure. Still as-
suming the existence a capacity, the following theorem gives another, explicit
capacity called the Gromov width. It is still unclear whether there is a single
capacity for n > 2.

e Theorem:

(M,w) — D(M,w) = sup {mr? |there is a symp. embedding (B(r),wy) — (M,w)}
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is a symplectic capacity. It is minimal in the sense that D(M,w) < ¢(M,w) for
all symplectic capacities ¢. For all compact symplectic manifolds (M,w) one
has D(M,w) < oc.

e Proof: Monotonicity is clear. Let ¢ : (B(r),wy) — (M, aw) be a symplectic
embedding. Then

b+ (B(r/v/]al),wo) — (M, w)
(z,y) — ¥(V/]el(z, y))

is a symplectic embedding for o > 0 since *w = 1/ |a|2@/)*w =" <\/ |a|2w> =

%w*(aw) = %wo. If a < 0, one precomposes zZAJ with the anti-symplectic invo-
lution (x,y) — (—z,y). This implies that to each embedding (B(r),wy) —
(M, aw) there is a symplectic embedding (B(r)/+/|a|, we) — (M,w) and vice
versa. This implies conformality.

D(B(1),wy) = m: This is easy since the identity is a symplectic embedding
B(1) — B(1), hence D(B(1),wy) > m. The opposite inequality follows from
the fact that symplectic embeddings are volume preserving, i.e. if there is a
symplectic embedding ¢ : B(R) — B(1), then R < 1.

D(Z(1),wy) = m: This is where the existence of a capacity is used via the
Gromov’s non-squeezing theorem. Assume that B(r) — Z(1) is a symplectic
embedding. Then r < 1 by non-squeezing. The inequality D(Z(1),wy) > 7 is
obvious.

Let ¢ be any capacity. If ¢ : (B(r),wy) — (M, w) is a symplectic embedding,
then ¢(B(r),wy) < ¢(M,w). The second to last claim follows.

The last claim follows from the fact that compact symplectic manifolds have
finite volume.

e Remark: Let ¢; : R* — R?" be a family of symplectic diffeomorphisms
which C'-converges (locally) to a map v : R?® — R?*". Then since

()" Jodip(x) = Jo

0 id

—id 0
most complex structure compatible with wy yielding the standard Euclidean
structure. The following theorem is a vast generalization of this statement:

e Theorem (Gromov, Eliashberg): Let ¢; : (M,w) — (M,w) be a sequence
of symplectic diffeomorphisms such that 1; converges locally uniformly to the
diffeomorphism 1, then v is symplectic.

e By the Darboux theorem, this is a Corollary of the following

e Theorem: Let ¢; : (B(1),wy) — (R®*",wp) be a sequence of symplectic em-
beddings converging to ¢ : B(1) — M which is differentiable at the origin.
Then d¢(0) is symplectic.

e Convention: We extend a symplectic capacity to all subsets of R?" via

c(A) = inf{c(U)| A C U C R*" open }.

The monotonicity of ¢ implies A C B = ¢(A) < ¢(B). By invariance ¢(A) =
c((A)) if 1 is a symplectic diffeomorphism defined on an open set containing

for all z, the limit ¢ is also symplectic. Here J, = is an al-

e Proof of the last Theorem:
Let H = di(0) and assume 1(0) = 0.
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1. 7 is measure preserving with respect to the standard symplectic
volume ;1 = w{/n! : This follows from uniform convergence and

/¢*u:=/ p = lim p= lim ¢;u=/u-
U »(U) J700 Japi (U) = Ju U

for all open sets in B(1).

2. H is an isomorphism: Since v is differentiable at 0, there is a map h
from a neighborhood of the origin to R** with h(0) = 0 and |h(z)|/|x| —
0 as x — 0 in the complement of the origin so that

U(z) = Hx + h(z).

Then
- a(BE)
=0 u(B(e))
The previous step implies det(H) = £1.
3. Lemma (Eliashberg): Assume H is a linear isomorphism which is not
conformally symplectic, i.e. H*wg # Awy for all A € R. Then for all

a > 0 there are symplectic matrices U,V so that

a 0
U'HV = 0 a

* *

= | det(H)|.

0

This will be postponed.

4. H is conformally symplectic: Assume not. Then by the Lemma we
can find @ > 0 and symplectic matrices U,V so that U 'HV has the
form given above and U'HV (B(1)) C Z(1/8) when a > 0 is sufficiently
small. Then U™ ot oV maps B(e) into Z(g/4) for ¢ > 0 sufficiently
small. Because U~! o 4; o V converges uniformly to U ' ooV on a
compact neighborhood of 0, we get

Ulo ;o V(B(e)) C Z(g/2)

for B(e) contained in that neighborhood for sufficiently big j (such that
U ooV ise/2close to U ooV on the neighborhood). This is
a contradiction to Gromov’s non-squeezing theorem. Thus, H*wy = Awy
for some A € R.

5. A = 1: Consider the symplectic embeddings v; o id : B**(1) x R** —
R?" x R?" with the product symplectic structure. This converges locally
uniformly to @/A) satisfying the assumptions of the theorem and

Di’(o)_(f)[ icc)i)'

This has to be conformally symplectic. Hence, A = 1.
6. Proof of the Lemma: This requires some clever linear algebra. Let B
be the wy-symplectic adjoint of H uniquely defined by

WO(Hxay) = (JJO(:U?By)

If B were conformally symplectic for some A\, then Bo H = X\ -id, so
H would be conformally symplectic since B is an isomorphism (like H).
Let w = B*wy.

Claim: There is z € R?" so that w(z,-) is not a multiple of wy(z, ).
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Proof of Claim: Assume not. Then for all  # 0 there is A(z) so that
w(x, ) = ANz)wo(z, ). Let £ € R*™ so that wy(z, &) # 0. Then

Awo(&,y) = —w(y, )
for y in a neighborhood of x where w(y,£) # 0. Then A(y) is constant
on that neighborhood. Since R*"\ {0} is connected, this implies that A
is constant on R?" \ {0}. This concludes the proof of the claim.
For x from the claim the map
R*" — R?
u— (wo(x,u),w(z,u))

is surjective (since wy(z,-) and w(x,-) are linearly independent). For all
a > 0 there is y so that

wo(z,y) = 1 and w(z,y) = a*.

Since wo(Bx, By) = w(x,y) there are wy symplectic bases (e;, f;) and
(el, f1) with

e1 =2 =y
Bz B

¢ = — fi=="
a a

i.e. Bey =ae} and Bf; = af]. Since A = —JyB".Jy the map A in terms
of the basis (e;, f;) and (e}, f/) has the desired form.

21. LECTURE ON JANUARY, 10 — EXISTENCE OF SYMPLECTIC CAPACITIES

For a smooth function H on a symplectic manifold the Hamiltonian vector field
Xy is defined as the unique vector field such that w(Xpy,-) = —dH(-). What
follows is the definition of the Hofer-Zehnder capacity.
Definition: Let H(M,w) be the set of smooth functions H on M so that

1. H is constant (this constant is called oscillation and denoted by m(H))

outside of a compact set contained in the interior of M,

2. There is a nonempty open set where H vanishes.

3. 0< H(z) <m(H) for all z € M.
A function H € H(M,w) is admissible if all periodic solutions of Xy are either
constant or have period T' > 1.
Definition: Let (M,w) be symplectic. The Hofer-Zehnder capacity of (M, w)
is

cuz(M,w) =sup{m(H)|H € H(M,w) is admissible}.

e Theorem (Hofer-Zehnder): This is a symplectic capacity.
e The proof of this will take some time. The most difficult step is to show

c(Z(1),wp) < m which requires to establish the existence of non-trivial periodic
orbits with period < 1 for all Hamiltonian vector fields for functions H €
H(Z(1),wy) with m(H) > 7.

Lemma: cpz is monotone.



e Proof: For a symplectic embedding ¢ : (M,w) — (N, o) define ¢, : H(M,w) —
H(N, o) via

m(H) ifx &M
(i (H))(x) = { H<w_1éx)§ if x € ngg

Because v is symplectic, one has Xy g(z) = 0 on the complement of (M)
and Xy, i(2) = Y. (X (= (z))) for & € (M). Therefore, non-trivial periodic
orbits of X, i are in one-to-one correspondence with non-trivial periodic orbits
of Xy and the correspondence preserves periods. Therefore, 1, H is admissible
when H is admissible, so

caz(M,w) < chz(N, o).

e Lemma: cyy is conformal.
e Proof: Let o # 0 and consider

e s H(M,w) — H(M, aw)
H+— |a|H.

Clearly, X7y, = |3—‘X ¢. So admissible functions in H(M,w) map to admissible
functions in H(M, aw).

e Lemma: cyz(B(1),w) > .

e Proof: For £ > 0 we have to construct functions H without fast periodic orbits
so that m(H) > m —e. We pick a smooth function

f:0,1] — [0, 00)

0 tnear0
t—
m™—¢ tnearl

so that 0 < f/(t) < 7 for all t. Set H(z) = f(|z|*) for x € B(1). Then
m(H) = m — e, H vanishes on a neighborhood of the origin and H < 7 — «.
Then

Xy =JVH = Jf'(|z|*)2z

so that Hamiltonian flow of H preserves the levels of the function z — |z|?.
Therefore, Xz (x) = a(Jyz) with 0 < a = 2f'(|x]?) < 27 constant along orbits.
Solutions of this ODE are either constant (when a = 0) or periodic with period
T =2n/a > 1 when a # 0. Therefore, H is admissible with m(H) = m — ¢.

e Remark: By monotonicity, cgz(Z(1),wo) > cyz(B(1),wo) > m. We are done
once we show m > cyz(Z(1),wp).

e We will show that if m(H) > « for H € H(Z(1),wy), then H is not admissible,
i.e. there is a non-trivial periodic orbit with period 7" < 1. Fix such an H.
First, we do some simple reductions and extend H.

e Without loss of generality, we may assume that H vanishes on a neighborhood
of the origin. This is because symplectomorphisms act transitively on connected
manifolds. Since H is constant near 0Z(1) it would be easy to extend H to a
function on R?*" constant outside of Z(1) but we want a different, modification.

e Choice of extension of H to R?": For N € N sufficiently large H €
H(Z(1),wp) is constant outside of the ellipsoid

1
ENZ{Z:(%,---wn)GRQ”MN(Z):$%+y%+m2($?+y¢2)<1}-

%
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We assumed that m(H) > 7, i.e. there is € > 0 so that 7 + ¢ < m(H). Let
f R — R be smooth so that

f(s)=m(H) for s <1
f(s) > (m+¢e)sforalseR
f(s) = (m+ ¢)s for s sufficiently large

and 0 < f(s) <7+ ¢ when s > 1. The modification H of H is

=N H(z) forzeE
H(z) = { flan(z)) forz ¢ E.

Clearly, H is quadratic outside of a compact set, therefore the solutions of the
Hamiltonian equations of H are defined on R (i.e. the Hamiltonian vector field
is complete). From now on we denote H be H. Note that did not really extend
H, but we will refer to the new function as extension nevertheless.

e 1-Periodic orbits of the Hamiltonian system as critical points of an
action: Informal discussion: We consider a smooth Hamiltonian function,
smooth symplectic form etc. Thus, solutions of the Hamiltonian system are
smooth. A 1-periodic solution can be viewed as element of the loop space
Q = C=(S',R*) where S' = R/(2rZ). With the smooth topology this a
Frechet space, we would like to deal with a Hilbert space later, with the C!-
topology it is incomplete. The tangent space of this vector space (point wise
addition etc.) will be identified with the space itself. We define

.00 —R

x(t)H/O ((=Ji(t), (1)) — H(x(t))) dt.

Computing the derivative of ® with respect to the variation x(t) +ey(t) of z(t)
we get

V)) = | et + 2yin)
= [ (G000 000} + (=500, ~ (Va0 p(0))

—A<ﬂmw—vmamw@Mt

For the third equality one uses partial integration and the fact that z(t), y(t)
are loops. Thus, critical points of ® : 2 — R are precisely those loops which
satisfy the Hamiltonian equation —J&(t) = VH (z(1)).

e Example: Consider the loops

zi(t) = cos(2mkt)zo + sin(2wkt) Jxg
with [|z]o = 1. Then

/0 %(—Jx’k(t),xk(t»dt ok
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and the L2-norm of z,,(t) is one. Because the second summand of ®(z(t)) is
bounded by m(H), the functional is not bounded from above or below. Finding
minimizers to establish the existence of critical points will not work.
Characterization of periodic orbits with period 7'=1 in Ey: Let z(t)
be a 1-periodic solution of & = Xp(z). If

1
1
m@:/(?ﬂm@—ﬂu@0m>o
0

then z is not constant and x(t) C Ey for all t. Thus, x(t) is a non-constant,
1-periodic solution of the original Hamiltonian system (for non-extended H) in
Z(1).

Proof: If x(t) is constant then the action is non-positive since H > 0. Since
dH = 0 near 0Fy, the Hamiltonian vector field vanishes there. This implies
that a solution of the Hamiltonian system which starts in Ey stays inside En
for ever.

Solutions z(t) of the Hamiltonian system which live outside of Ey satisfy

—Ji(t) = (VH)(x(t) = f'(an (2(8)(Van) (z(t))

where V is the ordinary gradient with respect to the standard Euclidean struc-
ture on R?". Outside of Ey, the quadratic form ¢y is constant along solutions
of the Hamiltonian system, i.e. qy(x(t)) = 7 for a constant 7 depending on the
solution z(t). Because of

(Van(2),2) = 2qn(2)

and of the definition of H outside of Ey this implies for a solution x(t) outside
of & N that

m@:AK;ﬁm@—H@@Oﬁ

- / (rf'(r) — f(r)) dt

=7f(r) = f(r) <0
by the second condition in (34)).

22. LECTURE ON JANUARY, 14 - MINIMAX, ANALYTIC SETTING

Reminder: Let E be a Hilbert space. A function f : E — R is differentiable
in e € F if for all e € E there is a linear form df € E* (continuous) such that
f(e) = f(e)+df(e' —e)+ h(e' —e) for a function h defined on a neighborhood
of e such that lim._._,o % = 0. Moreover, f is C! if it is differentiable
everywhere and the derivative depends continuously on e (in the operator norm
topology on E*).

Since E is a Hilbert space, there is a unique Vf € E so that df(-) = (V f,-).
Critical points of f are defined to be zeroes of Vf. If f is C!, then the negative

gradient flow ¢, : E — FE is the solution of
wo(x) =

@ oula)) = —Vf(a(t))

dt



(36)
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provided that this solution exists and is unique. A sufficient condition for this
is that Vf is Lipschitz continuous. As usual, f(x(t)) is decreasing along the
negative gradient flow of f. More precisely, for positive t,

et = 1) = [ L rotends= [ (Vieda). o) i

I—AHVﬂ%@M%&

A condition which is useful for finding critical points is the Palais-Smale con-
dition:
(PS) f satisfies PS is every sequence z; € E with

Vf(azj) —0eFk

|f(z;)] < ¢ for some constant ¢

has a convergent subsequence.
The limit of this subsequence is a critical point since f is C*.

Minimax Lemma: Let F be a family of subsets of £ and f € C'(E,R) such
that

— f satisfies (PS),

— the negative gradient flow of f is well-defined,

— F is positively invariant, i.e. if A € F, then ¢,(A) € F for all t > 0,

— the minimax ¢(f, F) of f with respect to F is a real number, i.e.

AeF €A

—oo < ¢(f, F) = inf (Sup f(x)) < 0.

Then c(f, F) is a critical value.

Example (Minimizers): Assume that f is bounded from below, satisfies (PS)
and has complete negative gradient flow. Then ¢(f, F) = inf f and choosing
F to consist of sets in £ where f is bounded the Minimax Lemma ensures the
existence of a critical point xy with f(x¢) = ¢(f, F).

Example (Mountain Pass Lemma): R C E is a mountain range relative to
f e CYE)if E\ R is not connected, f|r is bounded from below by some « so
that each connected component of E'\ R contains a point e with f(e) < a. We
assume that f satisfies (PS) and that the negative gradient flow is well-defined.
Then there is a critical point g with f(zg) > infg f.

For the proof we need to find F suitable for the application of the Minimax
Lemma. This consists of images of paths in E passing from one side of the
mountain range to another. More precisely, let Ey, E; be two connected com-
ponents of £\ R and « a lower bound for f|g. Let I' of continuous paths in £
which start in Ey N f~'((—oc0,@)) and end in E; N f~((—o0,a)) (both sets are
non-empty). Then set F = {image(y) |~y € I'}.

Non-example: Consider the function f(z,y) = e™® — y? with the mountain
range R = f71([0,00)). This does not admit a mountain pass for lack of (PS).
Proof of Minimax Lemma: Let ¢ = ¢(f, F). We first observe that for all
e > 0 the set f~'([c — &,¢ + €]) contains a point z. so that |V f(z.)] < e.
Assume this is not true. Then for some g9 > 0 the gradient of f is bounded
away from 0 on f~!([c — &g, c + &¢]). This implies that this set will be moved
away from itself by the negative gradient flow in finite positive time (see )
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Thus, every set A € F will be transported into another set A’ € F such that
f <c—eon A This contradicts the definition of the minimax ¢ = ¢(f, F).
Applying this observation of €; = 1/j we obtain a sequence z; such that
IV f(z;)| < 1/j with |f(z) — x| < 1/5. By (PS) this sequence contains a
subsequence converging to a critical point of f.
e Analytical setting: We want to find a Hilbert space £
1. containing the set of closed loops C*°(St, R?"),
2. for which there is a convenient extension of ® (defined in (35)) from
C>=(S',R?) to F.
Recall that smooth loops x € C*(S! R*) can be represented as Fourier

series
.Clj(t) — 2 :627Tkjt.’13k
keZ

with Fourier coefficients x;, € R?" such that the series converges uniformly to
x(t) and the Fourier series of all derivatives obtained by differentiating the
Fourier series. For z,y € C*(S*, R?") let

o) =5 [ (=T w(O)

be the dominant (symplectic) part of ® viewed as bilinear form (in ®, one has
x(t) in the place of y(¢)). This can be computed in terms of Fourier coefficients
of x,y and using the orthonormality relation

1
/ (™t ™y, ) dt = S (ar, yi)
0

one obtains

a(z,y) =m (Z | () — > !M(»’L‘k?yﬁ) :

k>0 k<0

This will motivate the choice of Hilbert space to which we will extend a and ®.
e Definition: The Sobolev space H*(S!, R?") with s > 0 is

HS(Sl,RQH) _ {$: Z 627rth:L,k

k=—o00

D [E[|ak]” < oo for zy € R?n} C L*(S', R™).

k=—o00

The inner product is

(@, y)s = (0, Yo) + 2 Z |k (n, yn).-
keZ\{0}

The form of a in terms of Fourier coefficients suggests using s = 1/2 and
E = H'Y?(S',R*). E has an orthogonal decomposition £ = E* @ E* @ E~.
Let P, P be the corresponding projections. We decompose = 2° 4+ 27 + 2~
in these terms and get

1 _
a(,y) = 5@y D = (27,9 ) are)-
This is continuous and bilinear. The associated quadratic form a(x) := a(x, z) =

22 . . ) ..
M is a C''-function on E with derivative

da(z)(y) = 2a(z,y) = (x* — 27, 9) g/2.
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Thus, Va(x) = 27—z~ € E. This is clearly Lipschitz and the negative gradient
flow of a is complete. The critical points of a are the constant functions.
We will need several standard facts from the theory of Sobolev spaces. There
are stronger/more general versions of the following statements.
Rellich Lemma: The embeddings H' — H® with ¢t > s > 0 map bounded
sets to precompact sets (i.e. sets with compact closure).
For example, a bounded sequence in H'/? contains an L?-convergent subse-
quence.
Sobolev embedding: if s > 1/2 and # € H®, then z is continuous and there
is a constant ¢, depending only on s so that
sup |z(t)| < csl|lz||s for all z € H®.
teSt
Moreover, if s > 1/2+r, then x € H*® is a C"-function and there is a constant
depending only on s so that

sup  |DFa(t)] < cl|z||s for all z € H.
teS1,0<k<r

Let j : H'/? — L? be the inclusion. The adjoint j* of j is defined via

(), y) 2 = (&, 57 (W)

for all z € HY? and y € L?. We can express v € HY?(S', R*) and y €
L?(S',R?") in terms of Fourier coefficients

Z(Im Yr)rzn = (o, (J(¥))o)r2n + QWZ |kl (e, (7 () k) ren
keZ k£0
This holds for all z € HY/2. Therefore,

-k 1 T
k0

This implies ||7*(y)||z: < ||y||zz and the continuity of j*

7 (%) < H' and [|7y)lh < [lyllo = [yllze-

In particular, j* : L? — H' — H'? is a compact operator (Rellich Lemma).
This will be used for the study of the second summand of ®.

Not so elementary estimate: If u € H/?(S* R), then u € LP(S', R) for all
1 < p < oo and the embeddings HY/2(S',R) — LP(S',R) are continuous and
even compact.

The second part of ®(z) is (up to sign)

b(z) = /0 H(x(t))dt.

We want to determine the H'/?-gradient of b.
b as function on L?: Before doing this, note that |H(z)| < M|z|?, so if
r € L?(SY,R?*). Then, the integral is well-defined. In particular, it
defined for z € H'/? but it is natural study b on L.

Because H is differentiable

H(z+(¢)=H(t)+ (VH(2),() +/O (VH(z+t() — VH(z),()dt

& S/
-~

=:R(z,()
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Since VH(z) < M|z| (recall that H vanishes near the origin and is quadratic
far out),

I*(S',R™) — R
¢ / (VH (1)), C(8))dt

is well-defined. We hope that this is the L?-derivative of b. This is the case
since the last term R(z, () of H(x + () satisfies

Rz, Q) < MI|C][Z

For this recall that H is smooth and the coefficients of the Hessian of H are
uniformly bounded because H coincides with a fixed quadratic form outside
of E. This yields the above estimate by the mean value theorem. In order
to show that b is a C'-function on L2, we have to verify that Vb depends
continuously on x. Moreover, we would like to show that the gradient flow of
b is well-defined.

e Lemma: Vb is Lipschitz on L*(S!, R?").

e Proof:

/0 (VH (1)), C(6))dt — / (VH(y(t)). ¢(t))dt| = / (VH((t)) — VH(y(t)), C()dt

-~

=d;2b(z)(C)

< / Mz(t) — y(t)] - | ()|dt
< Mz —yllze - l1¢llze.

This shows that Vb is Lipschitz, so b is a C* function on L? and the gradient
flow exists forever.

e b as function on H'/?: We now denote by b the function on L?. The function
we are really interested in is the composition b o j with j : H'/? — L? the
inclusion. Since j is linear, this map is smooth and coincides with its own
derivative. By the chain rule

(V1200 )@, 9 = dlb o ) () )
= db(j(2))(5(y))
= ((Vr20)(j(2)), 5 (W) 2 = (57 (V12b) (3 (%)), y) pr1/2-
Again, we want to ensure that V(b o j) is a C'-function on H'/2.
e Lemma: V(bo j) is Lipschitz and maps bounded sets to relatively compact
sets.
e Proof: This follows from the last Lemma and V j1/2(bo j) = j*(V2b) and the
fact that j* is compact.
e Remark: We have extended ® from C* (S, R?") to a C'-function on H/2(S* R?")
with Lipschitz continuous gradient
(39) Viye®(x)=a" — 27 — 75 (Vi:b(j(2))).

Thus, the negative gradient flow of ® is well-defined on H'/2(S*, R?"). We look
for critical points of @, i.e. for zeroes of V 1,2®. The most important condition
we need to establish for this is the Palais-Smale condition. Before we will do
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(40)

(41)
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this, we show that the critical points of the extended functional are all smooth
loops, i.e. they are critical points of the original functional on C*(S! R?").

LECTURE ON JANUARY, 14 - SMOOTHNESS OF CRITICAL POINTS, PALAIS
SMALE CONDITION FOR ¢

Lemma: A critical point z € HY2(S',R*") of ® lies in C*°(S*,R®") and

satisfies Hamilton’s equation.

Proof: By assumption x and VH(z) lie in L?, so we represent these functions

by Fourier series:
T = § 627rthI'k
keZ

VH(SC) — Z€Q7rthak
kEZ

with ay, 2, € R?". Because z is a critical point of ®

(0" =27 = j7b(i(2)), Qprre = (27 =27, Qe = (VH(5(2)), 5(O)) 22
=0

for all ¢ € HY2(S' R*") c L?*(S*,R?"). We are free to pick ¢, and we choose
() = e¥™7¢, for (, € R?™. Using the definition of the H'/%-scalar product
we get

2m|jlz; = a;j for j #0

O:CLO

Since a; is square summable that same is true for jz;.

So far, we only knew » € HY/2?(S' R?"). Now, we know x € H*(S! R?").
Moreover, z is in C°(S',R*") by the Sobolev embedding theorems. Then
V H(z(t)) is continuous, so

£4(t) = / J(VH(x(t))*)dt

is a C'-function on R. The Fourier coefficients of ¢* coincide with those of
x* by except for the zeroth coefficient, i.e. up to a constant & coincides
with . This implies x(t) € C'(S*, R?®) and x(t) solves @(t) = JVH (z(t)).
Therefore, x € C?(S!, R?"). Iterating the argument starting at we obtain
r € C(S,R*™").

e Remark: The following Lemma is stronger than (PS).
e Lemma: Assume that z, € H'Y? satisfies limg V1/2®(2,) = 0. Then

contains a convergent subsequence.
Proof: If z;, is bounded, then j*(Vb(j(zx))) contains a convergent subsequence
by the compactness of j*. We assume that j*(Vb(zy)) converges. This implies
that 27 — 2, converges to the same value, i.e. 2 converges. z¥ is bounded,
like z, itself. So we have a convergent subsequence of x; so that the limit is a
critical point.

We want to show that x; is bounded. This will be done by contradiction, so
we assume ||xg| g1/2 — oo and denote yr = x/||zk||. Then since V2b(j(()) =
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(42)

(43)

VH@) _Ga

(VH(z),¢) 2
lilgn (y,:r —y, = (mVH(xk))) = 0in HY?

By the choice of H outside of Ey and near the origin there is M so that
|VH(z)| < M|z|. Therefore, =V H(x}) is bounded, j* is compact. As above,

A
this implies that y; has a convergent subsequence. The convergence is in H/?
(and therefore also in L?) and therefore y* = limy y;". We assume that yy, itself
converges and denote the limit by y. Recall that H is equal to

Qa1,.. . yn) = (T +¢) (x?+yf+$2(fﬁfn+y3@)> :

m=2
NS >
~~

=4qN

outside of a compact set. The Hamiltonian system & = VQ(x) has no periodic
solutions with period 1 except for the constant solution at the origin. We will
compare the flow of & = VQ(z) with x; which are an unbounded sequence of
solutions of & = VH(x): Recall that v, = zx/||z||

< L IVH (z1,) — VQ(1)l 12 + [[VQ(ux) — VOl 12

2 el

]|

Note that V@ is linear, and since 3, — y in L? the last summand goes to zero.
Moreover, |VH(z;) — VQ(x;)| is uniformly bounded because () = H outside of
a compact set. Since we assume ||z;|| — oo we get
VH(z;
R (ﬁj) — VQ(y) in L*(S",R™).
Ly

Because j* is continuous we obtain

[ ;5]] [l

By this implies that y solves y* —y~ — j*(VQ(y)) = 0 and ||y|| g12 = 1.
By the previous Lemma for () instead of H implies that y is smooth and a
solution of ¢ = JVQ(y) with period 1. Which is not the zero solution. But
this equation has no non-constant 1-periodic solutions except the zero solution
which does not satisfy ||y|| = 1. This is the desired contradiction, so ||z;|| is
bounded.

Remark: This Lemma made use of the choice of H outside of a compact set
but you could probably talk your way out of this if you wished to.

Remark: If H is constant, we can solve the differential equation & = —(z* —
x7) explicitly. According to the following lemma, the difference between this
solution and the actual solution differ by a map with a compactness property.

24. LECTURE ON JANUARY, 21 - SET UP FOR MINIMAX

Lemma: The flow & = V1,2® is

r-t=com +a2°+etat + K(z,t)

J

D'

=:y(t) for fixed x

where K : R x HY? — H'/? is continuous and maps bounded sets to precom-
pact sets.
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e Proof: One makes the following Ansatz for K

K(t,z)=— /Ot (P~ + P+ e_(t_s)P+) (V(boj))(x-s)ds
= —j*/o (et_SP_ + PY+ e_(t_s)P+) (VH)(j(x - s))ds

One verifies that &(t) = y(t) — - t solves the initial value problem £(t) =
E1(t) — & (t) with £(0) = 0. Therefore, £(t) = 0.

e Remark: This was somewhat technical. The remaining part of the proof of
the existence of periodic orbit consists in applying minimax method cleverly to
establish the existence of a critical point x of ® with ®(x) > 0. We will find
two subsets 0% and I in the Hilbert space H'/? which are linked in way that
allows applying minimax methods.

e The set 0X: X = X, is defined as

S.={z|z=2"+2"+se" with0<s<7and |z~ +2° <7}

where et = ¢?™/te; € ET. This vector lies in ET and ||e™|| g1/2 = 27, |le*||z2 =
1. The set X is some kind of infinite dimensional square, and we take 0% to be
the union of its faces, i.e. the set theoretic boundary of ¥ in £~ @ E° @ Re;.
e Lemma: There is 79 so that ® is non-positive on 0.
e Proof: Recall that a(x) = 3 ([|#7||%,, — |7 ||3,1,2)- Since H > 0, this implies
the claim for ®|g-gpo (for s = 0). By the choice of H outside of Ey

H(z) > (7 +¢)qn(z) — v

for some constant v > 0. Then

O(z) < a(r) — (m+ 6)/0 gn(x(t))dt

(Ise* B2 = 1z~ [32) = (7 +2) /0 gy (@ (8) +2°(t) + seT)dt + (7 + )y

(2ms® = |27 ||3y2) — (7 + 5)/0 qn(z7 (t) + 2°(t) + seT)dt + (7 + &)y

— N~ N

=5 st ) = (r49) [ an((0) + v (0) + Pan( O)de+ (7 2y

droping some negative terms
1 _
< 3 (@n? — 2 ) — (5 +2)s?lle* 12— (r + 2w (a®) + (1 + <)y
= —es® — |27 || a2 — (7 + €)gn (2°) + (7 +€)y.
This is non-positive on {s = 7} C 3 when 7 is sufficiently large and negative
on {||z= + 2°|| = 7} again for 7 sufficiently large.
e The set I': For « > 01let 'y, = {x € E*|||z| g2 = a}.

e Lemma: For suitable « there is 5 > 0 so that ®|r, > 5 > 0.
e Proof: By the not so elementary estimate, there are constants M, so that

[zlle < Myl|z|| g2
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for p > 1 and suitable constant M,,. Since H vanishes on a neighborhood
of the origin, there is a constant ¢ so that |[H(z)| < ¢|z]>. This implies that

1
/ H(a(t))dt < cllllds < cMyallpe.
0

For © € E* we get ®(x) = 3||«|%,,» — cM;s]|z[]3,/,. This implies the claim.

e Let ¢, be the flow of —V12® on £ = H'Y2. Clearly, I N # (), and one is
inclined to believe that T' N ¢y(X) # () for all ¢. We assume this for now and
show that cpyz is a symplectic capacity.

e Assumption: We choose @ < 7p. Then I' and X intersect exactly once.

25. LECTURE ON JANUARY, 23 - END OF PROOF, LERAY-SCHAUDER DEGREE

e Proof of the existence of a critical point = of ® with ®(x) > 0: Apply
the minimax method to the family F = {¢:(X)|t > 0} of subsets of ®. The
minimax of this family is

o(®, F) = inf (sup{®(z) [z € :(2)})

The sup is >  since ¢;(X) contains a point of I'. Moreover, because the flow
maps bounded sets into bounded sets, the sup is also < co. Since ¢; is a
complete flow and P satisfies the (PS) condition, there is a critical point = with
®(x) > . This concludes the proof under the assumption I' N ¢, (3) # 0 for
t>0.

e Remark: The Leray-Schauder degree will appear in this last step.

e Review of Leray-Schauder degree: Let X be a Banach space and F' :
X — X continuous so that F' maps bounded sets to sets with compact closure.
We go through the definition of the Leray-Schauder degree, but do not prove
anything beyond the facts needed to define it (omitting a proof that the Leray-
Schauder degree is well-defined). Following [De], we take the point of view an
analyst might want to take.

1. Let V' C FE have compact closure. For all € > 0, there is a finite di-
mensional subspace X. C X and projection P. : V — X, so that
|P.x — x| < e.

Proof: There are finitely many points x1,...,2, € V so that V C
UiB(z;,¢€). Let g;(x) = max{0,e — |z — x;|}. These functionals are con-

tinuous and ) , g; > 0 on V and we can define \;(x) = g;(x)/ <ZJ gj(x)> .
Define X, to be the span of x4,...,z,, and

Then |P.(z) — | < € since \;j(z) = 0 for x & B(x;,¢).

2. This implies that on a bounded set €2 the map F' can be approximated by
a map with finite dimensional image: For all € > 0 and the set V' = F(Q)
we pick X, and P. from above. Then F. = P, o F satisfies

sup |F(z) — F.(z)| < e.
e
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3. The Leray-Schauder degree deg(Q2,G = Id — F,y) is defined when y ¢
G(09) as follows. Since G(J9) is compact, there is @ > 0 so that
dist(y, G(982)) = a. According to the above, there is F} : Q@ — X,
with X of finite dimension (pick ¢ = «/2) and we may assume that
y € X; and Q; = QN X; is not empty and open with compact closure.
The degree of

Gi=id—F :Q — Xi

with respect to y is defined via the signed count of solutions of Gy(x) =y
with z € €, provided that y is a regular value of a smooth approximation
G, of Gy so that supq, |G2 — G| < /2.

4. There are many things to be shown here: Most pressing are independence
of choices, and homotopy invariance. The latter infers that the degree is
constant when F' varies through compact operators so that y never lies
in the image of the boundary of €.

e Theorem: The Leray-Schauder degree has the following properties:

1. deg(Q,id,y) =1ify € Qand =0 if y & Q.

2. If deg(w,id + F,y) # 0, then there is z € Q with z + F(x) = y.

3. If H:[0,1] x @ — X is a homotopy mapping bounded sets to compact
ones so that y ¢ H([0,1] x 909), then

deg(Q.1d + H(0,x), ) = deg(, Id + H(1,), )

4. IfQ = U, with Q; € Q,i=1,...,m, open and pairwise disjoint so that
y & 0S); for all i, then

deg(Q,Id + F,y) = Z deg(§2;,1d + F,y).
i=1

e Lemma: I'Ngy(X) # 0 for ¢ > 0.
e Proof: Points x € I' N ¢ (X) solve the following equation

rTEX
P~py(x) = Plpy(a) = 0
lee(@) sz = a
Since p;(x) = e'z™ +2° + etat + K(t, ), (44) is equivalent to (multiply the
E~-coordinate by e™*):
T =set with0<s<r
lo™ + 2% <7
2 +2°+ (e7'PT+ PY)K(t,z) =0
lee(@)]| = o
We define
B(t,x) = (e7'P~ + PO)K(t,z) + P* ((l¢e(2)]| — @)t —z) .

forz € E~ ® E° @ Re™ = F. Note that B(t,z) € F for z € F.

Solutions of z + B(t,z) = 0 with z € ET & E° & Re™ are solutions of the
third and fourth equation of : The third equation follows from the E* @
E°-component of x + B(t,z) = 0, the fourth equation is the E*-component.
Moreover, x € ET @ E° @ Re' reflects € ¥ partially.



We want to show that the equation x + B(t,z) = 0 has a solution in ¥ C F.
Note that B(t,z) is the sum of two maps. The first maps bounded sets to
precompact sets. The second maps bounded sets to bounded sets in Re™.
Thus, B(t,z) maps bounded sets to precompact sets.

For operators of the form id + B(t,-) where B is compact one can use the
Leray-Schauder degree to show the existence of a solution of 0 = = + B(¢, x).
First, not that this equation cannot have a solution z € 9% because ®(x) >
g >0 for x € ', while ®(p(z)) < ®(z) < 0 forallt > 0 and 2 € 0X. By
homotopy invariance of the degree

deg(2,id + B(t,-),0) = deg(X,id + B(0,-),0)

for t > 0. This simplifies matters because K(0,z) = 0. It remains to count
solutions of x + P ((||po(z)|| — @)e™ — ) = 0. The term in brackets is still
non-linear, but it is homotopic to a constant map (through compact maps):

deg(2,id + B(0,),0) = deg (2,id + P* (([|¢o(2)[| — @)™ — x) ,0)
= deg (%,id + P* ((o||z|| — a)et — oz) ,0) for 0 <o <1
= deg (2,id — ae™, 0)
=1

when 7 > a.
e Remark: The proof above can be modified to prove the next theorem.

For this, we consider first an embedded surface S and a function H so that .S
is a regular level set if H. Then VH is orthogonal to S, so the line field JVH
is independent of the choice if H (as long as S is a regular level set.) This line
field generates a foliation of rank 1 (given by T'S*+), called the characteristic
foliation.

In the next theorem, will consider an embedding ¢ : (—1,1) x S*~1 —
R2" of a thickened closed hypersurface and a smooth function H so that
H(¢¥(s,p)) = 14 o(s) for a strictly monotone function o defined on a neigh-
borhood of 0 with ¢(0) =0

We seek closed leaves of this rank-1-foliation on S for varying s. The action
of such a leaf x is now defined to be

1

Az) = 5/0 (—Ji,x)dt

when x has period T
e Theorem (Hofer-Zehnder, [HZ2]): Let ¢ : (—1,1) x S — R?" be a smooth
embedding of a closed, connected 2n — 1-manifold S. Then there is a constant
d(¢) such that for all 0 < § < 1 there is € with |¢| < ¢ so that S. = ¥({e} x 5)
has a periodic orbit z with 0 < A(z) < d.
e Proof: One has to modify the previous proof slightly. We fix a function H on
v((-1,1) x S)=U.
1. Modification of H: The complement of U has two connected compo-
nents, we denote the bounded component by B and the unbounded one
by A. Let v = diam(U) and choose r,b so that

v<r <2y

3
§7r7‘2 <b < 2712,
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Pick a smooth function f : (—=1,1) — R vanishing on (-1, —4] and
f =0bon [4,1) which is positive derivative on (—d,d). In order to define
H we choose g : (0,00) — R

g(s)=0bfors<r
3
g(s) = 57?52 for s large

3
g(s) > 5%32 for s > r

so that 0 < ¢/(s) < 3ws for s > 7. We now choose H € C*°(R?*"* R) so
that

0 forzeB

) for x =1(e,p) withpe S, -6 <e<$
b forx € Awith || <7

) for |z| > 7.

Notice that

3 3
—b+ §7r|x|2 < H(x)<b+ §7T|£L‘|2.

. Characterization of periodic orbits as critical points of a func-

tional: Critical points z € C*(S',R?") of the functional

T(a) = /O ((—Ji,2)/2 — Hx(t)) dt

are solutions of Hamilton’s equation #(t) = JVH (z(t)).

. Characterization of periodic orbits of the original H we are

interested in: If z is 1-periodic solution of @(t) = JVH(x(t)) with
®(x) > 0, then z(t) € S for some |g| < 6.
The proof of this is an exercise.

. Analytical setting: Remains unchanged, critical points of the func-

tional ® associated to H are ' smooth solutions of Hamiltons equation.
The (PS) condition holds for .

. Description of the negative gradient flow: As before.
. Choice of I': As before, ®|p| > 5 >0 for I =T,
. Choice of ¥,: As before, exercise. One obtains the estimate ® < 0 on

0¥ and

O(z) <bon X

. Existence of periodic orbit: As before, we find a periodic orbit with

O(z) > p > 0.

. Estimate for A(z):By construction ®(x) > 8. Morover, by the choice

of H we have 0 < H(x(t)). Therefore,

A(x) = O(x) +/0 H(x(t))dt

>B+0>0.
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By and the fact that H < b on U one obtains

A(z) = ®() +/O H(x(t))dt
<b+b< 167y =d(v).

26. LECTURE ON JANUARY 28 — CLOSED CHARACTERISTICS, HOFER METRIC ON

Ham AND Ham

e Remark: The previous theorem can be paraphrased as follows. Given a family

of hypersurfaces foliating a tubular neighborhood of S. Then the hypersurfaces
containing closed characteristics (i.e. closed leaves of T'St« C T'S.) is dense.
Of course, we would like to know when a given hypersurface contains a closed
characteristic.

Reminder: Let X be a Liouville vector field on (R*",w = dy A dz), i.e.
Lxw = w. Then the flow ¢; of X expands w, so ¢;w = e'w. If S is a fixed closed
hypersurface and X a Liouville vector field which is transverse to the closed
hypersurface S. Then 1(t,p) = p(p) parametrizes a family of hypersurfaces
as above.

Because X is a Liouville vector field, the characteristic line field TS+« is
mapped to the characteristic line field on ¢;(S) by ¢. Thus, a closed charac-
teristic on ¢;(S) corresponds to a closed characteristic on the original surface
S.

An example of this situation is when .S is convex or star shaped with respect
to a point (wlog the origin). in R?". For this note that

1 — 0 0
X =33 (v, )

1=

is a Liouville vector field on R?".

Corollary: A starshaped closed hypersurface in R*" contains a closed charac-
teristic.

Remark: The previous theorem admits a simpler proof, the one outlined was
useful to recast the difficult part of the proof of the fact that cyz is a symplectic
capacity.

Alternative, partial argument: Assume that no hypersurface in the family
Sey,—d < € < ¢ contains a closed characteristic and choose R so that Br(0)
contains the image of 1. Using a function H € H(Bg(0),w) which is constant
outside of U_s..-55: and so that all surfaces S° are contained in level sets of
H. Since there are no closed characteristics, there are no non-constant periodic
orbits of JVH of period 1. This would imply c¢gz(Bg(0),w) = oo which is not
true, hence the assumption was wrong.

Corollary: Let S C (M,w) be a closed hypersurface and N(S) a tubular
neighborhood of S which is parametrized by ¥ : I xS — N(S). If cyz(U,w) <
00, then there is a dense subset J C I so that S. has a closed characteristic.
Example (Zehnder): Let M = T3 x [0,1] with 7% = R?/Z3. We will con-
struct a symplectic structure on M from a modification of wy on R*. Pick an
antisymmetric matrix A € GI1(4,R). Then

W(X,Y) = (AX,Y)
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is a symplectic form on R* (with constant coefficients when expressed in terms
of the standard framing of A27T*R*). The Hamiltonian vector field of a function
H is

Xy=—-A"VH.
We pick
0 1 —ay 0 0 -1 0 —o
B —1 0 a; O 1 1 0 0 —op
A= g —o 0 1 A O 0 0 -1
0 0 -1 0 a1 Q9 1 0

(with det(A) = 1). The symplectic form is then
w* = dxe Ndxy + dxa N\ drg + oydes N dry + asdzy A das
The Hamiltonian vector field of the function H(xy, zg, x3,x4) = x4 is
X = (o, a,1,0)7.

If o, an, 1 are linearly independent over Q, then the flow lines of X are dense
in the level set containing them (Kronecker’s theorem). In view of the above
corollary, we conclude that

cnz(M,w") = oc.

In particular, there is no symplectic embedding (7% x [0, 1],w*) into (R*, wy).
(One can find a smooth embedding M — R*.) To see this one could also
observe, that the symplectic structure w* on M is not exact (since the closed
2-torus corresponding to the 1, xo-plane has non-vanishing symplectic area).
The above observations justify why closed characteristics on hypersurfaces in
symplectic manifolds are important. Unless a hypersurface has

— a neighborhood with finite Hofer-Zehnder capacity, and

— some type of stability property
it is difficult to infer that S C (M,w) contains a closed characteristic. Our
methods so far allow only to establish existence of closed characteristics exist
on S; for ¢ € J a dense subset of [ and an embedding ¢ : [ x § — M. With
a little more work one can establish that J C I has full measure.

Convention: In the following, (M,w) is either closed with w € H? rational,
or (R%*n,wy). More generally, a symplectic manifold is tame when there is
an almost complex structure such that the injectivity radius is bounded from
below, the resulting manifold is complete and the curvature is bounded.

e References: [Pol [HZ] for the Hofer norm/metric

e Reminder: The group of Hamiltonian diffeomorpisms Ham (M, w) with com-
pact support in the interior of M is indeed a group.

Proposition: Let H, K be time dependent smooth functions with compact
support in the interior and ¢, 1 be the corresponding Hamiltonian diffeo-
morphisms and ¥ a symplectomorphism of M. Then several group theoretic
constructions from ¢y, ¥, are also Hamiltonian:

¢; ' is Hamiltonian for H(t,z) :== —H(t, p,())
¢ 0 1y is Hamiltonian for (H#K)(t,x) = H(t,z) + K(t, ;' (z))
¥ o p; 0¥~ is Hamiltonian for H(t,9 ' (z))
¢; ' o), is Hamiltonian for H#K.
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E

Consequence: Let ¢, 1, be Hamiltonian flows generated by time independent
normalized functions H, K. If ¢; 0 1)y = 1, 0 oy, then {H, K} = 0.
Proof: ¢; o 1, resp. 1y o p; is generated by

H(z) + K(py ' (2)) resp. K(x) + H(; ' ()

Since the flows are the same, these functions (both are normalized) agree.
Differentiating the resulting equality with respect to t, one gets

K, H} = dK(Xy) = dH(Xx) = —{H,K}.
Hence, {K,H} = 0.
Proposition: Let U C (M,w) be open. Then there exist ¢, 1) € Ham.(M,w)
which do not commute.
Proof: Pick tangent vectors X,Y € T,M,z € U so that w(X,Y) # 0 and

choose germs of functions H, K whose symplectic gradients at x are X, Y. Then
extend to normalized Hamiltonians. The resulting flows do not commute.

Remark: The third operation shows that Ham(M, w) is normal in Symp, (M, w).

Moreover, we know already that both groups are sufficiently connected to have
universal coverings. We will be focusing on the standard contact structure on
R?*". In this case Ham(R?",w) is simply connected.

Sketch of Proof: Let p € M. Then there is a map Ham(R*", w) — R?"
given by evaluation on p. This map is a fibration. We denote the subgroup
of Ham(M,w) which fix p by Ham(M,w,p). For p,q we choose Hamiltonian
diffeomorphisms v(¢) which move ¢ to p along the straight line from ¢ to p so
that ¥ (p) = id and so that ¥(q) depends continuously on ¢. Then the map

Ham(M,w) — Ham(M,w, p)
p — Plep) oy

is a retraction. It also shows that Ham(M,w,p) is homotopy equivalent to
Ham(M,w). The long exact sequence for homotopy groups of fibrations implies
that Ham(R?",w) is simply connected. The same proof works for contractible
(M, w).

Remark: In the following we will consider the Hofer metric on Ham(R?",w).

For general (M,w) one considers I-/Ia\x_r?l(M ,w) to obtain analogous statements.
Definition: The oscillation is

-1 C(R*™) — Ry
H— sgp{H(z)} — iI;f{H(l‘)}.

This defines a Diff (R*")-invariant norm on compactly supported smooth func-
tions. If ¢, t € [0,1] is a Hamiltonian isotopy generated by smooth family of
functions H(t,-), then we define the length of ¢; as

1
L o= ] = [ ey
Finally, we define the Hofer norm

|| : Ham(M, w) — R

w%mﬁw

The following series of facts is a consequence of the previous proposition.

functions and ¥, = ¥

1y is generated by a smooth family of Hamiltonian

b
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e Facts: The energy function satisfies
1. positivity: ||¢]| > 0 for all ¢ € Ham(M,w) and E(id) = 0.

2. symmetry: ||¢|| = [l for all ¢ € %(M, w) (with group theoretic
inverse, not path reversal)

3. invariance: || o pod7| = [|¢].

4. triangle inequality: |lp o || < |||l + ||¢]| (composition, not concatina-
tion).

For the last one:

KWMK%=416?XH#K%—QKH#K%>ﬁ

< /0 1 (sgp(Ht) —igf(Ht)) dt + /O 1 (sgp(m) —n;f(Kt)) it

e Theorem: If ||p|| = 0, then ¢ = id.
e Remark: On Ham(M,w) one has the uniform topology (after the choice of a
metric) It turns out that || - || is continuous with respect to this topology.

27. LECTURE ON JANUARY 31 — DISPLACEMENT ENERGY, NON-DEGENERACY
OF THE HOFER NORM FOR (R?",wy)

e Lemma: ||[p,¥]]| < 2min{]|e|, [|¥]}-
e Proof: One uses the facts from above:

o, ¥]|| = [lpoop o™
<lpovop |+ lv
< 2||¢]|.

A similar computation implies ||[¢, ¥]|| < |l¢]|-

e The following Lemma is useful when one tries to estimate the energy from
above. For this it is useful to recall that diffeomorphism with disjoint support
commute.

e Proposition: Let U C M be open and bounded. If ¢ € Ham(M,w) satisfies
HU)NU =0, then

(48) I, w11l < 4[19]

for all ¢, € Ham oy (U, w).

e Proof: Define v = [p,97!]. On U this map equals . Hence [, ] = [y,%] on
U. Outside of U, the first commutator is obviously the identity. The second
commutator is also the identity

b l(z) = o 07 ol 0B oo g o podop oyi(a)
—_———
suppCY9—1(U)

outside of U. Hence, [p, )] = [v,1] everywhere. This implies

1o, I = Nl 2]l
< 2|1yl < 4[19]l.
e Remark: This suggests that the following quantity is interesting.
e Definition: Let A C (M,w) be a bounded set. The displacement energy of A
is

e(A) = inf{||e|| | ¢ € Ham (M, w) with p(4) N A = 0}.



64

(50)

e Examples: If M is closed and vol(A) > vol(M), then e(A) = co. If A C

B>t c R*™ 1 x {0} € R?", then e(A) = 0. Below we will show that closed
Lagrangian submanifolds L of R?" have 0 < e(L) < oo.
Remark: The computations in the previous Lemmas do not rely on the specific
nature of £/. They depend only on properties like invariance etc. It is legitimate
to ask for other norms. For example, one can consider

Ey(¢1) = / (H, ()™ di

for oo > p > 1 where H; is normalized. It turns out that E, is degenerate in
the sense that E,(¢) = 0 does not imply ¢ = id.

In order to see this, consider a Darboux chart containing a small ball B
which can be displaced from itself by the partially defined Hamiltonian flow ¢,
of the function z1. Consider the spheres S; = ¢,(0B). Multiplying x; with a
time dependent cut-off function one make the p-norm of the resulting function
arbitrarily small so that the new function equals z; on a neighborhood of S}
(this is not true for the L>°-norm). Thus, for all ¢ > 0 there is a Hamiltonian
flow ¥, which when restricted to S produces the same family of spheres S; as
the original function and E,(1J,). In particular, B is displaced from itself and
E, (¥, <C-e.

By (48)), this implies that E,([¢,v]) = 0 for some non-commuting pair ¢,
with support in B.

Theorem: The map

d : Ham(M,w) x Ham(M,w) — R
(@) — o™ o9

defines a bi-invariant norm (i.e. d(v o ¢, 9 o0) = d(p,v) = d(p o ¥, 0 19)).
We will outline a proof of the fact that the Hofer norm is non-degenerate on
Ham(R?*",w). Tt is based on a theorem by Sikorav which is itself based on
pseudo-holomorphic curves introduced by Gromov.

Theorem (Sikorav): Let L C R?" x B?(r) be a closed Lagrangian. Then

(L) < mr.

The following theorem estimates the displacement energy of a Lagrangian
L C R? from below in terms of v(L). Since every non-trivial Hamiltonian
diffeomorphism displaces a ball from itself and since this ball contains a split
Lagrangian torus with (L) > 0 this implies that the Hofer norm on Ham(M, w)
is non-degenerate.

Theorem: Let L C R*" be a Lagrangian submanifold. Then

V(L) < 2e(L).

Proof: Let ¢, be a family of Hamiltonian isotopies generated by H; so that
©1(L)NL = (. From this data and every € > 0 we will construct an embedding
L" — R?" x B?(r) so that

1. v(L) = ~(L"), and

2. mr? < 2l(py) + 10e.
Then implies (50). The construction of the embedding of L” is done in
several steps. We pick € > 0.
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— Step 0: Reparametrize ¢; to obtain a path ¢} so that ¢, =id for 0 < ¢ <
e and ¢; = ¢y for 1 —e <t < 1. For this note that if b : [0,1] — [0,1] is
smooth, then ¢y is generated by %(t)Hb(t). This does not change the
energy. We denote the new parametrized path/Hamiltonian functions by
Pt Ht-

— Step 1: Consider that following loop of Hamiltonian diffeomorphisms

B oy fort e |0,1]
= oy fortell,2].

This is generated by the loop of Hamiltonian functions

G- H, fortel0,1]
"7l Hyy fortell,2].

We identify S = R/27Z and apply the Lagrangian suspension construc-
tion we obtain

L xSt — R¥™ x T*8!
(x,t) — (gt(:c), —Gy(ge(x))dt € Tt*Sl) )

This is a Lagrangian submanifold L’ with v(L") = (L) (one uses product
symplectic structure of the standard symplectic structures on R?" and
T*S1). To check this verify f02 Gi(gi(x))dt = 0 for all z since [S'] and
Hy(L) generate Hi(L' = L x S'). The Lagrangian submanifold L' =
LxS'is contained in R*"x C with C' = {adt € T} S |a, (t) < a < a_(t)}
and

a(t)=— mzin Gi(z) +¢
a_(t)=— max Gi(z) —e.

The area of C' C T*S' is

Area(C) = /0 (ay(t) —a_(t))dt = 2l(p;) + 4e.

— Step 2: To obtain L” we compose the Lagrangian suspension with
idgen x ¥ : R? x T*S! — R?" x R?

where 9 : T*S' — R? is a symplectic immersion which is exact (i.e.
the ¥9*Agz differs from Ap.g1 by a closed form). For this it is sufficient to
ensure that the restriction of ¥ to the zero section is an exact Lagrangian
immersion and 1 is area preserving. We choose 1) so that the zero section
maps to a figure eight where the self intersection point is the image of
0,1 € S* =10,2]/0 ~ 2. Furthermore, we may assume that ¢ is an
embedding outside of ¢t € [0,e] U[2 — &,2] U [l — ¢,1 + €] and that every
point has at most two preimages.
We can choose the immersion so that the image of C' is contained in a
ball of area Area(C') + 2e.
While id x ) is an immersion, its restriction to L' = Lx S! is an embedding
since @1 (L) N L = 0.

— Step 3: Apply Sikorav’s theorem to conclude: v(L) < Area(C) + 2e <
2l(p¢) + 6. This implies (50)).



66

(51)

28. LECTURE ON FEBRUARY 4 — SIKORAV’S THEOREM

e Remark: We still have to show . This result is an improvement of a
remark in the seminal paper [Gr] and relies on solutions of the Cauchy-Riemann
boundary value problem with D? — C" ~ R?*. We will not go through the
analytic setup nor prove one of the main ”technical” results underlying this
theory (called compactness for pseudoholomorphic curves). It is interesting
enough to state these things.

e Preliminaries for Sikorav:

1. The boundary value problem : This makes sense for smooth maps

fo(3,5) — (M, J)

where (X, 7) is a Riemann surface (i.e. a real two-dimensional manifold
with an atlas (¢; : U; — 9;(U;) C C) so that all transition functions
are holomorphic). Furthermore, (M,J) is a manifold with an almost
complex structure J. One imposes boundary conditions when ¥ has
boundary, usually f(9%X) C L where L C M is a Lagrangian submanifold.
Also, a topological requirement is usually made, namely f.([L]) = a €
Hy(M, L;Z) for a given class a.

The symplectic form w is not required for the definition of the Cauchy-
Riemann operator, but w is needed for compactness results. Of course
one requires that J is a adapted to w (in other words w tames J). Then

- 1 . 170 0
of = 2(df+JOdf0j)— 5 (8x+J8y)
in terms of holomorphic coordinates x,y on ¥ is the Cauchy-Riemann
operator. If Of = 0, then df is complex linear, i.e. df o j = J o df. For
us, the following case is relevant:
— (%,75) = (D? C C,j) (by the uniformization theorem, every holo-
morphic structure on D? is equivalent to this),
— (M, J) = (C",i) which is tamed by the standard symplectic struc-
ture wy,
— 0f = g(z, f(2)) with g : D? x C" — C smooth,
— L is the given Lagrangian in Sikorav’s theorem, and
—a=0.
Generically, solutions of this boundary value problem appear in finite
dimensional families and the dimension can be computed from the given
data.
2. Wirtinger inequalities: The following is the result of a clever appli-
cation of the Cauchy-Schwarz inequality written for convenience using a
global coordinate system z,y on D? =%

* A 2 Of?dx d *w.
[yl area <2 [ prpasays [ o

Note that fD2 f*w depends only on a € Hy(M, L;Z) and that f has

minimal area when Of = 0. In particular, f is constant for 9f = 0
and o = 0. The Wirtinger inequality implies that holomorphic curves
have non-negative symplectic area. If the corresponding homology class
is non-trivial, then the symplectic area is positive.

3. Cusp-solutions: A cusp solution is given by following data:
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— A decomposition o = o + >, f; with §;,«/ € Hy(M,L;7Z) and
/81' ;é 07
— asolution of the boundary value problem f’ : (D? 0D?*) — (M, L)
with f,([D?]) = o’ and 0f(z) = g(z, f(2)), (note that in a more
general setting solutions with ¥ = S? may appear, they are irrel-
evant for us since m3(C™) = 0 and non-trivial holomorphic spheres
cannot be null-homologouos by the Wirtinger inequalities.)
— and solutions (holomorphic discs) h; : (D% dD?) — (M, L) with
hz([Dz]) = 51 and gh] =0.
Gromov’s compactness theorem states that for a generic set of functions
gs a sequence of solutions f, of our boundary value problem with g, either
(sub-)converges to a solution f, when s — sq or to a cusp solution such
that

Area(f,) — Area(fs,) + Z Area(h;).

In particular, if our problem has a solution for gy = 0 but does not have
a solution for g;, then generically, non-trivial holomorphic discs must
appear when one interpolates between 0 and ¢, .
e Lemma: Let g, = (s,0,...,0). For L C C" x B*(r), our boundary value
problem has no solution for r < [s|.
e Proof: Let f, be a solution for a given s and ¢ its last component. Then

773:/ 0¢ dx dy
D2

1
—5 [ dtode —idy)
= 1 o(dx — idy)

From |¢| < r one obtains |o| < r after integration and taking absolute values.

e Remark: Solutions of df, = g, with g, constant are harmonic maps (i.e. have
a special geometry).

e Proof of Sikorav’s theorem: Our boundary value problem has a solution for
s = 0, namely all constant solutions. If |s| > r, then there is no solution. We
pretend that g, is generic in the sense that sequences of solutions of our bound-
ary value problem converge to a cusp solution ((/, 81, ..., Bk), (fi  hi, ... he)) k>

S0

1, before they cease to exist when s — so from below. By the first part of the
Wirtinger inequality
/ o

Area(féo) > |W(f5/0)| =

and since o + ). 3; =0

w
o

= Z/w > (L)
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because there is at least one summand. Thus

Area(f.) + ZArea(hi) > 2v(L)

Let f, be the sequence of solutions of the g, converging to the cusp solution
for sg. By the second part of the Wirtinger inequality

Area(f,) <2 /

Sp dx dy —I—/ w < 2#3(2) < 27r2.
D2 a=0

By the convergence of area, we get
2v(L) < 2mr?,

this is the desired inequality.

We did not give a complete proof. The analytic set up , the compactness
theorem as well as the fact that solutions of the boundary value problem come
in families are missing. A reference which tries to give a clean proof of Gromov’s
non-squeezing theorem using holomorphic curves is [ABKLR]. A lot more detail
can be found in the the following, much thicker references: [AD] [ALL McDS2].
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