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Abstract

It is shown that the essential spectrum of the pseudo-relativistic Dirac
operator according to Jansen and Hess which includes the Coulomb po-
tential up to second order, extends from mc?® to infinity when the nu-
clear charge is below the critical value Ze* ~ 1.006. There is also no
singular continuous spectrum in that case, and for small Z no embedded
eigenvalues. This work is an extension of investigations by Evans, Perry
and Siedentop on the Brown-Ravenhall operator which is of first order in
the potential. It is based on the fact, recently proven by Brummelhuis,
Siedentop and Stockmeyer, that the spectrum of the Jansen-Hess operator
is bounded from below for subcritical charges Z.



1 Introduction

The Dirac operator of an electron with mass m and momentum p in an external
field V' is given by (in relativistic units, i =c¢ = 1)

H=ap+ pm+V (1.1)

where a and 3 are the Dirac matrices and in the coordinate representation of
H, p has to be identified with —i9/9x. However H, acting on the Hilbert space
Ly(R3) x C*, is not bounded from below. In the case of a Coulomb potential,

V(z) = — %, v = Zé? (1.2)

(with z := |x|, Z the nuclear charge number of the ion and e? = (137.04)~!
the fine structure constant), where the exact eigenfunctions are known, this dif-
ficulty may be circumvented by introducing the projection operator P, onto the
positive spectral subspace of H and considering the bounded operator P, H P,
instead which has the same positive-energy eigenstates as H [15].

For noncoulombic central potentials the eigenfunctions and hence Py are un-
known. An approximation to Py H P, was considered by Brown and Ravenhall
[3] who introduced the operator (see also [15])

1 ap + 6m
p

where A projects onto the positive spectral subspace of the free Dirac operator,
E, being the energy of the electron. By construction, B consists of a zero-order
and a first-order term in the potential V, and one may define an operator
bom + b1m acting on the two-dimensional space Lo(R3) x C? by using the fact
that any four-spinor ¢) € D(B) can be represented in terms of a Pauli spinor
u € La(R3) x C2. One identifies [6]

(¢v BW = (U, (bOm + blm) U) (14)
where bg,, and by, denote the corresponding zero- and first-order contributions

in V, respectively
bom 1= Ep = \/p*+m?
bim = A(p) [V + RVR] A(p) (1.5)

E,+m . .
2, R :=h(p)(oD), h(p):= B, +m

where p := p/p, p:=|p| and o is the vector of the Pauli matrices.

with A(p) :=

A method to construct an operator which approximates P, H P, to higher
order in V' is the Foldy-Wouthuysen transformation technique [7]. It consists of



a series of unitary transformations successively applied to H which cast H into
a block-diagonal form to any given order in V, leading (within this order) to a
decoupling of the positive and negative spectral subspaces of H.

Following Douglas and Kroll [5], the transformed operator is defined by
(Un...U0Up) H (Uy,...UUp) ™t =2 H™ 4+ O™+ (1.6)

where H(™) has block-diagonal structure, each block acting on L (R3)xC2%. The
first transformation, Uy, is the free-particle Foldy-Wouthuysen transformation
[2]

Up = Alp) (1 + BRo), Ry := h(p) (ab) (L.7)

which casts the zero-order term of H into block-diagonal form while the non-
(block)diagonal remainder is of first order in V. The transformations Uy, ..., U,
have the form

U = (1 + wHY?2 + w;, i=1,...n (1.8)

where the anti-hermitean operators W, are successively constructed from the
requirement that the non-(block)diagonal terms of order i vanish. An explicit
expression for H®?) was provided by Douglas and Kroll [5], but was later cor-
rected by Jansen and Hess [11]. Its upper block, termed b,,, which corresponds
to the positive spectral subspace, agrees with bg,, + b1, from (1.4) up to first
order in V', but has an additional second-order term

bm = bOm + blm + me

1
b2m = 5 (w1m01 - Olwlm) (19)

where O; := A(p) (RV — VR) A(p), and wiy, is an integral operator linear
in V, defined by w1, Ep + Epwi, = O1. It should be noted that due to the
particular structure (1.8) of the transformation Us combined with the linearity
of Wy in V| b, is unaffected by Us.

The Coulomb case (1.2) is well suited for investigating the quality of the
above approximations since one can compare with the exact solutions. For this
case, the spectral properties of the Brown-Ravenhall operator bg,, + b1,, were in
detail studied by Evans and coworkers [6, 1], and the boundedness from below
of the Jansen-Hess operator b,, for subcritical charges v was recently proven by
Brummelhuis et al [4]. In the present work we want to prove, for the Coulomb
potential (1.2),

Theorem 1.1 Let the critical coupling constant 7. =~ 1.006 be defined as the
smaller solution of 1 —~v/2 (/2 +2/m) +~2/8 (x/2 —2/7)? =0. If v < e,

(i) the essential spectrum of by, is given by 0ess(bm) = Oess(bom) = [m,00),



(ii) the singular continuous spectrum of by, is empty.

Evans et al [6] proved Theorem 1.1 for the operator by, + b1, the critical
coupling constant being 2/(7/2 +2/7) ~ 124.16 €2, and Balinsky and Evans
[1] showed that above max{m,m(2y — §)} there are no embedded eigenvalues
in the essential spectrum. By using similar techniques we extend their results
to the second-order term by, .

2 Preliminaries

Let » € S(R3) x C? be a spinor in the Schwartz space of smooth strongly
localised functions. Then one can define the energy of the electron as the ex-
pectation value of b,,,

2

En(9) = (0,bmp) = Y (¢, bim). (2.1)
i=0

The strategy of this work is to base proofs on the results for the case of massless
particles, i.e. for m = 0 in (1.1) and in the subsequent equations. (We will drop
the index m if reference is made to the m = 0 case). When m = 0, by = p,
and simple scaling properties are found to hold.

It was proven by Brummelhuis et al [4] that the difference between the
energies in the massive and in the massless case is bounded, i.e.

|En(p) = E(0)] < md el d>0. (2.2)

From this it is easily shown that b,, is form bounded from below because of
the positivity of b, i.e. (¢,bp) >0 for v <~ [4]:

Em(p) = —mdlle|* + (p,b9) > —md || (2.3)

with 7. from Theorem 1.1. Since by, is symmetric (being a function of p and
its conjugate x), (2.3) allows for the Friedrichs extension of by, to a self-adjoint
operator on the Hilbert space Ly(R3) x C2. In the following, the notation b,,
will always imply its Friedrichs extension.

Introducing the resolvents (b,, + )~ and (boy, + p) ™!, their boundedness
for a suitably chosen p > 1 follows from the strict positivity of (b,, + 1) and
(bom, + p) which is trivial for the latter operator and is a consequence of (2.3)
for by, + p :

(@, (bm +p)p) = —md (p,0) + ple,0) >0 forp >md+1. (2.4)



For the proof of Theorem 1.1(i) it suffices to show [6] that the resolvent difference
Ro(p) == (b +p)™ ' — (bop + )7 * is compact (2.5)

for p from (2.4). Tt then follows that the essential spectra of b, and bg,, coincide
14, p.112].

The proof of the compactness (2.5) is based on Lemma 2.6 of Herbst [10]
where it is shown that

1
(bom +p) ' — is compact (2.6)

N7
for allm > 0 and p > 1. Another ingredient of the proof of (2.5) is the bg,,-form
boundedness of by,, + bs,, with relative bound c less than one, i.e.

Vo€ Qa, with 0<ec<1, CeR

where Qo := H1/2(R3) x C? is the form domain of by, (with H1/2(R3)
{p € Ly(R3) f lo(p)]? (1+p?)'/2 dp < oo} in the p-space representation).

With (2.7), by, rnay be defined as a form sum of by, and (b1, + bay,) with
coinciding form domain Qs for b,, and bg,,.

The form boundedness (2.7) can be obtained from the respective form bound-
edness in the massless case. To show the latter, the following lemma is needed:

Lemma 2.1 Let b := by + by + by the Jansen-Hess operator for m = 0. If
v <4/,
(p,=b1p) > (p,b20) Ve Qs (2.8)

Due to the scaling properties of b in the massless case (discussed in the beginning
of section 4), the proof can readily be carried out in Mellin space using the
techniques from [4] and is given in Appendix A. It should be noted in passing
that a corresponding inequality for the kernels, —b;(p,p’) > ba2(p,p’) with
bi(p,p’) defined in (3.2) with m = 0, does not hold; in fact one can show that
for p =0, p#0, ba(p,p’) is dominating over —b;(p, p’) for any positive value
of the coupling constant v (while, e.g. for p=p’ # 0, —by(p,p’) is larger than
b2(p, P))-

In the massless case, the form boundedness (2.7) is easily derived with the
help of (2.8) and the positivity of b: In the Mellin space representation (A.4) of
(¢, by) one can show [4] that for v < 7., (bg +\/%bl(;)u +\/ﬂbl(§)u)(t*i/2) >
€ > 0 and hence

(0 bp) = € (i, boyp) (2.9)



whereas € = 0 for v = .. Therefore

(0, (=b1 —b2)p) < (1—¢€) (p,b0¢) (2.10)

which proves (2.7) in the m = 0 case for v < ..

An additional element in the proof of boundedness of operators necessary to
show the compactness (2.5) is the estimate derived by Lieb and Yau [13] which
we give in a slightly generalised form:

Let K(p,p') = K(p',p) >0 be a symmetric kernel, p,p’ € R3, and let
f(p) >0 for p> 0 a smooth convergence inducing function. Then

/R dpdp’w(mK(p,p’)@b(p’)‘ < (Agdplw(p)l2f(p) /depil)(p)IQI(p))

3 R3

I(p) := . dp' K(p,p’) ‘ : (2.11)

f(p)
@)

This estimate relies on Schwarz’s inequality. Conventionally, one takes f(p)
:= p® with a suitable o > 0 to investigate the convergence of I.

For the proof of Theorem 1.1(ii) dilation analyticity is used [6]. One defines
for 0 := ¢ with || < &, € € R, the unitary dilation group on Lo (R3) x C? by

dg ¢(p) == () = 07 p(p/0) (2.12)
Then one extends 6 to the domain Dy := {0 =€ : £ € C, [£] < &} with
& > 0 to be chosen later, and defines the dilated operators
.o = dg by, dy . (2.13)
For 0 € Dy, dp is no longer unitary, neither is by, ¢ self-adjoint.

We have to show that b, ¢ is an analytic operator in Dy. Since we want by, ¢
to be defined as a form sum on Hj/5(R?) x C?, analyticity requires that ([6],
[14, p.20])

bim,o + bam,o is bom,¢-form bounded (2.14)

with relative bound less than one V8 € Dy, where b;p, 9 := dg bi, d;l, 1=
0,1,2.

Moreover, for b,, ¢ defined as an operator on Lo (R3) x C?, one must show that

(bom + ,u)_l/2 (D1m.0 + bam,0) (bom + ,u)_l/2 is an analytic family in Dy.

(2.15)

Taking ¢ € S x C? such that dg is analytic in Dy, one can extend the formula
1 1

—) = (dgp, —— d C\R 2.16

(¢, by — Z(p) (dop, b — 2 09); z € C\ ( )



which for & € Dy N R is based on the unitarity of dy, to Dy C C because
analyticity of the r.h.s. allows application of the identity theorem from the
theory of complex functions. Since S is dense in Hl/g(]R?’) [8, p.192], (2.16)
holds for all p € Hj/5(R?) x C? (although H /»(R?) itself is not invariant under
complex dilations).

Furthermore we need to show that
Rno(1) :== (bmo+ )" — (bompe + )" is compact (2.17)

for p defined in (2.4). Then, following the argumentation of [6], one can use
Lemma 3 of [14, p.111] together with the strong spectral mapping theorem ([14,
p.109]) to prove that the essential spectra of by, ¢ and by, ¢ coincide. (Note
that the additional condition for Lemma 3 to hold, a nonempty resolvent set of
(by.g + 1)~ containing inner points in C, follows from the boundedness of this
operator in Dy as shown in section 5.2). Since 0ess(bom,0) and hence oess (bim.0)
is a curve in the complex plane intersecting R only in the point m, we have

1
. I N
iy 1 (7

) < oo (2.18)
by means of (2.16) except when Re z coincides with isolated points of R,

(namely m or eigenvalues of by,). (2.18) implies that the singular continuous
spectrum of by, is absent in [m,c0) ([14, p.137,186]; [10]).

3 Representations of b,

We start by selecting the momentum representation and define integral opera-
tors by (P, P’), ¢ =1,2 by means of

(0, bmp) = /]Rs dp o(p) bom (p) ¢(p) (3.1)

+ / dp dp’ o(p) [bim(P,P’) + bam(p.P)] (P
R3 xR3

where we have indicated explicitly the p-dependence of by,,. These operators
were calculated from (1.5) by Evans et al [6] and from (1.9) by Brummelhuis et
al [4],

0 1 A
by.m(p,p) = R r— [1 + opod’ h(p)h(p')] Alp) A(p)

1 v \2 1 1
AN "
b2m(pap ) = 5 (271'2) /]RS dp ‘p_p//|2 |p// _p/|2

1 1
: A(p) A(p') A%(p" 3.2
st B E APAW) A (32)




[R*(0") = op" ad" h(p") h(p') — oB" oD h(p") h(p) + oD aD h(p) h(p')]
where the factors of the type |p — p’| 2 result from the momentum-space rep-
resentation of the potential (1.2). We note that for m = 0, h(p) = 1 and
Ap) = % while in the general case, h(p) € [0,1] and A(p) € [%, 1] are also
bounded.

For the proof of the compactness (2.5) it is advantageous to choose an x-space
representation. Identifying again p with —id/dx (and p with (=A)2), by,
and bs,, can be written in the following way

b = =1 AG) |1 Al) + ) oD oD 1) AL

b = (35) AG) EA%) P(0) Wiom + WaonAp) B2(0) £ A()

1 . 1 .
= —AX(P) h(p) oD Wit — WirmA(p) —A(p) o h(p)

. 1 R 1
— op h(p)—ob h(p) A%(p) Wig.m — oP h(p) WiLmA(p)—A(p)

+ 0 hlp) T A*() Winm + 0D (o) WiomA() - Ap) oD h(p)| - (33)

In the expression for bs,, we have introduced integral operators Wig ,, and
Wi1,m which are closely related to wi, as defined below (1.9). Since later a
factorisation will be used for each term of (3.3), all operators but 1/x may be
analysed in terms of their momentum representation. In p-space representation,

Wio,m and Wiy, are defined by

1 1
Wio.m = [ dp ——— AW) ———— o(p'
Wi )p) = [ b i AGY) g 20
Wiim@)(®) = [ dp' o - h(p) AQ) ——— (@) (34)
" ' R3 p—p'|? E,+ Ey -

It is readily verified that Fourier transforming by,, and bs,, leads to the equations
(3.2).

4 The essential spectrum of b,

In this section we show the bg,,-form boundedness (2.7) of by, + bay, as well as
the compactness of Ry, (p) from (2.5) in order to prove that gess(bm) = [m, 00)
(Theorem 1.1(i)). Many ingredients of these proofs would have to be repeated
when dilation analyticity and the compactness of R, ¢(u) is shown. Therefore
we formulate the proofs for the generalised operators b, ¢ and consider (2.7)
and (2.5) as the special cases for § = 1.



We start by deriving the scaling properties of by, ¢ defined in (2.13). For
6 € Rt we have

Em(()p) = (90, bm 90) = (d990a (dG bm dgl) dé‘(p) (41)

and making in (3.1) the substitution q := fp, ¢ := 6p’ one obtains

Enle) = [ dat > Ga/i) bon(a/0) 097 plafe) (42
4 / dq 0~ (a/f) / dqf 0~ (bim (/6. /9) + bam(a/6, ' /8)) 6% ol /0)
R?’ RS

Using the definition (2.12) of dpe we obtain upon identification with the
r.hs. of (4.1)

bOnL,@(p) = dp bO"L(p) d9_1 = b()m(p/@)
1 1
_ P8 ¥m? = J VP2 + (mh)? = g bom-o(p) (4.3)

_ _ 1
bim.o (P, P’) = do bim (P, P’) dy' = 073 b(p/0,p'/0) = 7 bim-0(P, P’),

1 = 1,2, where the last equality results from inspection of the explicit expres-
sions (3.2) for b;, (p, p’), implying that b;p,.¢(p, p’) results from (3.2) by means
of the substitutions

p
By o Bolp) = VpP om0 hp) o hel) = e
Vi T2 e\
p? +m +m
A(p) — Ag(p) := ( N/ ) . (4.4)

The definition (4.3) of the operators b, ¢ and b;p,.¢ is readily extended to com-
plex 6 € Dg. Note the simple scaling with 1/6 of the corresponding operators
bio (1=0,1,2) in the massless case which follows from (4.3).

4.1 The by,,-form boundedness

Let us take a general 6 € Dy. Using the scaling property (4.3) we have

(2, (blmﬂ + b2m,9> o)l

1

< Mﬂ(tp, (bim-o — b1) ©)| + (@, (bam.g —b2)@)| + [(¢, (b1 +b2) )| ] (4.5)

From the exponential form, § = €%, one derives the estimate for |1/6|, valid for
d:= |Re§| <1,

1’ = e Red < <1426 (4.6)

1-6 < e % <
cot el



For 6 € Dy one has |Re &| < &, such that by requiring £y < 1 one can replace
0 by & in (4.6). The same estimates also hold for the inverse, |6|.

Using the bp-form boundedness (2.10) of by + bz we find for the last term of
(4.5)
1
| et ol < 4 28) (-9 (i) (47)
where &) can be chosen sufficiently small such that (1 + 2&))(1 —€) =: ¢ < 1.
Provided the first two terms in (4.5) are bounded, this proves the by-form bound-
edness of by, ¢ + bam,¢ With form bound smaller than 1.

In this section we are concerned with the bg,,-form boundedness in the case
6 =1 ( the general case being deferred to section 5.1). Then we can use the
results of Tix [16, Theorem 1] and Brummelhuis et al [4, Lemma 5] who have
shown, by comparing massive and massless operators, the boundedness of the
first- and second-order term, respectively

@, (b1m = b1) )] < (], brm — br] - [@l) < mdy [lg]?
(s (b2m = 02) )| < (|, [b2m = b2l - []) < mda [l (4.8)

Hence, b1y, + by, is bp-form bounded. The bg,,-form boundedness (2.7) is an
immediate consequence since by =p < \/p2 +m?2 = bg,,.

4.2 The compactness of the resolvent difference R,,(u)

We will show later that (bom. e + ) ' is bounded for 6 in a suitable domain Dj.
Then, following Evans et al [6] we use the second resolvent identity to write

(bm,0 + /”‘)_1 - (bOm,H + ,U/)_l = _(bOmﬁ + ,U/>_1(b1m79 + b2m,9) (bmﬁ + ,U/>_1
= — [(bom.o + 1)~ (bom + )] - {(bom + 1)~  (b1m.6 + b2m.6) (bom + 1) ~/?}

[ o+ 120 ) (1.9

We will show that the operator in curly brackets is compact while the two oper-
ators in square brackets are bounded. Then the product of all three operators
is compact.

For the case 8 = 1 the left operator in square brackets is unity. For the
proof of the boundedness of the rightmost operator for § = 1 we use b, +u > 0
to define the bounded square root operator (b, + p)~'/? and we make the
decomposition

(bom + N)1/2(bm +u)" = (bom + M)l/z(bm + N)_1/2(bm + :u)_l/z' (4.10)

Let ¢ € Hy/2(R?) x C? and define ¢ := (b, + p)~'/2¢. Then, making use of

the self-adjointness of (b, 4+ 1)*/? (by means of its Friedrichs extension), the

10



requirement for the boundedness of (bo,, 4 )/ (b, + 1) ~/? can be expressed
in the following way

| (bom + )2 (b + 1) "2 |2 = || (bom + 1) 2% |2 = (9, (o + 12) ¥)

<o llel?= co (¥, (b +p) ) (411)
for a suitable constant ¢y > 0.

This means that the required boundedness is proven provided the following
inequality holds

However, recalling that from the bg,,-form boundedness (2.7) one has the esti-
mate

(¥, (brm + bam) V) = —c (¥, bom ) — C (¥, 9) (4.13)

with 1 > ¢:= 1 —¢, and noting that b, and p are nonnegative, (4.12) holds
true if one chooses ¢y > 1/e¢ and p > max(1, coC/(co — 1)).

Next we show the compactness of the operator in curly brackets from (4.9).
The compactness of the first-order term (boy, + 1) b1m.e (bom + )~ Y? was
already shown by Evans et al [6]. So we concentrate on the second-order term

1 23
~1 —12 _. L (7 } : ,
(bOm + M) b2m,9 (b()m + ;Uf) . 0 <27T) ot ﬂimﬂ (414)

where ;.9 is obtained with the help of (3.3) and the scaling (4.3),

8

1 1
E Bim-o = (bom +1)  Aa(p) EAE(p)hg(p)Wm,m.e+W10,m.ez40(p)h3(p)EAG(P)
i=1

1 . 1 R
- EAg(p) he(p) oD Witme — Wu,m.eAe(p)EAa(p) oD ho(p) (4.15)

. 1 . . 1
— opho(p)—oDho(p) A§(p) Wiom-o — oD ha(p) Wit,m-040(p) — Ao (p)

. 1 R 1 . _1
+oP hy(p) ;Ag (P)Wi1,m-6 +0D ho(p)Wi0,m.0As(p) ;Ae (p)ap he(p) |(bom +1) 2

with Wig.m.0 and Wiy m.e from (3.4) with the replacements (4.4). First we
note that all eight terms ;.9 from (4.15) contain the coordinate x in the form
1/z and differ in their momentum dependence only by the bounded operators
oD, Ayp(p) or ho(p) (their boundedness is shown in the next section). We shall
only present the proof of compactness for the first term 31,,.9 in detail. One
can readily carry through the proof for the other seven terms using the same
techniques, together with ||ep || = (¢, (D)) = ||¢||>. In particular, each

11



of the terms is found to contain the compact operator (boy, + )~ 'z~ 1/? from
(2.6) which assures compactness provided the remaining factors are bounded.

We use the commutativity of multiplication operators depending only on
momentum p (such as Ag, hg, by + 1) to decompose B1p,.¢ into

1 b

Bima = Aofp) {(bom + ) -} [%A%@) W) <b0m+u>-1/2]

: (bOm + ﬂ)l/z WlO,mﬂ (bOm + N)71/2:| (416)

For 6 = 1, the prefactor A(p) is bounded by 1. We are left to prove that the
two operators in square brackets are bounded.

Let us concentrate on the first operator. Then, defining ¢ := AZ%(p)h3(p)
(bom + 11)~1/2¢ we obtain, using the inequality of Kato [12, p.307], 1/z < 5D
and the self-adjointness of 1/x

| =A@ ) Gon+0 20 P = (0 10) < F p0)

m
2

< 5 W om +0)¥) = 5 1 A30) B30) o I

NS

T
< 5 1A 1P 1RGM) 12 -llel® =: e llel? (4.17)
with g from (2.4). For € =1, h(p) is bounded by 1 such that ¢; < co.

Next we show the boundedness of the operator
Wf\o,m-e = (bom + ,u)’\ Wio.m-6 (bom + ,u)f’\ (4.18)

for A = —1, —% and % which are our cases of interest (actually, boundedness

can be shown for [A| < 2). Defining the nonnegative kernel

R(0.0) 1= (o) 07 = 100 | | (o) 07
’ " p—p'|? Eo(p) + Eo(p)| "

) ] (4.19)
and the convolution K(p’,p”) := [ dp K(p,p’) - K(p,p”) which is symmetric
R3

in p’ and p” and also nonnegative, we obtain with the help of the Lieb and Yau
formula (2.11) (with ¢ := ¢ and the choice f(p) :=p*)

_
lp—p?

2

I Wmow 12 = [ do [Gon) 40" [ o 400

1 / — /
‘m (bom (P') + 1) ©(p')

<[] Sdp’f((p,p’)w(p’)l)zﬁ Lo le@)F 1) (420)

12



o\ 2
I(p') = /Rs ap” K(p',p") (%)

Thus Wf‘07m,0 is bounded if I(p’) is finite for all p’ € R’ with a suitably chosen
a.

Let us turn to the case § = 1 again. Since the integrand of I(p’) is nonneg-
ative, we can estimate K (p,p’) and hence I(p’) from above by replacing A(p')
by 1. In addition we need the estimates (with ¢ > 1 and A > 0)

1 1 1
E,+E, VP2 +m?+\/p? +m? = p+p’
(bom(@) +mw) ™ = (VPP+m2+p) ™ < (p+p)™ < (p+1)7H,
(bom(@) + ) < (p+m+p) < (p+1) + m+p+1)>
< (p+1) + (p+ D) (m+p+1)* = p+ D Nm+p+2)> (4.21)
since p +1 > 1. With this we estimate K (p,p’)

1 1

1‘2 p+p/

/ —A
b pPE (p +1) (4.22)

K(p,p) < (m+u+2)™ (p+1)*
Apart from a finite constant, the r.h.s. of (4.22) is just the corresponding kernel
in the massless case (since for m = 0, E, = bo(p) = p, and one can take
p = 1). This means that the integral I(p’) from (4.20) can be estimated by the
corresponding integral in the massless case. The finiteness of I(p’) for m = 0 is
shown in Appendix B.

5 Dilation analyticity

In the massless case, dilation analyticity is trivial because from (4.3), dilation
of b, is equivalent to multiplication by the bounded, analytic factor 1/6. For
the m # 0 case, we start by showing that the operators Ag(p), ho(p), (Eo(p) +
Ep(p'))~! are bounded for § € Dy with Dy a neighbourhood of unity in the
complex plane (defined below (2.12)), and we derive bounds which are related
to the respective operators for § = 1. Such bounds were given by Evans et al [6]
for Eg(p). Indeed, from the estimate of |f| given below (4.6), 1 — & < |6 <
1+ 2&, we get for [Im &| <& <1/2 (using 1—22% <cos2r <1)

(1—=&) B, < [Es(p)| < (1+26) Ep. (5.1)

We demonstrate the techniques in the case of Ey(p) + mé which is needed to
estimate Ag(p) and hy(p). The upper estimate is obtained from

|Eo(p) +mb| < |Eg(p)| + ml0] < (1+26) Ep + m(1+28)
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= (142%) (Ep +m) (5.2)

For the lower bound we define the phases ¢, and ¢g of Eg(p) = \/p? + m?26?
and 0 = ef, respectively

1 m2e2Re & 5in(2 Tm £)
pp = 7 arctan

=1 5.3
2 p? + m2e2Re & cos(2 Im &)’ 7o m ¢ (5:3)

With the restriction |Im &| < w/4 we assure cos(2 Im £) > 0 i.e. positivity of
the denominator of ¢,,. Since arctan is an odd, monotonically increasing function
we can estimate |p,| from above by dropping p? in the denominator, |¢,| <
farctan(tan2Im ¢]) = [Im &|. We therefore get |po — ¢p| < 2/Im ¢| and
hence cos(¢pp — ¢p) > cos(2Im &) > 1—2[Im &? > (1 —&)? for [Im ¢ <
&0 < 1/2. Thus we estimate

|Eo(p) +mb| = ||Ea(p)| + m|0le"“=22)| > |Ey(p)| + ml|f] cos(po — ¢p)

> (1-6)E, + m(1—-&)* > (1—-&)* (E, +m) (5.4)

where in the first inequality we have dropped the imaginary part and used that
its r.h.s. is nonnegative. From this we find, using the definition (4.4) of Ay(p)
and hg(p)

(1-&)° 42 2 _ 1+28% o
T2, A*(p) < |As(p)|” < & A%(p)
1 1
1124, h(p) < |ho(p)| < A—&)p h(p) (5.5)
In a similar way we find
1 1 1 1 1

Esp) + Bo)] = (=60 Byt By ~ (-G pty

Taking & < 1/2 assures that (5.5) and (5.6) are valid for all § € Dy.

5.1 The by, p-form boundedness

Refering to (4.5) and (4.7) it remains to prove the boundedness of |(¢, (bim.0 —
bi) )], i =1,2, as well as the estimate of by by bom, ¢ since (4.7) only provides
the bp-form boundedness.

In order to show the second item we start by estimating the real part of
b0m~9

Rey/p? +m20% = [(p® + m?e*"% cos(2Im€))? + (m?e* sin(2Im €))] * cos g,

> peosgy = peos(Im§) > p (1 —[Im¢]) = p(1—&) (5.7)

=
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for Im & < & < w/4, where ¢, is defined in (5.3) and we have followed the
argumentation below (5.3) and used that cosz > 1 — |z| for |z|] < 1. Then
with (5.7)

1
(0 boma9)| = 3] bama0)] = (1= o) Re (2, boma )

> (1-60) (p,pe) = (1-&)* (9, bop) (5.8)
Hence, the r.h.s. of (4.7) can be estimated by cg (@, bom.o )| with ¢o =
(1+2&) (1—¢€) (1 -&)"2 <1 for sufficiently small &, which provides the
bom,e-form boundedness with form bound < 1.

The first item is proven by estimating every term of |(¢, (bim.0 — bi) ©)| by
the corresponding term in the # = 1 case. Since all these terms (for § = 1)
have separately been shown to be bounded by Brummelhuis et al [4] and Tix
[16] during the course of their proofs of (4.8), we are done.

We use the partial wave expansion (A.2) of the energy FE,,(¢) and note that

bim.0 and bygp,.¢ are obtained from b;,, and b, respectively, by attaching to
(1)

every occuring m the multiplication factor §. With the explicit form of b,/

from (A.2) we get

(- Gams =50 < 25 [T aplentpll [ ' onte)

mé mo )
.{’\/H Eo(p) \/1+ Fop) | aw/P)
mb mo /

+ \/1_M\/1_W -1 QH-Qs(p/p)} (59)

where for each term of by,,.9 — b1, the triangle inequality was used. We now

mb mo
define m) = 1+ —-,/1+£ and use the mean value theorem
f(m) \/ Ey(p) \/ Eq(p')

in the following form (it is applicable to the real functions Re fy and Im f,)

Fr(m) = £2(0)] = \/REA(F1(m) — £(0)) + Im*(f4(m) — £1(0))
(e ) s (rom Pm) G

m
dfy , . _ _ -
<m \/ P ) () () (2) |
with mq, M9 some values between 0 and m. With z := m - 8 we obtain
(5.11)

e gdie _d [

z z
= S b [T —
dm dz dz Vp? + 22 \/ + /P2 + 22

C |4

dm

&
dm

2
< [

dm

|
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2 1 p? 1
9 2 2
VP2+22 207+ \/(p’2+z2) fo/p2t 2

where the symbol (p < p’) stands for the first term with p and p’ interchanged,
and df_/dz is given by (5.11) with z replaced by —z. With the estimates (4.6)
and (5.1) for |6] and |Ey(p)|, as well as (5.2) and (5.4) we deduce

=0 |1+

+ (pe=yp)

(1) (2)
Lew| < 040 ( ) ) .12

for a suitable €, where dfj_l) /dm denotes the first term in the last line of (5.11)
and dff) /dm is this term with p and p’ interchanged.

We now follow Tix [16] to estimate (5.12) by an expression proportional to
the inverse momentum and independent of 7 by using that for 6 =1, z=m >
0

ar) 1 p? 1 1
m <V2.Z. . < = 5.13
am ™| 2V e S ¥ (513
dar? 1
and likewise |—1— (172) < -
m p

6=1

Upon substitution of (5.10) with (5.12) and (5.13) into (5.9), one obtains
integrals which Tix [16] has proven to be finite with the help of the formula
(2.11) of Lieb and Yau.

The same method, i.e. the modified mean value theorem (5.10) together
with an estimate of type (5.12) to each of the terms appearing in the derivative
of the corresponding function given in [4], can be applied to show boundedness
of baym.g — ba by relying on the respective proof by Brummelhuis et al [4] for the
0 =1 case.

5.2 Analyticity of the operator
(bOm + /1J>_1/2 (blmﬁ + b2m,9) (bOm + N>_1/2

In this subsection we show that T5(0) := (bom + 1) ~"/? bom.g (bom + p) /2

is an analytic family. For the first-order term T7(6) relating to by, ¢ this was
already proven by Evans et al [6]. According to [14, p.14] the following items
are required:

(i) T5(0) is closed for 6 € Dy.

This requires the proof of boundedness of T5(6) because T»(6) is defined on
the Hilbert space La(R3?) x C2. For a complete domain, boundedness implies
closure.

16



The boundedness of T5(#) is shown by the same means as compactness of
(bom, + 1)~ bam o (bom + )~ Y? = (boy + )" Y2T5(0). Refering to section
4.2 the latter requires the proof of compactness of the eight operators B0
of type (4.16). For ¢ = 1 and Ap(p) and hy(p) estimated by the bounded
operators A(p) and h(p), cf. (5.5), the Lh.s. of (4.17) is bounded also for
0 # 1. In the proof of the boundedness of (bo,, —l—,u)l/2 W10,m-0 (bom —|—,u)_1/2 for
6 € Dy, we can by means of the estimates (5.5) and (5.6) for the §-dependent
quantities provide an upper bound for the kernel K (p,p’) from (4.19), which
is proportional to the corresponding kernel in the m = 0 case. Boundedness of
(bom + p)'/? Wio,m-0 (bom + 1)~ /2 then follows from Appendix B in the same
way as for the # = 1 case. The very same tools also yield compactness for the
other Bim.g, i =2,...,8.

For the boundedness of T5(0) we define Bim.g := (bom + £)*/2Bim.g. The
basic difference is that in the decompositions of type (4.16) the compact op-
erator (bo,, + p)~'a~/? is now replaced by (bom + p)~Y?z~'/? and that
(bom + 1) " Wig m-0 (bom + 1) is replaced by (bom + 1) ™2 Wig.m.0 (bom + 1) /2.
However, we have already included the case A = —1/2 in the earlier proof of
boundedness of Wi}, ., 4 from (4.18), so it only remains to prove boundedness
of (boy + p)~ /2 2~1/2. This is done by means of Kato’s inequality [12, p.307]
in the inverse form, 1/p < 7 x, and introducing 1 := 7 ¢ one has

T
1 1
bom i —— 2 = bom -1 < —

< 5 W) = 3 (99) (5.14)

(is) T(0):= T1(0) + T2(0) has a nonempty resolvent set o(T(8)) for each
0 € Dy.

Since the (operator-)boundedness of T'(f) implies its form boundedness be-
cause of [(p,T(0) )| < |lell- || T(@)¢ ||, the expectation value of T(0) and
hence the spectrum of 7'(6) is bounded, i.e. # C. This means that o(T(6)) # 0.

(i1i)  For every 0y € Dy, T(0) is an analytic function of 6 in a neighbourhood
U(eo) Of 90.

This is true because Dy is open and by 0, bam,e depend analytically on
0 for § € Dy. (Note that bime = (1/0)bim.e, ¢ = 1,2, and as seen from
(3.2) and (1.5), the m - f-dependence enters analytically through Fy(p) and
Ep(p) + m - 0 the moduli of which are bounded away from zero for § € Dy
and m # 0 according to (5.1) and (5.4)). To obtain T'(6), bim,e + bam,e is
only multiplied by bounded factors which are independent of 8, hence T'(0) is
analytic in Dy.

(iv)  For every 6y € Dy there is a Ao € o(T'(60)) which is also in the resolvent
set of the 'neighbouring’ operator T(6) for 6 € U(6y).
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This follows from the 6-independence of the form bound of T'(6) for all
6 € Dy. For (o, T(0) @) < M(p,p), every z with |z| > M is in the resolvent
set of T'(0) for all § € Dy, hence also for T'(6y) and for T'(0) with 6 € U(6y).

5.3 The compactness of R,, (1)

Our starting point is (4.9) for § € Dy. The compactness of the operator in curly
brackets was proven in the last section, and the boundedness of the first factor
in square brackets is easily shown. With m replaced by u in (5.4) and with
1> 1 we have

VP2 +m2+pu

|(bom.o + 1) ™" (bom + p)| = ‘9

Eo(p) + pb
VP?+m? +p 1+2&
S el @ | < G-ap (5.15)

which proves its boundedness (and simultaneously the boundedness of (b0 +
p) ! since B, +p > 1 for p>1).

It remains to show the boundedness of (bom + 1£)*/? (bme + p)~'. The
boundedness of (by, g + )~ for 8 € Dy follows from the positivity (2.4) of this
operator for = 1 and the analyticity of by, ¢ in Dy. This assures that there is a
neighbourhood of 1 in C such that Re (b, 9+p1) > 0 and hence |b,, 9+ | > 0.
For & sufficiently small, Dy is a subset of this neighbourhood.

Further we note that the operator (bg,,.¢ + 1)'/? exists because for § € Dy,
Re (bom,e + 1) > Rebom,e > m (1 —&) > 0. This follows from a (5.7)-type
sequence of inequalities because for bom,9 = /p?/0? + m? only p and m have
to be interchanged in (5.7), a sign reversal of ¢ playing no role for the real part

of this operator. With this we decompose

(bom+10)% (bmo+10) ™" = | (bown + 1) % (bowm,o + u)‘%} [(bOm,e 1) (bmo + )
(5.16)
The boundedness of the first operator in square brackets follows from (5.15).
In order to prove boundedness of the second operator in square brackets let us
first take 8 € RT N Dy. Then from unitarity of the dilation operator dy one has

| (bom + 1) (b + 1) 0 || = || do (bom + )"/ ? dyt - do (b + 1)~ " dy* - dog ||

= | (bom,0 + )" (bino + 1) " 0 | (5.17)

With the choice of ¢ € S x C?, i.e. g an analytic vector in § € Dy and using
that b,, 0 (as well as bom,g) is analytic in Dy, the r.h.s. of (5.17) is analytic
in Dg. From the identity theorem we infer that (5.17) holds for all § € Dj.
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However, the Lh.s. of (5.17) is bounded by, say, ¢; as shown in section 4.2.
Hence

| (Bom,o + 1) (o + 1) 00 || < €1 (0,0) = c1 (6, 90) (5.18)

which proves the desired boundedness. Note that the last equality in (5.18) also
is a consequence of the identity theorem.

6 Absence of embedded eigenvalues

We conclude this work by showing that for m # 0 there is an m-dependent
bound above which there are no eigenvalues of b,, embedded in the essential
spectrum. For m = 0 we prove the absence of eigenvalues.

Theorem 6.1 Let the critical coupling constant 7. as in Theorem 1.1. If m =0
and v < 7., the spectrum of b is absolutely continuous.

For the proof we only have to show that b has no eigenvalues. Then the
spectrum is given by o(b) = 0ess(b) = 0ac (b) because oy.(b) = () as stated in
Theorem 1.1 (ac = absolute continuous and sc = singular continuous). Following
Evans et al [6] we proceed in two steps

(i) Assume E # 0 is an eigenvalue of b, i.e. there exists ¢ € Hy/o(R?) x C?
such that b = F¢. As demonstrated in [6] for the operator by + by
this leads to a contradiction since for each § € Dy N RY, dyy is an
eigenfunction of b to the eigenvalue 8 F because of the scaling of b with
0 (in the massless case), 0 - (dgbdy ) do = 0-b/0 (dgp) = 0 - Edgep.
However, the existence of an uncountable set of (orthonormal) eigenvectors
of a (self-adjoint) operator in the Hilbert space Hy/o(R?) x C* contradicts
separability of the Hilbert space.

(ii) Assume E = 0 is an eigenvalue of b, i.e. there exists ¢ # 0 such that
b = 0. Using the partial wave decomposition of b and ¢ as introduced
in Appendix A we have from (A.4) in Mellin space

0= (pbe) = Bl) = 3 [ arlae+if2P -/ (61

where b?s = bg + V27 bl(;)ﬁ + V27 bl(f)ﬁ. However, positivity of b or
equivalently, of b?s(t —i/2) for 4 < . implies that the r.h.s. of (6.1) can
only be zero if for each v,

laf (t+i/2)] = 0 almost everywhere for ¢ € R. (6.2)
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If ¢ € S x C? then a? is an analytic function of 7 in the strip {7 € C :
—0 <t=ReT <00, 0<Im7 < %} From the identity theorem it
follows that |a%(t)] =0 and unitarity of the Mellin transform gives

0= [ atldoF = [ dolawP (63
—00 0
hence a,(p) = 0 in R* and thus ¢ = 0. However, since S is dense in
H 5(R?) we have ¢ = 0 in H; /5(R?) x C? which is a contradiction to our
assumption ¢ # 0.

For the m # 0 case, we have

Theorem 6.2 Let v < v, with . as in Theorem 1.1. Then the eigenvalues A
of by, are confined to A < m(1 + s(v)) with

s(7) == max{0, so(m1y — mo + may*)}

where sg := 5, mg = 0.3058, my = % and mgy := 2.253. In particular,
for v < 0.29 (i.e. Z < 40) the essential spectrum of b, has no embedded
eigenvalues.

The proof proceeds along the lines provided by Balinsky and Evans [1] in
the case of the Brown-Ravenhall operator by,, + b1,,. However, a refinement
of the estimates is mandatory to show the absence of embedded eigenvalues for
small coupling constants.

Starting point is the virial theorem [1, Lemma 2.1]. If ¢ is an eigenfunction
to by, with eigenvalue A and use is made of the scaling property (4.3) of by, ¢
with 6, the virial theorem takes the form

. bm-@ - bm 2

1 _ = A 4

lim (g, =5—7 %) llll (6.4)
for € RT and pp = dyp from (2.12). In order to interchange the limit § — 1
with the integration, the uniform absolute convergence of the form on the L.h.s.
of (6.4) is needed.

im0

d
Since m - @ € R, the proofs [16, 4] of form boundedness of ’ , 1=

dm -6
1,2, also guarantee boundedness for the off-diagonal form if use is made of the
generalised Lieb and Yau formula (2.11),

dbm~0
dm -0

(Ipel, oDl < cligell - llell = cllel®,  ceR. (6.5)

Hence from the mean value theorem, with £ some value between min{m - 6, m}
and max{m - 0, m},

o) 1) < melel? (60

bm-G_bm
- <
’(@e, W)‘ < (lpol, m ‘d :
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such that the dominated convergence theorem applies. We therefore obtain from
(6.4)

N Tl
R3 P
——— (dbim(p,p’) | dbom(p,P’)
dodp’ ? ? / 6.7
wom [ dpdp’ 9(p) ( an T dm #(p) (6.7)

Due to the self-adjointness of by, and hence of dby,,/dm, the interchange of
p and p’ in the expectation value leads to complex conjugation. Therefore the
term linear in the coupling constant can be written in the following way

——— dby, (P, P’) /
dp dp,‘ﬂ P) ————— P
/R (p) PP )

- 1 m
= Re / dpdp’ ¢(p) (E— - ﬁ) bim(p,P’) ¢(P")
R3 xR3 P D
+-L dpdp'w(p)#A(p)A(p’)dpaf)'h(p) h(p') <1 + 1> o(p)
272 JRsygs |p—p’|2 E, E;/y

(6.8)
Following [1], the first term in (6.8) carrying the negative sign of by, is elimi-
nated with the help of the eigenvalue equation in the form

(¥, bgp) = /]R APy (p) Epe(p) + /R dpdpY(P) [b1m (P, ') + bam (P, P')] ¢(P')

3 wR3
= (¥, \p)
vw)= (5 - 73) oo (6:9)

This procedure of eliminating a negative first-order term at the expense of ad-
ditional zero-order terms (for which no further estimate is needed) and second-
order terms (which are small for small ) is mandatory for the desired estimate
on the eigenvalue A. With (6.8) and (6.9), (6.7) results in

2ol = [ aple@ (5 + (- 00 =) + 5 [ dodel (o)
AW AW) | opaphn b)) (- + 5 ) + 2 Talep)| )

(6.10)
where the lengthy expression for Ty (p, p’) is given in Appendix C. Applying the
Lieb and Yau formula (2.11) with ¢ := 1) := pAh and @A, respectively, to the
first-order and second-order term, one obtains with |opop’| <1

(——1>/dp|90 2(1——+—) /dp|gp L mg;)Ep‘m)
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2

;1 1 1Y | fp)
+2—2 dp |e(p)* Ap)” {h2@> / PP (_ ’ E_> ‘f(p’)

+ —/ dp’ |Tz(p, p')| ‘f—‘ } (6.11)

The last term in (6.11) can be further estimated by breaking T5(p,p’) into

its constituents and estimating each contribution separately. Note that the

convergence inducing function can be chosen differently for each integral. Apart

from the conventional choice f(p) = p3/* [1, 4], we also allow for functions of

the type f(p) = p*/* ((L)l/2 with e(p) € {E,, E, + m,p + m} to optimise
e(p

the estimates. Further, the following estimate is used in the evaluation of the
integrals over p’,

- /<1
X o p'<1/q

_— < ., ¢>0,¢>0 (6.12)
(gp)?+1 +c¢ 1 ,
w P >1/q

An outline of the evaluation of the second-order term in -~y is given in Appendix
C. Defining q := p/m, denoting the estimate of [ dp’|Tx(p,p’)||f(p)/f(P")|?
R3

by (472)%2¢>Ms(q), and taking f(p) := p®/* in the term linear in v, such that
(with (B.1), the substitution ¢’ := p’/mgq and (6.12))

/Rg dplﬁ EL{D (5)3/2 < 4r* a(g) (6.13)
a(q) == (2\/_1 ‘ q‘+2((J1)arctan\;§(q+1)ln 1:“% >

we arrive at the following estimate

1 1 A
0<mt [ daje(ma? (1 -t q2+1) (17 ow)

(6.14)

2
o= g e g 0 0@ (@) )
where
_ v +l-d _qtoalgVP+1
92(q) == (@ +1+ V@ +1) Max(q),  folg) == aqqtrcb (6.15)

are nonnegative bounded functions. The auxiliary function fy with a,b,c¢ > 0
has been introduced to improve on the estimate of ¢. It follows from (6.14) that
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for ¢ <0, A< m since the factor multiplying the last bracket is nonnegative.
With mg := minggfy, m1 := supgifo and ms := maxgs fy for 0 < ¢ < oo,
this condition is fulfilled for —mg + m1y + m2y? < 0, ie. v < 7o, say. For
a:=5,b:=1, c:= 11, we obtain my = 0.3058, my = 2, my = 2.253, and
hence v = 0.29. This improves on the value g = 0.159 obtained for fo = 1
(where mgy = %, sup gy = 2, supgs = %). Denoting by s¢ the supremum of the
prefactor of ¢(q) in ¢ € RY, so :=supq®/(¢®> +2— /@®+1) f; ' (q) =5, we
can estimate ¢(q) for v > v to obtain from (6.14)

A<m(+ é(q)) < m( + so(myy —mo +may?)). (6.16)

In the Brown-Ravenhall case (g2 = 0) ¢(q) can be written as vy — go/g1(q)
multiplied by a nonnegative factor, and one obtains for the eigenvalues X of
bom + bim the estimate A < m for v < Jp := 0.973 which is the minimum of
go/g1 in RT. This covers the whole range of boundedness (from below) of the
Brown-Ravenhall operator (v < 2/(n/2 + 2/7) = 0.906 [6]) and improves on

the result of Balinsky and Evans [1] (y < 3/4 obtained for a(q) = 1.)
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Appendix A
Proof of Lemma 2.1

It is convenient to introduce the partial wave expansions [6]

¢(p) = > p " a(p) (D) v=1{l,M,s)
1 21 [ — N
P—pP2 %{:QI(*,)YIM(F’) Yin (') (A1)

where Q,, (p) are the Dirac angular momentum eigenstates (the vector spherical
hamonics [2]), Y/ (P) are spherical harmonics, | = 0,1,..., M = -1 — 1 — +
%, eyl %, s = —%, %, and ¢;(x) is related to the Legendre function @Q;(x) of
the second kind by ¢;(x) := Qi(3 + 5). Then the energy (3.1) can be written
in the following way [6, 4], making use of orthonormality of the set Q,(p) and
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likewise of Y;u (D),

= Z/Ooo dp ay(p) /Ooo dp/ blsm(pap/) al/(p/)

b (0 2') = bom 0(p — ') + blas, (0,7') + bios, (p.P) (A.2)
where

bl (pp)) = —

(2) ’ _1 12 < 1 1 INCA2( 0
) = 5 () [T (g + ] AW AG) 407)
P

Aa@"/p) h(0") — @r2s(@"/p) )] @@ /P") h(P") — qras(@' /") h(D")]

S

la(p/p") + h(p) h(D") qi425(p/P")] Alp) A(P')

As a next step, the Mellin space representation is introduced because in the
m = 0 case, it offers an integral representation of E(p) with a positive integrand.
For a function f € Lo(R™) the Mellin transform f* € Ly(R) is defined as

“(t d p iR A3
P = [ sty (A3)
2
Since the Mellin transform is unitary, E(¢) = > (p,bip) is invariant and can
i=0

be cast into the following form [4]

= ;/Z dt a& (1) (/OOO dp’ bis(-,p") ay(p’))ﬂ(t) (A.4)

2

_ Z/ dt aﬁ(t+%) (bg + Verot 4 \/2wb§f)ﬁ) (t— %)
with
by Wt 0y — Y [ by s t :
bt—5) =1 b= 5) = —o- |dft—i/2) + dfa(t—i/2)]
@t _ Gy _ V2T (7N i—im]’
b -5) = 55 () |dt—i/2) — dlaut—i/2)]

Since qlﬁ(t —14/2) > 0 VI € Ny [4] one has —bl(;)ﬁ(t —14/2) > 0 and
bl(?u(t —1i/2) > 0 and therefore also —b; > 0 and by > 0. We show that

—5) — = 5) =0 (A.5)
which thus proves —b; — by > 0, i.e. Lemma 2.1. We proceed in two steps. First
we show the existence of a sufficiently large I3 such that (A.5) holds for I > Iy
and s = i%. Subsequently we use a recurrence relation to prove that if (A.5)
holds for a given [ it also holds for [ — 1.

b (¢
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(i) From [9, p.937]

(i)

. L(z+a) _,| _
lim |——— =1 for € C\(Z= U{0}), a € R (A.6)
We take a := —%, z = % +1 — % and introduce the explicit expression

for ¢/ (t —i/2) in terms of Gamma functions [4]
2v2

Then from (A.6) follows the existence of [y € N such that for any given e
with 0 < e < 1,

1 2 i 1
1—67.<2\/jnt—— < (14+¢ ——~ (A8
( )|%+1_%| 7qu( 2) ( )‘L+1_E| ( )

2 2

(A7)

N~ [N~

Nt+1-1%)

for [ > lg. From this it follows that the upper and lower bounds of
qlﬁ(t— i/2) and hence of bl(sl)u(t—i/Z) decrease as [~! for | — oo, while the
bounds of blf)ﬁ(t —/2) are of order O(I=2) making that term negligible

with respect to bl(;)u(t — i/2) for sufficiently large I. Hence there exists
l1 € N such that

; 1
>0 o foralll >, s=%3. (A.9)

1 2

It was shown by Brummelhuis et al [4] that for v < 4/7 (and hence for
v <)

1+ Var (0F 0 0) < 1+ V2 (), + b3, (A10)

¥ 1 € No, which by means of b |, =%, i=1,2,1€Ny (which

follows from (A.4)) holds also for s = —1/2. Here and in the following the

argument (¢t —i/2) of bl(?ﬁ is suppressed. Hence
1 2 1 2 1 1
S - < e - (L) e {(No,5) U (N -3
(A.11)
Setting in (A.11) I =0for s =4 and =1 for s = —1 and continuing

the chain of inequalities to the left until /; is reached, proves that —bl(;)ﬁ —
bl(f)ﬂ >0 for all I, s.
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Appendix B
Proof of the boundedness of Wy}, in the massless case

In order to prove the finiteness of I(p’) as defined in (4.20) we start by
showing that I(p’) only depends on p’. Choosing spherical coordinates for p’,
the angular integrations can be performed by means of [9, p.58]

2p 2
2’/T p’ + O(p )a p*)O

pp’

1 2 /
/ dw' ——s = i, hl'pﬂj, =
52 p—p/| p pP—p

40, poo

(B.1)
With A(p’) <1 and m =0 (and the choice y:= 1) in the definition (4.19) for
K(p,p’) we have

200
- - P

I(p') = / dp” dp K(p,p') K(p,p") g
R3 xR3 p

1 1 1 p 2

S dp”dp(erl)Z)‘i7(p/+1)7)‘77(p"+1)7)‘f
/]R3><R3 p—p?p+p p—p'|?p+p’ p"2e
=: 47%1(p") (B.2)

In order to separate the variables we perform scaling transformations ¢ := p/p’
and ¢” := p” /qp’ of the variables p and p”, respectively [4], to obtain

- > 1 q+1
T 1 — / 4 1 —)\/ d 1—2« / 4 1 2\ In
®) = @+1) | daa (g0’ +1) ol o
o0 g _ 1 1+ qll
/O dq" (¢")' 7 (qp'q" + 1) g 111‘1_(1/, (B.3)

showing that, apart from the factors (gp’ + 1)** and (qp'q” + 1)~ the two
integrals are alike and decouple.

Case (a): p' — o0

This case gives the most severe restrictions to the exponent « of the con-
vergence inducing function. Assume g # 0, ¢” # 0 (and note that if e.g.
g — 0 would be taken before the limit p’ — oo was carried out, the g-integrand
would behave like ¢?~2¢ near zero, leading to the restriction 2 — 2o > —1, i.e.
a < 3/2 for convergence). Then

@+ 1) (g + D (" + 1) — P g (B.4)

which makes I(p’) independent of p’ in the limit p" — oo and leads to a splitting
into the product of two integrals, lim I(p') =: Ioc(A) Ioo(—A). We thus have
p’—00
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to find a such that /o, (+\) is finite for the two cases of interest, A = 1,1. The
integrand of I, (\) behaves like

(B.5)

q1+)\72a 1 In ‘ q + 1 ‘ N { 2q2+)\_2a7 q— 0

q +1 q— 1 2q71+)\72a’ q — 00

Convergence at the lower limit requires 2+A—2a > —1 and at the upper limit
—(1 =X+ 2a) < —1 such that finiteness of I(p’) for p" — oo is achieved if

A 3 A
+= -+ = B.

g <a<z*g (B.6)
where either all upper or all lower signs must be taken. For A = 1, one obtains
the interval {1 <a <2} N {—3 <a <1} = {§ <a <1} while for A =1/2
one gets {1 <a < I} N {-1<a <3} ={ <a< 2} Both values of A
are covered by the interval

1
{OLER+:§<Q<1} (B.7)
In particular, (B.7) satisfies the condition o < 3/2 imposed above (B.4).

Case (b): p'=0

This case renders I(p') independent of A, given by the product of identical
integrals I(p' = 0) = (I(0))2. From (B.6) one obtains finiteness for 0 < o <
3/2 whereof (B.7) is a subset.

Case (c): 0<p' < o0

Let us first consider the second integral. It behaves like (¢")%72 for ¢" — 0
which requires o < 3/2. For ¢” — oo, it behaves like ¢~ - (¢”)~'722=* for
q # 0 and like (¢"")~172% for ¢ = 0, resulting in the restrictions a > —\/2 and
a > 0, respectively. Hence, for the values of A under consideration, one finds
1 3 .

5 <a <3 in total.

Turning to the g-integral, it behaves for ¢ = 0 like ¢?2~2 as noted before,
and for ¢ — oo like ¢g7172+* (where we have included the factor ¢~ contained
in the second integral) leading to o« > A\/2. In total we obtain the permitted
interval § < o < 3. Since {3 <a<3} N {:<a<3} D{i<a<1}
the cases (b) and (c) give no further restriction on the interval (B.7). Hence we
have proven that I(p’) is finite for e.g. o =3/4 when X € {£3,1}.
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Appendix C

We present guidelines to the proof of the boundedness from above of the
point spectrum of b,,,.

The operator T» defined in (6.10) is given explicitly by

1 1
Ts(p,p’) := dp”
2(P. P) /R3 P p—pP o —pP

(C.1)

p 2 [ m ( 1 1 L 1 )
2Ep// (Ep// + m) Ep// Ep/ Ep/ —|— EP” Ep Ep —|— Epll

n < 1 n 1 > 1 n m
Ep/ + Ep// Ep + Ep// Ep// E]%,,

n p'p” m 1 1 n 1 1
op'op) ————mm— | — [ — ————— e T —
poop 2Ep (Ep’ +m) Eyr \Ep Ey + Epr E, Ep+ Ep»

n 1 n 1 1 n m
Ep/ —+ Ep// Ep —+ E;D” Ep’ Ef)”

/!

g [ (L
2Ep//(Ep + m) Ep// Ep/ (Ep/ + Ep//) Ep(Ep + Ep//)

+< Lo 1 > L,om
By +Ey ' E,+ By ) \E, E2,

P/ (Byr +m) m (1 1,1 1
2Ey (Ep + m)(Ep' +m) Eyr \Ey Ey + Epr E, Ep+ Ep»

n ( 1 n 1 > 1 n 1 1 4 m
Ep/ + Ep// Ep + Ep// Ep Ep/ Ep// EIQ)/,

We demonstrate the procedure of estimating the integral over T5(p, p’) in-
troduced in (6.11) for one particular term,

—opop’

p/p// m 1

I.: d /d /! O_A//O_A/
/]R3><R3 pdp”|op” op 2Ep (Ep +m) Ey By Ep+ Epn
2
1 1
' 2 p 7|2 f(p/) (C.2)
lp—p"]* [p" =P | /()
11
We take f2(p) := p®/?/(E, +m) and make the substitutions q” := P and
mq
!/
q = P -, for p” and p’, respectively. With q := p/m we perform the angular
mqq
integrations with the help of (B.1) and estimate |op” op’| by 1 such that
1 1 © 1 |14
I < 2n?¢* / dq' — ln‘
V@ +1 V@ +1+1 Jo ¢: |1-¢
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1 1
(40" +1 /g2 + 1+ +/(q¢")? + 1

(C.3)

[ee) . 1+q//
. d 1 % 1
/0 q q n 1— ¢

We estimate the last factor with the help of 1/(gq”)? +1 > 1 and then use the
estimate (6.12) to obtain

1+ql/
liq//

1 1 a "
I < 43¢ / dq"q 3 ln
VE+1T Ve +1+1)2 | o

1 o 1 1 1
o [ |
q° Ji/q q'2 1—g¢q
1 1 { 4, ’1+q‘
T — —In|—

VE+1 (V@ +1+1)2 l1—gq

5q%
2¢> 1 q? 1+./4 4
—_— =2 tan — 1 - =11 — 4
+<5 )arcan\/a—k( 5 nl—\/ﬁ+15q (C4)

= 8r3¢?

Due to the above choice of f(p), the r.h.s. of (C.4)~ ¢? for ¢ — 0, assuring that
its contribution to M»(q) defined below (6.12) is finite. The integrals occuring
here and in the remaining contributions to T5 can be found in [9, p.205,206]
after substitutions of the type z :=1/q, = := q%.
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