THE HVZ THEOREM FOR A PSEUDO-RELATIVISTIC
OPERATOR

D. H. JAKUBASSA-AMUNDSEN

ABSTRACT. The localization of the essential spectrum of a relativistic two-
electron ion is provided. The analysis is performed with the help of the pseudo-
relativistic Brown-Ravenhall operator which is the restriction of the Coulomb-
Dirac operator to the electrons’ positive spectral subspace.

1. INTRODUCTION

We consider two interacting electrons in a central Coulomb field, generated
by a point nucleus of charge number Z and infinite mass. In contrast to the case
of a single electron in the central field, the additional electron-electron interaction
potential does not vanish at infinity if simultaneously, the distance between the
two electrons is kept fixed. Therefore, the determination of the essential spectrum
with the help of relative compactness arguments is not possible. In order to cope
with this difficulty, two-cluster decompositions of the involved particles (including
the nucleus) are made and a subordinate partition of unity is defined. This method
is described in [4, §3] and [21] for the Schrédinger case and is applied by Lewis,
Siedentop and Vugalter [13] to the scalar pseudo-relativistic Hamiltonian which
is obtained from the Schrédinger operator by replacing the single-particle kinetic
energy operator p?/2m with \/p2 +m?2 —m, p and m being the momentum and
mass of the electron, respectively, and which has been analyzed in [25] and [9].
Historically, the location of the essential spectrum of multiparticle Schrédinger
operators, called HVZ theorem, was provided by Hunziker (using diagrammatic
techniques [10]), van Winter [26] and Zhislin [28] (see e.g. [18, p.120,343]). Al-
ternative methods for the determination of the essential spectrum of generalized
Schrodinger operators involve C*-algebra techniques (see e.g. [7] and references
therein).

The Brown-Ravenhall operator to be discussed below was introduced [2] as
projection of the Coulomb-Dirac operator onto the positive spectral subspace of
the free electrons, and was analyzed in a series of papers (e.g. [6, 23, 24, 1]). It also
emerges as the first-order term in unitary transformation schemes applied to the
Coulomb-Dirac operator [5, 11]. Such transformations allow for the decoupling of
the electon and positron spectral subspaces to arbitrary order n in the potential
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strength. The convergence of the resulting series of operators was shown only
recently [19].
Let (in relativistic units, A= c = 1)
2

H =YD +v®) (1.1)

k=1
be the Dirac operator for two noninteracting electrons, where D((Jk) = aFp, +
B*E)m  (with p := —iVy) is the free Dirac operator [22], and V(*) := —2= (with
v = Ze?, €? ~ 1/137.04 the fine-structure constant and z := |x|) is the central

Coulomb potential for electron k. H acts in the Hilbert space A(Lo(R3) @ C*)?
2
(we shall use this notation as shorthand for A(&) (L2(R?) ® C*)*) where A

k=1
denotes antisymmetrization of the two-electron function, and the form domain is
the subspace A(H; 2(R?) @ C*)2.

Let V(12 .= |x16sz| be the electron-electron interaction. Then the (two-

particle) Brown-Ravenhall operator is defined by
HBE = Ay o (H + VID) AL, (1.2)

1 M1 (2

where A4 5 = AS:)A(f) (as short-hand for A(+1) ® Af)) is the (tensor) product of
the single-particle projectors Af) onto the positive spectral subspace of D(()k)7 and
the second equality results from the representation of a single-particle function

@Sf) in this subspace in terms of the Foldy-Wouthuysen transformation U(()k), viz.

®) _ ) =1puyy _ (k) =1148% ry : _ (I 0 ,
o0 — gLy = g1 sy Wlthg_(o 9. rec the

1440 14 5@

unit matrix, uq,u_ € Hy/»(R*) ® C?, and

U§Y = Alpr) + 5P a®py g(py), (13)
E, +m\"? 1
A(p) := ( z > , 9p) = —em——
2E, 2E,(Ep +m)
where E, = |Dy| = /p? + m2. The inverse Uék%l = A(pr) + a®py, g(pr)8H.

. . . . * .
Since HB® is sandwiched between the projectors # it has a block-diagonal

form with one nonvanishing entry, h2¥, defined by means of [6]

(64, H R py) = (u,hPu) (1.4)
with ¢4 € Ay 2(A(H;/»(R?) @ C*)?) and u € A(H;/5(R?*) @ C?)?, thus reducing
the single-particle spinor degrees of freedom from 4 to 2. One obtains (see e.g. [6])

2
WPE = 30 4 b)) 4 o012 (1.5)
k=1
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k 1 1
T i By 4=~ (A0 2 A + o Do) - o) V)
where (%) is the vector of Pauli matrices, while v(?) results from the electron-
electron interaction term and is specified later (section 5).
We note that hZF is a well-defined (in the form sense), positive operator for

potential strengths v < ypr = ﬁ ~ 0.906 which relies on the estimates

(u, Sor_ (T +0 ) > 2m(1— ) (u,u) [24] and V(1P > 0. In particular from
the respective property of the single-particle operator [6] and using [3, 11] that
(64, VD) < & (4, Si_ T®é,), the total potential V := bgl) + bﬁ)ﬁb +

2YBR m
v12) is (TM 4+ T?))-form bounded with form bound less than one for v < ygg.
Thus RBE is a self-adjoint operator by means of the Friedrichs extension of the
restriction of hPE to A(C°(R?) ® C?)2.

2. THE HVZ THEOREM AND THE STRATEGY OF PROOF

We introduce the three two-cluster decompositions of our operator,
pBE — T 4+ a; + 1y, i=0,1,2 (2.1)

where T := TW +T7(2) and a; collects all interactions not involving particle j (j =
1,2 denotes the two electrons and j = 0 refers to the nucleus which is fixed at the
origin). The remainder r; is supposed to vanish when particle j is moved to infinity
(respectively both electrons are moved to infinity in the case j = 0). Define for
j = 07 ]-a 23

Im

Yo :=min info(T + a;) = min {inf (T + p'h) ),inf o (T + v12)} (2.2)
j

(note that the two electrons move in the same potential, such that bg}%(xl) =
b(2)

im(%2)). Then we have

Theorem 1 (HVZ theorem).
Let hBR =T + bgl) + bgi)l + 012 be the two-electron Brown-Ravenhall operator

m

with potential strength v < vgr, and let (2.1) be its two-cluster decompositions.
Then the essential spectrum of hBE is given by

Uess(hBR) = [205 OO) (23)

Physically this means that the bottom of the essential spectrum is given by
the ground state of the one-electron ion, increased by the rest mass of the second
electron.

The strategy of proof is based on Simon [20] (see also [4]) as well as on
Lieb and Yau [14] and Lewis et al [13]. We start by characterizing the essential
spectrum by means of a Weyl sequence, located outside a ball B, (0) C R® of
radius n centered at the origin.
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Lemma 1. Let hBE =T +V, let V be relatively form bounded with respect to T.
Then X € 0ess(hBE) iff there exists a sequence of functions , € A(CS(R®\B,,(0))
® C*) with ||pn| = 1 such that

I(RBE —X) onl| — 0 as n — oo. (2.4)

Recall that ¢, is a two-particle function, each particle being described by
a two-spinor. For Schrédinger operators, Lemma 1 is proven in [4, Thm 3.11].
We note that Lemma 1 holds also for the single-particle operators, h := T or
h=TW0 4 b(lz, with a proof closely following the one given in section 7.
Lemma 2 (Persson’s theorem).
Let hBE = T 4V, let V be relatively form bounded with respect to T, and let
¢ € A(CE°(RS\Br(0)) ® C*). Then
BRY — Jim inf (p, hB o). (2.5)

inf oess(h
R—00 [|pl=1

The proof given in [4, Thm 3.12] relies on Lemma 1 and on the min-max
principle [18, XIII.1], [12, p.60]. It also holds in our case.

Let us now introduce the Ruelle-Simon partition of unity (¢;);j—0,1.2 € C>(R®)
which is subordinate to the cluster decomposition (2.1), see e.g. [4, p.33], [21]. It
is defined on the unit sphere and has the following properties,

2
qu? =1, pj(Ax) = ¢j(x) forz=1 and A >1,
=0

supp ¢; N RO\B1(0) C {x € RO\ By(0) : |x; — x| > Cx and x; > Cx}, j=1,2,
supp ¢o N RO\B;1(0) C {x € RO\B,(0) : x, > Cx YV ke {1,2} }, (2.6)
where x = (x1,%32), = = |x| and C is a positive constant.

According to Lemma 2, we can always assume ¢ € A(CS°(R%\Bg(0))®C?) in
the following. For later use we introduce a smooth auxiliary function y € C°°(RR°),
ran x = [0, 1], which is unity on the support of . Then, x¢ = ¢. Having in mind
(2.2) we aim at a localization formula for our operator. We write

2
(. n5R0) = (Y by xd; 0, hP )
§=0
2 2
= Y (850,05 xd50) — D (¢50, [BPF, xd5] ) (2.7)
j=0 §=0
where [B, A] = BA — AB denotes the commutator. One can show that not only
the contribution of r; to the first term of (2.7) vanishes uniformly as R — oo, but
also the second term containing the commutator. More precisely, one has
Lemma 3. Let h®® = T+ a; +rj, (¢j)j=0,1,2 the Ruelle-Simon partition of
unity and ¢ € A(C§°(R®\Bgr(0)) ® C*) with R > 1. Then

C .
[(pj0,75 050) < = llol? Jj=0,1,2, (2.8)
R
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where ¢ is some constant.

We call an operator O %—bounded if O is bounded by . Thus Lemma 3
states that ¢,r;¢; is %—bounded.
Lemma 4. Assume hBE, ¢; and ¢ as in Lemma 3, R > 2. Then

2 c 9
@ 126wl < 5l
(b) (@B 800 < & llel? (2.9)
© e 012,8]0) < £ lel?

where ¢ is a generic constant.
The proof of (a) in Lemma 4 is provided in [13].
With Lemmata 3 and 4, (2.7) turns into the localization formula
2
1
(@ hPRo) = Y (9500, (T + a5) dj0) + O(5) lel? (2.10)
j=0
for R > 2. Using Persson’s theorem (Lemma 2), we obtain
2
inf o.es(hPR) = Jim | irHIf (0, (T + a;) i) (2.11)
—0 ||¢||=1 £
=0
Recalling the definition (2.2) of X in terms of the smallest infimum of o (T + a;),
we can estimate
2 2
Z b, T+aj ¢J90) > ZEO (¢j§0a¢j90) = 3o (2.12)
e H = =
2
since Y, ¢5 =1 = [|¢|. This proves the inclusion Oess(RBR) C [2g, 0).

j=0

For the remaining inclusion, [$g,00) C 0ess(hP), in the literature called
the ’easy part’ of the proof of the HVZ theorem, we use the strategy of Weyl
sequences [4, 21].

Let A € [¥g,00). Consider the case that ¥o = inf o(T + a;) for j = 1, and
assume that A € o(T+aq). (This assumption is proven in (2.16) where it is shown
that o(T + a1) = 0ess(T +a1).) Since T +a; = T + (TP + bﬁ)l) describes
two independent particles, we can decompose A = A1 + Ao with Ay € OESS(T(l))
and Ay € o(T® + bg,)l)

Let (gosll))neN be a Weyl sequence corresponding to A1, i.e. go%l) is character-
ized by

letl =1, ol =0, H( T = M)l =0 as n— oo, (2.13)

From Lemma 1 we can require o) € C&(R3\B,,(0)) ® C2. Let ( 512))%&; €
Cs°(R3) ® C? be a defining sequence for Ay according to [27, Thm 7.22] with
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6
A2) 2)H — 0 as n — oo, for any given € > 0

|61l = 1. Since [[(T + b7,
there exists N € N such that
1T + 53 = 2) 0P| < e (2.14)
o gb(2 for n € N and the antisymmetric

(2)¢( )) and claim that a subsequence of A1,

We define the sequence Un = ¢n
(1) (2) Do

sequence A1, = f (on
is a Weyl sequence for \ € cress(h R)
20, follows from
(0, 9]

(i) The weak convergence, A,
V2 [(Atn, fOg)] < (D, )67, 9@ + (61, FD)) -
< @D, FN RN lg® 1 + 12, g NP 1FD — 0 (2.15)
for all f(), g(2) € Ly(R3) ® C?, since by (2.13) <p5}) 0.
(i1) (¥n)nen obeys the Weyl criterion for A € oqss(T + a1) since
ITD =21+ T 4+ b3 — X) (2.16)
e < 2¢

b2 — ) 65

2
< @D =2 161+ I
for arbitrary e and n sufficiently large because of (2 13) and (2.14)

(iii) Using that hBF is symmetric upon particle exchange, we have
hBR XY A < 2[|(BPE = X) —= Dol
Iit JAYa| < 2]( )\/5% on |l

Yull + V2Irtball < 2v2e + V2[00 + V20124,
(2.17)

< V2|(T+a; — A
where (2.16) was used. One can show that the two remaining terms also

tend to zero as n — oo. More precisely, one has
. Then for some constant c

Lemma 5. Let ¢ € C5°(R3\Br(0 )) ®C? and R > 1
b 2.18
6ol < % Nl (218)
Lemma 6. Let ¢, as defined above. Then for all ¢ € (C§°(R?) @ C?)
(i, o) < — ||<P|| [[¢n]] (2.19)
with some constant c.

With Lemma. 5, one has (b, vall = [Bimen’ | 165711 < & lleh” | 16571
Moreover, one has the equivalence for an essentially self-adjoint operator A and
(NS D(A) [16, p.260]

. c
(4) Al <~ ol (2.20)
E llell lI1#]] ¥V @ in the core of D(A).

(i) (@, AY)| <
Y =1, and p € (C§°(R?) ® C?)? and using Lemma 6, this

Choosing A := v(12) | ) :
proves that the r.h.s. of (2.17) is smaller than 4e for sufficiently large n
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(iv) Concerning the normalizability of A1), we have

1 1
2 [ AGa)> = oD 1621 + 2 Re (D92, 0P W) + 1lo@ ] 169l (2.21)

Since (/)]\1, € C5°(R3) ® C? there exists an Ry > 0 such that x1 < Ry on

(1)

supp ¢ ~ » and in addition, z; > n on supp ¢y ’. Hence we have

/ dx; oV ¢(1>

Thus ||A,| =1 for sufficiently large n. Therefore a subsequence of A1,
is a Weyl sequence for ), resulting in A € 0,4s(hP%).

(¢ (1)¢(2) (2)

NP ® =0 ifn> Ry (2.22)

Due to the symmetry upon particle exchange, this proves the case j = 2
as well. Consideration of the case j = 0 can be omitted, since V12 > 0 and
hence v(12) > 0 (whereas V() < 0 and so b(ll,)l < 0). Thus info(T +01?) >
info(T + bg}%) such that one has ¥¢ = inf o(T + bg}l)

3. INGREDIENTS FOR THE PROOFS OF THE LEMMATA

The main difference in the proofs of Lemmata 1, 3, 5 and 6 as contrasted to
the proof of Lemma 4 lies in the fact that the momentum representation is used
for the former, whereas the proof of Lemma 4 is carried out in coordinate space.

An important estimate which holds in either space is the Lieb and Yau for-
mula (which is related to the Schur test for the boundedness of integral operators
and is easily derived from the Schwarz inequality), generalized to the two-particle
case [14, 11].

Lemma 7 (Generalized Lieb and Yau formula).
Let A be an essentially self-adjoint integral operator and ka(€,&') its kernel, € €
R3 with 1 € {1,2} denoting the number of particles. Then for ¢, ¢ € D(A),

(4, A )| |/dsw /dékAES o(&)]

1

< ([aerwer I(ﬁ))é ([ e 1ot ) (3.1)

f(€)

/

with

1(6) = / o8 eale )] 425
1)
Gl

where f(€) is a nonnegative convergence generating function and all integrals run
over R3.

J(¢) = / dg ka6, (3.2)
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If |ka| is symmetric in &,¢ then J(¢') = I(¢'). Provided we can show that
I and J are %-bounded functions (for all values of £ and ¢’), then the uniform
£-boundedness of A follows from (3.1) and from the equivalence (2.20),

o0l < (fae e ;>; ([ e ;>;

C
= 1 [l lel, (3.3)

with ¢ a suitable constant.

Let us now consider the properties of the smooth auxiliary function x €
C>(R3") where | = 2 denotes the two-particle and [ = 1 the one-particle case. For
¢ € C(R¥\ Bg(0)) ® C* we define for x € R%

x, [0, z<R/2
= {4 (3.4)
such that xy = 1 on supp . Moreover, define
X X
—)=1 - x(= 3.5
xo(x) x(%) (35)

with o € S(R?), S being the Schwartz space.

In our proofs we shall introduce commutators with x, such that xy can be
replaced by xo, viz. [B, x] = —[B, xo], and for the operator B we shall choose a
multiplication operator in momentum space. Then one can readily work in Fourier
space since the Fourier transform of the Schwartz function x( is again a Schwartz
function, making the resulting integrals converge. Marking the Fourier transform
with a hat, we have for p € R3,

- - 1 . X
i _ —1px —
(XO(R)> (p) (27_[_)31/2 - dx e XO(R)
1 —ipRz o
= Gnne R [ dze PI% Xo(2z) = R Xo(pR). (3.6)

In Lemma 4 the commutator with the partition of unity, ¢;, is needed. As neither
¢; nor 1 — ¢, is a Schwartz (or even an Lo) function, its Fourier transform is not
well defined. Therefore we work in coordinate space instead. The strategy we apply
is to construct commutators [B, ¢;] where B is again a multiplication operator in
momentum space. Then its kernel kp factorizes, kp(p,p’) = B(p)d(p — p’). Our
alm is to estimate this kernel in coordinate space and then apply the Lieb and
Yau formula.

Consider the one-particle case, p € R3, and let B(p) := (op)'g(p) where g
is spherically symmetric and [ € {0,1}. The Fourier transformed kernel is defined
by

. 1 . _in'a!
steixh) = o [ apes [ ap ¥ o) glp) oo p)
(271') R3 R3
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1

— CioVa) grs [ dpee e o) (5.7)
. dr 1 [ L
— (—w'V;()l W 5/0 pdp sinpz g(p)

where X := x; — x] is introduced. This integral can be estimated with the help of
complex and asymptotic analysis [15].

In the following we prove successively Lemma 5 (section 4), Lemma 6 (section
5), Lemma 3 (section 6), Lemma 1 (section 7) and Lemma 4 (section 8).

4. PROOF OF LEMMA 5

(8]

According to the equivalence (2.20) we prove |(¢, bgln),goﬂ < ol el for
all ¢ € C§°(R?) @ C2.

The operator bS,)L, defined in (1.5) with (1.3), is a sum of terms each of which
has the structure B(p)%B(p) where the indices on p; and x; are suppressed and
B is an analytic (for m # 0), bounded multiplication operator in momentum space.

Hence one can apply the mean value theorem to find

B(p) = B(P') + (P—P)VpB(&), &=+ (1-Np (4.1)

for a suitable A € [0,1]. Since B is bounded for all p, its derivative can be

estimated by
co

1+p
with some constant ¢y. We introduce the auxiliary function x from (3.4) (with [ =

Ve B(p)| < (4.2)

1) and estimate (by means of the triangle inequality) each term of b(llrzl separately,

6B B = (o~ Bxo)l < |G, 2xd)| + 16,5 B o)l (43

is nonva-

where we have abbreviated ¢ := B¢ and @ := By. Recalling that x(%)
3) is easily

nishing only if x > R/2 and ran x € [0, 1], the first contribution in (
estimated by

R
4.

1 bd

G.ox@)l < [ ax 16| 1 x(F) 560

2 - c

< g llgltliel < & Mol llel (4.4)
where ||¢]| < || B|| |9 < c1]|¢|| was used (¢ := 2¢?). In the second term we set
x = 1 — xo and note that % [B,x] = —Z% -p[B,x0] with piw a bounded operator
[12, p.307]. Transforming into Fourier space, we get with (3.6)

— 1 . R
(p (B, Xo] 90) (p) = = p | dp' R’ xo((p—P')R) (B(p) - B(P)) #(p')
(27r)2 R3

=: /Ra dp' kpip,xe) (P, D) @(P'). (4.5)
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We define ¢ := Z%QE and apply the Lieb and Yau formula (3.1) with [ =1, £€:=p
and f = 1. Using our kernel from (4.5) we can estimate with (4.1) and (4.2)

!/ R3 & / /
)= [ i 5 pIo((p )Rl p P [V B(60)
co

. 1 P
< oog LWy g A (16)

The last factor is bounded for all p > 0, and the integral is finite because yo €
S(R?). Thus I(p) is 1/R-bounded, i.e. I(p) < &.

The second integral J(p’) in the Lieb and Yau formula can be estimated in the
same way. There, the last factor in (4.6) is replaced by |p’+y/R|/(1+|p’+Ay/R|)
which is also bounded for all p’ > 0. (In the limiting case m = 0, one has

B(p) := A(p) = % which commutes with y, and for B(p) := op/p, one should

use the explicit result B(p) — B(p') = p_Tp/ (c—(op'/P)(P+P)/(p+7D')) such
that the last factor in (4.6) is not present.)
Together with (3.3), this proves

~ 1 c 1 c
(o, — [B.X]@)l < & Hp—xBQSII llell < % llgll llell, (4.7)

and thus the assertion of Lemma 5.

5. PROOF OF LEMMA 6

We have to show that [(¢,0029,)| < £ ||l [¢nll for ¥, = o6 with
o) € C°(R3\B,(0)) ® C? and ¢ € C3°(R3) ® C2.

For the definition of the auxiliary function x we note that 3 Ry : supp ¥, C
R3\B,,(0) N Bg,(0). Choose n so large that Ry < n/2. Then, on supp, :

|x1 —x2| > w1 —22 >n— 5 =n/2. Define

(5.1)

X1 — X 0, |z1—=2| <n/4
By [0 <

1, |z1—a2l>n/2 °

a smooth function mapping to [0, 1] with the property ¥, x12 = ¥n.
The operator v(1?), defined in (1.2) - (1.5), reads explicitly (note that only
terms even in a®) survive the projection by (1 + 5*))/2)

62

o2 = A(p1)A(p2) A(p1)A(p2) (5.2)

X1 — Xa|

2
¢ (

+A(p1)g(p2) e@p2 A(p1)g(p2) 7@ ps

[x1 — Xa|

62

+ A(p2)g(p1) e Wpy ‘ g(p1) eWp1 A(ps)

|X1 — Xo

e2

+9(p1) e Vp1g(p2) oPpy ) 1P cMp1g(ps) o Vps
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with A and g as in (1.3). For the present proof, we again need only the structure of
. 2 .

each term in v(*?), B(py, p2) oo B(P1,p2) with B(p1,p2) = Bi(p1)- Ba(p2)

an analytic (for m # 0), bounded multiplication operator in momentum space. As

in the previous proof (cf. (4.3)) we decompose

1

, B
(0 Fa—

Bty (5.3)

1
x12 Bn)| + [(By, m——— - px [B, x12] ¥n)
|X1 - X2|Pk

with k& € {1,2}. We have |x; — x2|7! < 4/n on supp x12 such that the first
summand in (5.3) can be estimated by 2 || Bol| | B,/ < < o] [[¢nll.

Consider now the second summand. The boundedness of (|x; — Xa|px) " is
readily seen by considering e.g. k = 1 and defining ¢, (y1) := ¥(y1 + X2,X2) for
¥ € A(L2(R?) ® C?)2. Keeping x; fixed, we have with p; = \/=VZ and the
substitution y; 1= x1 — Xo,

< (B,

X1 — X2

(Y1)

1 — 1
dxy —— P(x1,X2) — P(x1, X
/]R3 1|X1—X2|w( ' 2)p1¢( 1%2)

1 — 1
= / dyl — Pz, (yl) 7 Pxs
R3 Y1 /_V32,1

<o / dy1 |9as (1) (5.4)
]R3

according to Kato’s inequality. Hence, |(v), m V)| < ¢ fgs dxadyr [@a, (y1)|?
— e,

Furtheron, we aim at a reduction of the commutator to the one-particle case
such that the proof of Lemma 5 can be mimicked.

First we note that y12 depends only on the difference of variables such that,
defining x12,0 := 1 — x12, Xi2,0 splits off a Dirac J-function. Using [ = 2 we get
upon substitution of z} := z; — 25 for z; from the second line of (3.6)

/O\_* 1 —ipnz —iponz
(Xm,o( ” )) (P1,P2) = @) nG/GdZ1dZ26 PanZ1 ™ P22 v 15 0(21 — 22)
R
(5.5)

(a) = ”6/dz,leﬂlpl"z/lX12,0(Z/1)5((P1 +p2)n) = n®(27) 2 X12.0(p17)3(P1 + P2)
RS

(b) = 7n%(27)? X12.0(—P2n) 3(p1 + P2)
where line (b) is obtained from p; = —pa.
Now we make use of the factorization of B(p1,p2) to write

Pk [B1(pP1)B2(p2), x12) = —pk [B1(P1), x12,0] B2 — Bipk [B2(P2), X12,0]  (5.6)

such that the second summand in (5.3) can be split (via the triangle inequality)
into two parts for each of which py, is chosen independently (k = 1 for the first and
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k = 2 for the second term in (5.6)). Consider the kernel of the first part (cf. (4.5))

kpl[Bthz,o] (p17p2ap/17p/2) (57)

n3

= D W Xiz2,0((P1 — p1)n) 6(p1 — pi + P2 — p5) (Bi(p1) — Bi(p}))
T
where (a) is used for the Fourier transform of x120. Insertion into the Lieb and
Yau formula (for | = 2) with f =1 gives

Ip1.02) = [ dDidp} Vi) (P1- P2 01 B

n3
= 11 gy [ 44 Fal(es B B0~ BiBDL (5

which is independent of ps and has the identical form of (4.6) (note that the

operators By and By are the same as occurred in bgi,)l, and X120 € S(R3)).

Therefore, I (and also J) is %—bounded by the proof of Lemma 5. The same holds
true for the second part of the second summand in (5.3) which corresponds to the
second term in (5.6). There, expression (b) in (5.5) has to be used. Thus, collecting

results,

1
|(BS037[37X12] wn)| S |(7B§07p1 [Bl7X12,O] Ban”
Ix1 — Xa| p1lx1 — Xo|
1
—— By, B B n .
+ |(p2|X1 0¥ 192 [B2, X12,0] ¥n)| (5.9)
c 1 c c
< = l=z—= Bl 1B2tnll + = [|Bi ———— Bell [[¥nll < —llell [[¥nll
n pl\Xl X2| n p2|X1 X2|

which completes the proof of Lemma 6.

6. PROOF OF LEMMA 3

For j = 0,1 and ¢ € A(C§°(RS\Br(0)) ®C*) we have to show |(¢j¢,7; ¢j¢)
< £1lell*. (The proof for j = 2 follows from the symmetry upon electron ex-
change.) The same strategy is used as in the previous proofs.

a) j=1: r = b§2+v<12>
For the definition of the auxiliary function x we recall that supp ¢ C
RO\BR(0) N {x € RS : ; > Cz}. Thus x = /2% +23 > R and z; > CR. For

the estimate of b(llri, we take

x1, [0, z1<CR/2
xal(g) = { 1, 21>CR (6.1)
such that ¢1ox1 = ¢1, and we introduce x10 :=1—x1 € S(R3) as before.

Although we are dealing here with two-particle functions, all operators (b%}I and
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X1) act only on particle 1. This reduces the Lieb and Yau formula to the single-
particle case,

(6, Ag)| = | / dp1dpz P(p1, p2) / dp, ka(p1, ) $(0h bl
R6 R3

1
2 2

< ([ om0 100)) ([ vt oot p a6) 02

where I and J are given in (3.2) with £ := p;. Therefore the proof of Lemma 5
can be copied to obtain

c c
(Brebineo)l < 5 lorel® < 5 llell” (6.3)

For the estimate of v(1?), we define y in analogy to (5.1) by noting that
additionally, supp ¢1¢p C R6\Bg(0) N {x € R%: |x; — x| > Cx}. Therefore,

XI_X2)'_ 0, |X1*X2| <CR/2
R T ].7 |X1 —X2| Z CR

X2 ( (6.4)

such that again, ¢1¢x12 = d1 and Y120 := 1 — x12 € S(R?). This enables us to
adopt the proof of Lemma 6 (with n replaced by R) to obtain

C C
[(p1 0,012 61 9)| < = g1 0]* < = ol (6.5)

b) j=0: 1o =0\ + b2
In this case, the support of ¢;¢ obeys supp dop C RO\Br(0) N {x € R® :
x1 > Cz and 29 > Cz}. For the discussion of bg}q)w we define x1(x1/R) as in (6.1)

and copy the corresponding proof from a). For A%

1o, We choose xa2(x2/R) according

to (6.1) with x1 replaced by x5. The proof is done along the same lines as for bgln)l
Hence we obtain

|(d0 .70 0 )| < |(¢090,b§17)1><1¢0¢)| + |(¢0<P,b§i)1X2¢o<P)|

261

2a1 2a1
R

R

IN

lgo el < ol (6.6)

7. PROOF OF LEMMA 1

Assume we have a normalized sequence of functions (p,, )nen localized outside
B,,(0) with the property (2.4) for h®% and the A\ € R under consideration. Since
the normalization constant of ¢,, tends to zero as n — oo, for any ¢ € C5°(RS) we
have |(¢,n)| — 0 as n — oo, i.e. p,, — 0. By the Weyl criterion it follows that
A € 0ess(hBF).

Conversely, let A € 0.s,(hBT). Then there exists a Weyl sequence 1,, €
A(CP(R}) @ C?)2, |1l = 1, with ¢, = 0 and ||(hBR —X)tb,|| — 0 asn — oc.
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Define a smooth symmetric (with respect to interchange of x; and x3) func-
tion xo € C§°(R®) mapping to [0, 1] by means of
b 1, z<n
XO(E) = { 0, =>2n (7.1)
and let x,(x) = 1 — x0(¥), xn € C®(R\B,(0)). Then ¢, := Ypxn €

A(CE(RO\B,,(0)) ® C*) and we claim that a subsequence of (¢, )nen satisfies
the requirements of Lemma 1.

a’) ||(hBR_>‘)90n|| —0 asn—o00:

We decompose

(AP =) xntonll < X (B5F = Nl + [R5, x0] hnll, (7.2)

and use the equivalence (2.20) again. Concerning the first term in (7.2), we have
for any ¢ € C5°(R®) @ C*,

(&, xn (B =X)¥n)] < xn @l [R5 =Nl — 0 as n— oo (7.3)

by assumption, since ||xn¢| < ||| < co.
In order to treat the single-particle contribution to the second term in (7.2),
T®) and bgg, we change again to Fourier space and introduce the 6-dimensional
Fourier transform of yo according to (3.6) with [ = 2. Then the kernel of [T(), x,]
in momentum space reads
6

(27;)3 Xo((P1 — P1)n, (P2 — Po)n) (Ep, — Ep’l) (7.4)

k[T(l) ,X0] (p17 P2, p/17 pl2) =
and by the mean value theorem (4.1), using VpE, = Vp /P> +m? =p/E,,
3
[y~ Ey] = Ip1— b} ‘E—E < Ipr - pil 5)

for all €& := Ap; + (1 — A\)p} with A € [0,1]. For the integral I appearing in
the Lieb and Yau formula (3.1) we have with f = 1 and the substitution yj :=
(pk - p;c)n’ k= 1727

6

n ~
I(p1,p2) = / dp} dph 75— [Xo((P1 — P71, (P2 — Po)n)| [Ep, — By |
RS (2m)

c

1 . 1
< G [ v lolyiyalm -5 < & (76)

since Yo € S(R®). In a similar way, J(p},p5) < ¢/n, and hence
c
16, [T, X0l wm)l < — 1@l I4hn] (7.7)

for all ¢ € C§°(R%) ® C*. For the operator bﬁ,{ we can proceed as in the proof
of Lemma 5, because (according to (7.6)) the two-particle nature of xo does not

affect the convergence of the single-particle integrals.
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For the estimate of the remaining commutator, [v(12),X0], we follow sec-
tion 5 to split it into commutators of xo with single-particle (bounded) operators
Bi(p1), Ba(p2). The only difference as compared to the proof of Lemma 6 lies in
the two-particle nature of xo (cf. (7.4) in place of (5.7)), but again this does not
affect the convergence of the integrals. Thus we get
2

k
(6,17 % ol )l < 3 (16,175, xol )] + 16, b, X0l )

1

+ (¢, [0 x0l )| < — (18]l 10 (7.8)

c
n
with the generic constant c.

b)  llenll # 0:

We show that for any € > 0 there is an Ny € N such that || xot,| < e for all
n > No. Then [[(1—xn) ¥nll = |on —¢nll <e. Asa consequence, ||¢y,|| #0 for
sufficiently large n > ng > Ny since ||¢),|| =1 (i.e. one can choose a subsequence
of (¢n)nen With normalizable elements).

Since hP is a self-adjoint positive operator, hBf + 1 > 0 with a bounded
inverse. Then following [4] we estimate

X0 ¥nll = IIxo (A7 + 1) [(RPF =) + (1+X)] ¢

< o (BZF+ DTHHIRPE = Nl + 114 Al llxo (RF + )7l (7.9)

Since xo € C$°(R®) and by assumption 3Ny : [[(RBE — \) 4, || < & for n > Ny,
the first term is bounded by, say, c1€ for n > Ny.

For the second term we show that the bounded function yq is relatively
compact with respect to hB%. We write

Xo (WPR+ 1)1 = xo (T+1)"2 (T+1)7 (KPR 1) (7.10)

and note that (T+1)z (hBR+1)~2.(hBB+1)~2 is a product of bounded operators
since V' is T-from bounded (with form bound < 1 for v < vgg).

For the compactness of xo (T'+ 1)~z we apply a theorem ([22, p.115], [21,
Lemma 6.9] stating that for bounded functions f(z) and g(p) with f, g : [0,00) — C
and xh_{& flz)=0= plin;o g(p) the product K := gf is compact.

Clearly, both xo and (T 4+ 1)72 = (\/p2+m2 + /P2 +m2 +1)"3 are
bounded functions, going to zero as z — oo and p := /p? + p3 — o0, respectively.
Therefore, xo (RP% + 1)~ is compact and maps the weakly convergent sequence
(¥n)nen into a strongly convergent sequence. So the second term in (7.9) can be
estimated by cq€ for, say, n > N,. This proves the assertion |xotn| < € :=
(Cl + Cg)g for n Z N() = maX{Nl, NQ}
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8. PROOF OF LEMMA 4

We have to show that for ¢ € A(C5°(R%\Bg(0))®C*) and x(3) the auxiliary

function from (3.4) with [ =2, (¢,¢, [b%}l, oix]¢) as well as (¢;¢, [v(12), oix) )
are uniformly 1/R-bounded.
Let us denote ¢;x =: 9;. We have supp¢;x C suppx which is located
outside Bp/5(0) such that the scaling holds,
x

¥i(x) = ¢;(x) (—) = ¢J(R/2) X(3) (8.1)

for R > 2. Since ¢; and x are analytic functions in supp x we can apply the mean
value theorem, with x = (x1,x2),

i (x1,%2) — (X1, %2)| = [x1 = X|[ [(Vx, 1) (€, %2))| (8.2)
with &€ some value on the line between x; and x}. Since from (3.5), X' = —x{ €
S(R®) is a bounded function, as is ¢; (because ¢; € C*°(R°) is defined on the

compact unit sphere and is homogeneous of degree zero outside the unit ball), we
can estimate

b ¢ 1 X c
(Ve 633 X)) (€3] = sl 5 I (. 00 + Il g €l <
(8.3)
(the prime refering to the derivative with respect to the first entry). co is a suitable
constant which can be chosen independently of j.

a) Using the explicit form (1.5) of bV

1ms We decompose the commutator in the
following way,

1 1
) ] = {[Aij] — A + [eWpyg,05] — goWpy
1 Tl

+ Agﬁi1 (A, 9] + o )plgi [gott pl,zﬁj]}. (8.4)

Since the two terms in the second line of (8.4) are (up to a sign) the hermitean
conjugate of the first line, and the interchange of ¢;¢ with ¢ in the quadratic form
plays no role, we need not discuss these terms separately.

The terms in the first line of (8.4) have the structure [O, ¢ﬂ B with O
and B multiplication operators in momentum space and B bounded. Prov1ded we
can show

(e, [0, %] Wl < 5 el (8.5)

we can estimate |(¢;¢, [0, ;] ng)l < 7 lIgiellIBell < % llel* and we are

done. The proof of (8.5) is based on the following estimate of the kernel ko of O

in coordinate space,
. c
[ko(x1,x1)| < (8.6)

[x1 —xq[*
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for our two operators of interest, A and (Y p;g. Assuming (8.6) to hold, we apply
the coordinate-space version of the Lieb and Yau formula (3.1) to the L.h.s. of (8.5),
identifying & with (x1,x2). Then we have to estimate the two integrals from (3.2),
I and J. For I we have

o) = [y o (0,50 s =) S0
with the convergence generating function chosen to be f(x1,x2) = xi’/ ®. The
delta function appears because the momentum operator O does not affect particle
2. With the help of (8.6) and the mean value theorem (8.2) and (8.3) we obtain

5 1 32

Toxixe) = [ dxi froloxi )| 1001, x2) = b, xa)] o

R3 1z

(8.7)

3/2
coc , ;T
< = | dx] ————— |x1 — x| 5. 8.8
TR Jgs 'x —x [x1 1l x/15/2 (8.8)

Using spherical coordinates, the angular integration is performed by means of

[ do’ = - = o ilfijl [8]. With the substitution x} =: z12’" we get for
$2 1 1 127 1—x]
the r.h.s. of (8.8),
2mcge [ d2 142 C
< < — .
M) < 200 [T 2 < © (59)

since the integral is convergent. For the integral J we use the identical estimates.
Then with z; := 2}z,

'3/2
. x
J(x],x5) ::/ dx1dxs |k‘[o7¢j]i(xl7x’1)\ 5(x2 — x5) 13—/2
RS “ Z;
2mege [ dz 1+z C

From (8.9) and (8.10), the Lieb and Yau formula together with (3.3) provides the
desired result (8.5).

It remains to show the estimate (8.6) for the kernel of our operators. Let us
first consider the limiting case m = 0 as this is very simple.

For m =0, cMpg = %U(l)%, while A is a constant which need not be
considered. From (3.7), using the Fourier transform of the Coulomb potential,

1 47 1
x1,x}) = oWV, — —— ————
1) V2 @nP T - %P
oW x; —x)
V2r? |xp — x4

such that the desired estimate (8.6) follows immediately.

k

U(l)plg(

(8.11)
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For m # 0, we have to consider the two functions g(p;) and A(p;) defined in
(1.3). Without loss of generality we can set m =1 (otherwise, due to scaling, one
would have to consider mZ in place of Z in the integrand of (3.7)). Then

2

1

1

1 1 : 1 B
Apr) = NG (1 + W) =7 + g(p1), (8.12)
1

1
9(p) = —
V2 p?+1+\/p?+1+\/p§+1

where §(p1) ~ 272 /p; for p; — oo.

Both functions, if extended to the complex plane, have branch points at
p1 = +i and are analytic in the strip {z € C: |Im 2| < 1} if the cuts are chosen
from i to co and from —oo to —i, respectively. According to a corollary of the
Paley-Wiener theorem [17, Thm IX.14], for & := [x} —x;| > 0, it follows that k;
and I%g (if defined with convergence generating factors) are bounded continuous
functions decaying exponentially at  — oo, i.e. for any b < 1 and any ¢ > 0, there
exists a constant ¢; > 0:

|kg(2)] < cie™™®  for @ >4, (8.13)

and similarly for kg. Here and in the following we have to introduce the con-
vergence generating factors by means of replacing for € > 0 the integral in (3.7)
by
1 oo
lim f/ p1dpy sinp1 T g(p1) e PL. (8.14)
e—0 I 0

In determining the behaviour of l}g near £ = 0, we apply two partial integra-
tions to (8.14) and obtain

1] [ . 1 oo L 2\ .
r/ dpy sinpr@ (prge” )| = = / dpy sinp1@ { | =1 ) e
T 1Jo T 0 dp7
1 d - _ g 9 _ c
_9 . p1 g ep1 < = 8.15
o (dp1 p1g> [ep1e™ 1] + P [(ep1)” e ]} S =3 (8.15)

because the boundary terms vanish, |sinp;Z| < 1 and the term in curly brackets

is bounded by m for all €, which is an integrable function.
The continuity of kz at & > 0 together with (8.13) thus ensures the estimate
|k3(7)| < % )
For the second kernel, k,(1)p, ,(%), we need more careful estimates due to the
presence of the derivative o1V in (3.7). First we prove analyticity of the kernel
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k,. We use (8.14) with § replaced by g. Writing sinp;7 = 3 (1T — =i )
substituting p; = iy and using symmetry, (8.14) turns into

)

100

L[ : R o
1. - — €Y €Y
0 2z (/_m fly) e dy + 0 flo)e dy)

2

fw)i= v 1
Y I PN e

Using analyticity of the integrands outside the cuts as well as their exponential
decay as Re(y) — oo, we can use Cauchy’s integral theorem to deform the inte-
gration paths to the real axis. The resulting integrals are finite for all £ > 0 and
e = 0 since the singularity at y = 1 is integrable. Thus (8.16) gives

(8.16)

1 [ i 1 2
— dy e Y Re 8.17
x\/i/l v <y2—1+i\/y2—1> ®.17)

with positive choice of the real part. Its derivative with respect to Z also converges
absolutely and hence (8.17) represents an analytic function for & > 0.

For the large-Z behaviour we note that an expansion around the branch point
p1 = i provides, as outlined by Murray [15],

-
1 e —e

[e.¢]
. ~ — 4 ~
E/o pidpy sinp1Z g(p1) e” Pt ~ 2 =774 € as & — oo (8.18)

with a constant zg. 3
For the estimate of k; near £ = 0, we separate the ’Coulombic’ tail from
9, 9(p) = & + (9(p) = 5;) and obtain with (8.11) and (3.7)

o 1 1 ]
ko(Z) = o (ﬁ - lim Ie($)> (8.19)

I B (L+ VI +1)2 -
I(%) = = dpy sinp1 & — T 5 > — e P
T Jo P+ 13 [pr+ I+ 1+ Vpi+1)2]
The fraction multiplying sin p1& decreases according to 1/p; for p;1 — oco. With
one partial integration, we get

1 1 [ _ d [-]
I(z) = 5+ = d — [ ])e P — — en 8.20
(@) = 5+ jz/o P1 COSplw{(dpl[ De L (epe )} (8.20)
where the first term comes from the boundary at p; = 0 and [---] denotes the

fraction in (8.19). The integral is finite (and independent of Z for & — 0) be-
cause the curly bracket can be estimated by (H_C#)z (independent of €) which

is integrable. Hence, l%g(:i) ~ 5_62 for £ — 0 with some constant ¢. Performing

the derivative inherent in (M p;, we find ka(l)plg(:ﬁ) ~ 2i¢ "’;1:’2 (z — 0) and
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~ iz T2 (B4 + 73:1/4) ~% for & — oo. From the analyticity of kg we finally
obtam

Egp,o(F)] < I—cg for all & > 0. (8.21)

b) Let us now turn to the commutator with the two-body interaction v(?). Ac-
cording to the explicit expression (5.2) for v(*2), we split [v(1?), ;] =: e? Zk:l M,
into four contributions and write them in the following way (with the short-hand
notation Ay := A(pk), gr :=9(pr), k=1,2).

M, = [Ah 1/Jj]

- |x1 — Xa| Ag A1Ay

|X1 —X2| |X1 —X2|
1

+ Ay [Ag, )] m A1As — he.

1
%1 — %o g20(2)

1
2 = [A1, 1] pr ——— A1goo@py
Ix1 — X

|x1 — X
1

— A19:0%py — hec. (8.22)
X1 — X2

+ Ay [g20Ppa, 1]

1
M, = [glo'(l)pl’qu} ‘ _XQ‘gla-(l)pngJQ)pz

- |x1 — X2| g20Ppy
X1 — Xa| \

X1

+ goWp, [920'(2)p271/’j] | g10Wp1gac@py — hec.

X1 — X2|
where h.c. denotes the hermitean conjugate, and M3 results from Ms upon inter-
changing p1, 0! with ps,o® and therefore need not be considered separately.

In addition to estimate the commutators [O, ;] m (with the same
operators O as in a) except for a possible particle exchange), we have to prove
boundedness of |x; — x2| O which appears as a factor in the first contri-
bution to My, k=1,...,4.

For the estimate of the commutators we proceed as in a) except for the choice
f(x1,%2) = |x1 — x2[>/2. With the inequality (8.6) for the kernel of © and the
mean value theorem (8. 2) and (8.3) we obtain for I, defined as the integral over
the kernel of [O, ;] —x2| where O depends e.g. on po,

|x

Tx1—x2[ X\

; 1 f(x1,%2)
I = dx’ |k ; ; — ), : ’
) 1= [y oo )] 00 00) = 001 3)] e
v 13/2
S CpC ’ 1 ’ ‘ 1 ‘Xl Xg‘ (823)

— X 7 |[X2 — X
R Joo ™2 T P

We abbreviate xg := x2 — x; and substitute x5, — x; = 2py. Then the second line
in (8.23) is written as (e, := Xo/%0)

coC 1 1

ey Y T2

R Jas ° les, —y? y5/2

27rcoc/°° dy ‘ler‘ C
= s ln a—
0

< = 8.24
R y3/2 l1-y| =~ R (8:24)

[x1 = x5 [x1 = x5[3/%

I(x1,%x2) <
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with the same estimate as in (8.9) above. Likewise, the estimate (8.10) holds for
the second integral .J.

Finally we have to show the boundedness of |x; — x2| O m Since com-
mutators help to regularize integrals, we decompose
1 1
‘X17X2| O =0 —+ [|X17X2|,O} (825)

|1 — xof %1 — Xa|
O is bounded so we can concentrate on the second term. The difference to the
commutators occurring in (8.22) is the replacement of 1; by |x1 — x2|. From the
mean value theorem we get (for @ depending on ps)

£§—x

|1 = xaf = [x1 = x5[| = |(x2—%5) Z———| < [x2 — x5 (8.26)
€ — x4
with & some point between x2 and x5. This means that the earlier estimates (8.24)
and (8.10) hold except for the factor ¢o/R from (8.3) which is not present now.
This proves the desired boundedness.
The operators in My, k = 1,..,4 from (8.22) which are not yet consid-
ered, are all bounded. Applying the Lieb and Yau formula, this finally shows that
(¢, 012 9h;] )| < £ l¢]|> and completes the proof of the HVZ theorem.
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